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New smoothing functions for solving a system of equalities and
inequalities

Yan-Di Liu !
Department of Mathematics
National Taiwan Normal University
Taipei 11677, Taiwan

Abstract In this paper, we propose a family of new smoothing functions for solving a
system of equalities and inequalities. We also investigate a monotone algorithm and show
that it is globally and locally superlinearly convergent under suitable assumptions.

Key words. Smoothing function, system of equations and inequalities, convergence.

1 Introduction

The target problem of this paper is the following system of equalities and inequalities:

e

where I = {1,2,--- ,m} and E = {m+1,m + 2,--- ,n}. In other words, the function
fr:IR®™ — IR™ is given by

0
O 1)

A

fi(z)

i) = f2@)

fm ()
where f; : IR" — IR for i = {1,2,--- ,m}; and the function fz:R™ — IR" ™ is given by

fm-i-l ({lf)

ful)
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where f; : R" — R for j = {m+1,m+2,--- ,n}. In this paper, for simplicity, we
denote f: IR" — R" as

and assume that f is continuously differentiable. When F is empty set, the problem (1)
reduces to a system of inequalities; whereas it reduces to a system of equations when 1
is empty.

Problems in form of (1) arise in real applications, including data analysis, computer-
aided design problems, image reconstructions, and set separation problems, etc.. Many
optimization methods have been proposed for solving the system (1), for instance, non-
interior continuation method [10], smoothing-type algorithm [4, 9], Newton algorithm
[12], and iteration methods [2, 5, 6, 8]. In this paper, we consider the similar smoothing-
type algorithm studied in [4, 9] for solving the system (1). In particular, we propose a
family of smoothing functions and investigate its properties.

2 Smooth reformulation

The main idea of smoothing-type algorithm for solving the system (1) is to reformulate (1)
as a system of smoothing equations via projection function, see [4, 9]. More specifically,

for any z = (21,29, -+ ,x,) € IR", we define
max{0, zy }
()4 = :
max{0, z,}

Then, the system (1) is equivalent to the following system of equations:

(fi(z)), = 0
{ fe(z) = 0. 2

Note that the function in the reformulation (2) is nonsmooth, the classical Newton
methods cannot be directly applied to solve (2). To conquer this, the following smoothing



algorithm was considered (see [4, 9]):

/ it t>
2 .
Slp,t) = ¢ B if —p<t<yp, (3)
0 it t<—pu,

where p > 0.

In this paper, we propose a new class of smoothing functions, which include the one
given as in (3) as a special case, for solving the reformulation (2). Here is the family of
smoothing functions we consider:

t if t>p o
_ P
Ol t) = § 5 [ BT i << (4)
0 if t<—pu,

where ¢ > 0 and p > 2. Note that ¢, reduces to the smoothing function studied in [9]
when p = 2. The graphs of ¢, with different value of p and various p are depicted as in
Figures 1-3.

Proposition 2.1 Let ¢, be defined as in (4). For any (u,t) € Ry x IR, we have
(a) ¢,(.,.) is continuously differentiable at any (p,t) € Riy x RR.

(b) ¢p(07t) = (t)+-
(c) a¢p D> 0 for any (11,t) € Ryy x R..

(d) limy o0 @p(p,t) = (1)

Proof. (a) First, we calculate 8%(“ D and 8¢”3 5 1) as below:
1 if t> .k,
0 ,t p—1
% = [(pr;L(LtJru)} if —u<t< ]%7
0 if t<—p,
0 it t> -4,
%ﬁjﬁ — [(plgffw]p_l G if —p <t < S
it t< —pu,
Then, we see that % € C' because
-1
Dby (11, t p=1)GE +u)]”
i 0%t (b= DG+ 1) —1,
to-ie Ot t— ot DR
t —1)(— ot
i 2%et) [ DT
t=—p Ot t——p Pl



and &b%—(:’t) e C' since

p
po 0ot) P-DGE+H | G rr—r5) 0
t—t O o pp pp ’
o () (= Dpt ] (cptp—p(=m)
to=n Op t=—p ph pi ‘
The above says that ¢,(.,.) is continuously differentiable.
(b) From the definition of ¢,(u,t), it is clear that
tif t>0
won={ 4 i 129 =0
which is the desired result.
¢) When —p < t < -£-) we have t + 1 > 0. Hence, from the expression of a‘ﬁ"—(“’t), it is
( ) H p—1 H ot

p—1
obvious that [W} > 0, which says 6%8—(“’” > 0.
pH ¢
(d) Part(d) is clear from the definition. O
The properties of ¢, in Proposition 2.1 can be seen via the graphs. In particular,

in Figures 1-2, we see that when p — 0, ¢,(1,t) goes to (t); which verify Proposition
2.1(b).

Figure 3 says that u — 0, ¢,(u,t) approaches to (¢); as p — oo. This also verify
Proposition 2.1(d).

Next, we will form another reformulation for problem (1). To this end, we define

fi(z) —s Pp(H 51)
F(z):= fs() with  ®(u,s) = : and z = (z,s) (5)
(I)P(M’ s) ¢p(,uv Sm)

Then, by Proposition 2.1(b) we have F(z) =0and p =0 < s = fi(x),sy =0, fs(z) = 0.

This, together with Proposition 2.1(a), indicates that one can solve (1) by applying
Newton-type methods to solve F'(z) = 0 by letting p | 0. Furthermore, we define a
function H : R tm — R by
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Figure 2: Graphs of ¢,(u,t) with p =10 and p = 0.1,0.5,1, 2.
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Figure 3: Graphs of ¢,(u,t) with p = 2, 3,10,20 and p = 0.2.
where z1 = (21,29, ,Tm), TB = (Ting1, Tmyas -+ »Tn), s € R™, x = (z1,2p) € R”

and functions ¢, and @, are defined as in(4) and (5), respectively. Thereby, it is obvious
that if H(z) = 0, then u = 0 and x solves the system (1). It is not difficult to see that, for
any z € IR_ x IR™ x IR™, the function H is continuously differentiable. Let H denote
the Jacobian of the function H. Then, for any z € IR, x R™ x IR™, we have

1
T
Lm mx1
Tm+1
Ln n—m)x1

Ol><n

A

~ lem
~1 -+ 0
0 --- —1
L mxm
0 0
. | 0 -+ 0 —
550 (1, 51) + p 0
o 0 o B (ysm) |



where

Of1(z1)
TR
A= : : Omx(nfm)
0 o o afglx—(::n) _|_ /1/ n
and Ofos (o)
T oenn TH 0
B = O(nfm)xm T :
. Ofnlzn)
0 Oxyp, + K (n—m)xn
With the above, we can simplify the matrix H'(z) as
1 On, O
H(z) = o f;(x) U ~lm
TR @) +uV  Op—myxm
s+ cbp(:”? S) Oan qu(M? S) + ﬂ[m
where
U:= [Im OmX(n*m)]v V= [O(nfm)Xm In—m]7
51+ %(ﬂ(% s1)
s+ CIDL(M, s) = : ,
Sm + %Gﬁ/(u? Sm) 1
5o (ys1) + o 0
S, (1, 8) + pl = : - :
0 % ,(Iu,sm)—l—p e

Here, we use O; to denote the I-dimensional zero vector and 0;., to denote the I x ¢

zero matrix for any positive integers [ and ¢q. Thus, we might apply some Newton-type
methods to solve the system of smooth equations H(z) = 0 at each iteration by letting

>0 and H(z) — 0 so that a solution of (1) can be found.

3 A smoothing-type algorithm

In this section, we propose a smoothing-type algorithm with a nonmonotone line search.
Some basic properties are given. In particular, we show that the algorithm is well defined.
We will use the following function: v (z) := |[H(2)||>. In fact, the scheme is similar to

those in [4, 9]. Below are the details of the algorithm.

Algorithm 3.1 (A Nonmonotone Smoothing-Type Algorithm)



Step 0 Choose 6 € (0,1),0 € (0,1/2),5 > 0. Take 7 € (0,1) such that T8 < 1. Let
po = B and (2°,5°) € R™™ be an arbitary vector.Set 2° = (ug, 2%, s°). Take
e’ :=(1,0,---,0) € RM"*™ Ry := ||H(2")|> = ¥(2°) and Qo = 1.
Choose Nuin and Nmax such that 0 < Npin < Nmae < 1. Set (0) := mmin{1,(2°)}
and k := 0.

Step 1 If ||[H(z")|| = 0, stop.
Step 2 Computer A2* .= (Apg, AxF, Ask) € R x IR™® x R™ by using

H AP = —H(2%) 4 50(2"%)e° (8)

Step 3 Let oy, be the mazimum of the values 1,6,82%,--- such that

Y(2F + o AZF) < [1 —20(1 — 78) o] Ry, (9)

Step 4 Set 2F 1 = 2F + ap AP, If |H(2*Y)|| = 0, stop.

Step 5 Choose Nk € [Mumin, Nmax|- Set

Qre1 = Qe +1
0(z"") = min {7, 7¢("),0(z")) (10)
R (e QiR + ("))
k+1 On 1

and k =k + 1. Go to Step 2

In Algorithm 3.1, a nonmonotone line search technique is adopted. It is easy to see
that Ry, is a convex combination of Ry and ¢(2*™!). Since Ry = 9(2°), it follows that
Ry, is a convex combination of the function values 1(z°), ¥ (z%), - -+ 1 (z*). The choice of
M, controls the degree of nonmonotonicity. If n, = 0 for every k, then the line search is
the usual monotone Armijo line search.

For convenience, we denote

and make the following assumption.

Assumption 3.1 f'(z) + ul, is invertible for any x € R™ and p € R4,

Some basic results involving Algorithm 3.1 are included in the following lemma.



Lemma 3.1 Let the sequence { Ry} and {z"“} be generated by Algorithm 3.1. Then, the
following hold.

(a) The sequence { Ry} is monotonically decreasing.

(b) The function (z*) < Ry for allk € 7.

(c) The sequence 0(z*) is monotonically decreasing.

(d) BO(zF) <y, for allk € £ .

(e) i >0 for all k € ¢ and the sequence {j;} is monotonically decreasing.

Proof. (a) From (9) and the definition of Ry in (10), it follows that for any k € ¢Z,

(M Qi Ry + (2F11))
Qk+l
QiR + Ry — 20(1 — 7)oy Ry,
(11)
Qr+1
20(1 — 78) . Ry,
Qr+1

R, <

IN

- R, —

< Ry

which implies that { R;} is monotonically decreasing.

(b) In fact, this can be obtained by an inductive method. Firstly, it is evident from the
choice of Ry that the result holds when k=0. Secondly, if we assume that the result holds
when k =/, then we only need to show that the result holds when k=¢ + 1. Note that

V(2 = QuiaResr — mQeRe < Quir Revt — mQuResy = (Qrit — m0Q) Ret = Ry

where the first equality follows from the definition of R,y in (10); the first inequality
from the above result (a); and the last equality from the definition of Q4 in (11).
(c) By (10) it is obvious.

(d) In fact, from the choice of the starting point it follows that 36(2°) < po. Next, we
assume that 86(z*) < p, for some index £ € _¢. Then,

perr = BO(z") = e+ D — SO
= po+ BO(2") — cupe — SO
= (1 — o) + aeBO(2") — BO(Z)
(1 — ap)BO(2") + arBo(2") — pO(z")
BO(=") — BO(="+)
0

v

v



where the second equality follows from the first equation of (8) and 1 = p + A p;
the first inequality holds from B6(z!) < p; ; and the second inequality from the above
result (c¢). Thus, by using the inductive method we obtain the desired result.

(e) In fact, from the first equation of (8) it follows that

Hey1 = pho + e
= (1 — Oék)pbk + ozgﬂé(zf)

= Mg — Qglby + afﬂe(ze) (12>
> e — agf0(2") + auBO(2")
= g > 0

which indicates that p, > 0 for all £ € #. Combining parts (d) and (e), we have that
for any k € 7,

i = (1= o), + aif6(2")

< (1 — o) + Qupuk
which implies that the sequence {4} is monotonically decreasing. O

Ay A
Ay Ag
Agy are square matrices. If Ay or Ayy is zero matriz, then det(A) = det(Aq;) - det(Ags).

Lemma 3.2 Suppose A € R™™ which is partitioned as A = [ } where A1 and

Proof. This a well known result in matrix analysis, which is a special case of Fischer’s
ineqiality [1, 3]. Please refer to [7, Theorem 7.3] for a proof. =~ O

Theorem 3.1 Suppose that f is a continuously differentiable function and Assumption
3.1 1s satisfied. Then Algorithm 3.1 is well defined.

Proof. First, we show that the line search (9) is well defined. Let
LF(a) == (2% + al2®) — (2R o) (2F) AP
Then, in light of (8), we have

P(2F 4+ an) = LF + at) (2F)AF

(0) + 0(H)

= L*a) + (%) + a2H (M) TH (25) A 2F

— LM) + () a2 [H () + B0
— IM) + (=) — 2a0(=*) 1 208H(Z)T0(F)e
< L) + (1 = 20)9(2") + 2080(") | H (")

10



On the other hand, for ¥(2*) < 1, using (%) := || H(2*)||?, we know
IH()? < 1= [H(MI < 1.
In addition, from (9), we know
0(=") < T(*) = 0N HEN| < o) H(E)| < o).

On the other hand, if 1(zF) > 1 then ¥(2*) := [|[H(z")||? > |H(z*)||. Applying (9)
yields
0(=") < 7= 0(M)IH()| < 7l H ()| < mp(=5).

Thus, we obtain

(P +ank) < LFa) + (1= 2a)9(2") + 280" | H(2Y)|
< LF(a) 4 (1 = 2a)(2%) + 2ap79(2F) (13)
= L) +[1 = 2(1 = 78)a] ¥(2")
< LF(a)+[1 —2(1 —78)a] Ry,

Since the function H is continuously differentiable for any z € IR x R™ x R"™ with p > 0,
it follows from (12) and Lemma 3.1(e) that L* = o(a) for all k € _#. Thus, the desired
result holds by ¢(z*) < Ry for all k € _#.

Secondly, we show that Step 2 is well defined. For any square matrix A, we use det(A)
to denote the determinant of A. It is easy to see from (2.5) that

det(H (z)) = det (f/ (z) + an> - det (@ls(,u, s) + ,u]m>

for any z € IR, x IR” x IR™. Furthermore, we know from Proposition 2.1(c) that ®(p, s)
is positive semi-definite. Thus, by Assumption 3.1 we obtain that H /(z) is nonsingular
for any z € R with x> 0 . This, together with the result Lemma 3.1(e), implies
that the system of equations (7) is solvable, i.e. Step 2 is well defined.

From all the above, we prove that Algorithm 3.1 is well defined. O

4 Global convergence

The following assumption was introduced in [4]

Assumption 4.1 For an arbitrary sequence {(px, *)} with limy__,o ||z|| = +00 and the
sequence {p} C IRy bounded, then either

(i) there is at least an index i such that limsup, . {fi,(z*) + pak } = +oo ; or

11



(ii) there is at least an index ig such that limsup, . {pe(fio (z%) + pral )} = —oo.

It can be seen that many functions satisfy Assumption 4.1. The global convergence of
Algorithm 3.1 is stated as follows.

Theorem 4.1 Suppose that fis a continuously differentiable function and Assumptions
3.1 and 4.1 are satisfied. Then the infinite sequence {2*} generated by Algorithm 3.1 is
bounded; and any accumulation point of z* is a solution of (1).

Proof. We divide the proof into the following two parts.

Part 1. We show that the sequence {z*} is bounded. By Remark 3.1(e), we know that the
sequence {uy,} is bounded, and hence, we only need to show that {(z*,s*)} is bounded.
In the following, by assuming that {z*} is unbounded, we will derive a contradiction. By
(6) and the definition of ¢ it follows that

U(2*) = i + 1 f1(@") = 8"+ wad P + 1 fe(2%) + Bl + (1@, s°) + pues™* - (14)

Since the sequence {Rjy} is monotonically decreasing and Ry > 0, it follows that the
sequence {Ry} is bounded. Then, by Lemma 3.1(b) we get that {¢(z;)} is bounded.
Thus, from (13) we obtain that

{f1(a") — " + e}, { fe(=®) + map}, {2 (un, s°) + pus™} (15)

are bounded
For any k € 7, let h(2*) := s* — fr(2*) — pxpa¥; then {h(2*)} is bounded and

s = h(2*) + fr(a*) + et (16)

Since { fr(x*) + ek} is bounded by (15), it follows from Assumption 4.1 that either :
(i) there is at least an index 4y such that limsup,_, . {fi, («*) + wezf } = +00 ; or

(ii) there is at least an index 4o such that limsup,_, o {ux(fio (z¥) + el )} = —oc0

In the following, we consider these two cases, separately.

e If the above result (i) holds, then by (16) we have

limsup s = limsup{h;, (2*) + fi, (z*) + ezl } = 400

k—o0 k—o0

Furthermore, by using definitions of ¢ and ® we have

lim sup{®;, (px, s*) + Hksi'co = liiﬂ SUP{SfO + Mksfo} =+0o0
—00

k—o00

which indicates that {®(2*) + uxs*} is unbounded. This contradicts (15).
e If the above result (i) holds, then limsup, ., {fi,(z*) + mal} = —oco since gy, is
a nonnegative and bounded sequence. Thus, by (16) we have limsup,_,, s = —oo.

12



Furthermore,

lim sup{®;, (p, sk) + ,uksfo = lim Sup{ﬂksio = —00
k—o0 k—o0

which implies that {®(2*) 4 us*} is unbounded. This contradicts (15).

Therefore, the sequence {2*} is bounded.

Since sequences {u} , {z*}, and {h(2*)} are bounded and the function f is continuous,
by (16) we further obtain that the sequence {s*} is bounded. Therefore, the sequence
{z*} is bounded.

Part 2. We prove that any accumulation point of {z*} generated by Algorithm 3.1 is a
solution of (1). By Lemma 3.1(a), we know that the sequence { Ry} is nonnegative and
monotone decreasing, and hence, it is convergent. From Lemma 3.1(a) and (b) we have

0 < [H(Z")| = ¢ (") < Ry < Ry < Ry (17)

so the sequence { R}, } converges and both sequences {1(2;)} and {||H(2*)||} are bounded.
In addition, by the first result of this theorem, we obtain that the sequence {z*} is
bounded, and hence, it has at least a subsequence which is convergent. We denote this
subsequence by {2*} where k € # C _¢. Thus, there exists a point 2* = (., 2%, s*) €
R, x R" x R™ such that lim z5; 2% = z* | and by continuity of the function H,
we get lim oo [H(2%)|| = [[H(2")|| . Define R* = lim 705, Ry . If R* = 0, then
|H(2*)|| = 0, and hence, z* is a solution of (1). In the following, we assume that R > 0
and ||H(z*)|| > 0, and then derive a contradiction.

e Suppose that o, > o, > 0 for all k € ¢ , where a is a fixed constant. On one hand,
from (11) it follows that

Rii1 < Ry — 2o(=rBlox B, for any k € # . Since {Ry} is bounded, we further obtain

Qk+1

that
ZMRkSZRk_Rk+1<ZRk<OO (18)
k=0 Q1 k=0 k=0

On the other hand, by the definition of @) and the fact that 7,,., € [0,1) given in the
algorithm, we have

Qi1 = MQr + 1 = e(Me—1Qr—1+ 1) + 1 = memp—1Qp—1 + 1 + 1 = -+

So we can obtain that

k
Qi1 = 1+ Z MeMh—1 " * Mh—i
=0

= 14+ MeNe—1 + MeMr—1Mk—2 + -+ DeN—1 - o
< 1+77max+77¢2nax+77?na:c++nrkntclt
S 1+nma$+n3nax+n§nax++nﬁ£i+ """
1 a
).

B 1_77ma:c (SOO:]-_T

13



Further,

1 > 1*77maz
Qr+1 — 1

S, 2l p > 5% 201 — 78) (1 — Naz) R = Yopey CRe  (C € R)

Qr+1

by (18) 3222, CRy, < oo i.e., lim oy, Ry = 0, which contradicts R* > 0.
e Suppose that lim 75, , i = 0. Then, the step size a := a/d does not satisfy the
line search criterion (8) for any sufficiently large k € ¢, i.e.,

| H (2 + ap AP = (28 + axAZF) > [1 — 2a(1 — 78) 6k Ry (19)

holds for any sufficiently large k € j . It is easy to see that the following results hold.

(a) g > 0. This can be easily obtained by Lemma 3.1(e).

(b) {AzF}c 7 is convergent. In fact, since p, > 0, it follows that H '(2%) is an invertible
continuously linear operator for any & € _# . Thus, by using (8) we may obtain
the desired result. Define Az* = lim ;) AzF

(c) R* =(2*). In fact, from (16) it follows that R* > ¢ (z*) ; and from (18) it follows
that R* < ¢(z*).
By (19), we have that (2% + axAz¥) > [1 — 2a(1 — 78)ax|Ri. Since R* > (%) |

the above inequality becomes that

Y(2F + apNk) > 1 — 2a(1 —7B8)a] Ry, > [1 — 2a(1 — 78) A (2%)
= (2 + @A) — Y (2F) > —2a(1 — 78) Ry, (20)
= {Y(" + apDzr) — ()} > —2a(1 — 7B) Ry,

By the above result (a) we know that || H(-)|| is continuously differentiable at z* | and
so is [[1(+)|| . Hence, by taking the limit for (18) and using the above result (b), we have

Y(2F + apA) — ()

V(2" + apA®) = Y(2F) + dp) (ZF) AP = 3 =) (F) AP
k
by (20)
V(" + aplzt) — ()

= (2) Az = 2H(2)TH (z)Az" > —20(1 — T6)R,  (21)

Qg
In addition, by (8) and the above results (b) and (c), we have
2H (2%)T (—H (%) + B0(2%)e”)

—2¢(2") +260(=") || H (=7 |
—2R" +2080(=") | H (=)

V(2P + ap\2F)

Al

14



By the definition of #(-) in (9) and for the proof of Theorem 3.1 we change k to * ,then
we obtain that

£ 9(=") > 1 then (=) [H(=")]| < ro(=")|H (=) < rb(=*) < 7R

If (2*) < 1 then 6(2%)||H(z")|| < ||[H(z")||[7R* < TR*

Thus by (21) , we get

—2a(1 — 7B)R* < 2H(z")'H'(2*)Az* < —2R* + 2B7R* = —2(1 — 7)R* (22)

Furthermore, from (22) and R* > 0 , it is easy to see that

—2a(l —71B)R* < —2(1—-7P)R*
a(l=76) = (1-75)
c > 1

which contradicts the fact that o € (0, %) and 74 < 1
This proof is complete . O

5 Local superlinear convergence

In this section, we analyse the rate of convergence for Algorithm 3.1. A locally Lipschitz
function F': IR™ — IR™, which has the generalized Jacobian 0F(x), is said to be semis-
mooth (or strongly semismooth) at z € IR™ if F is directionally differentiable at x and
F(x+h) — F(z) — Vh = o(||h|)(or = O(]|h||*) holds for any V € OF (z + h).

It is well known that convex functions, smooth functions, and piecewise linear func-
tions are examples of semismooth functions; and the composition of (strongly) semis-
mooth functions is still a (strongly) semismooth function. It is easy to show that the
function ¢ defined by (4) is strongly semismooth on IR?>. Thus, on noticing that f is
continuously differentiable, we obtain that the function H defined by (6) is semismooth
(or strongly semismooth if f* is Lipschitz continuous on IR".

Now, we show the local superlinear convergence of Algorithm 3.1. To this end, we
present a technical lemma.

Lemma 5.1 Let O(X) and O(Y) denote the Big-oh of X and Y, respectively , let o(x)
and o(Y') be the Little-oh of X and Y, then we have

(a) O(Y)£O0(Y) =O(Y);
(b) o(Y) £ o(Y) = o(Y);

(c) If ¢ #£0 then O(cY) = O(Y), o(cY) = o(Y);
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(d) O(o(Y)) = o(Y), o(O(Y)) = o(Y);
(e) O(X)O(Y)=0(XY), O(X)o(Y) =0o(XY), o(X)O(Y) = o(XY).
(f) If a=0(p1) and B = o(Bs), then o = o(Bs).

Proof. Form (a) to (e) please refer to [11] for a proof. Part (f) can be verified straight-
forwardly. O

Theorem 5.1 Suppose that the conditions given in Theorem 4.1 are satisfied and that

*

2 = (s, z%,8*) is an accumulation point of {z*} generated by Algorithm 8.1. If all
V € OH(z*) are nonsingular, then the following hold.

(a) oy =1 for all 2* sufficiently close to z*;
(b) the whole sequence {z*} converges to 2*;

(c) |25t — 2| = o(||2* — 2*|)) (or ||2"+! — 2*|| = O(||2* — 2*||?)) provided f' is Lipschitz
continuous on R™ );

(d) purrr = olpx) (or s = O(u3) if fis Lipschitz continuous on IR™).

Proof. It holds by the proof of Theorem 4.1 that H(2*) = 0 and z* is a solution of
H(z) = 0. Note that all V € 0H(z*) are singular , we have that |H1(z*)|| = O(1)
holds for all z* sufficiently close to 2*. Since the function H is semismooth (or strongly
semismooth if f is Lipschitz continuous on IR" ), it follows that for all z* sufficiently
close to z* .

1 (%) = H(z") = H (%) (=" = 2°)[| = o(||2" = =[]} (or = O(||2" — =*1*))

Notice that the function H is locally Lipschitz continuous near z*. Therefore, for all z*
sufficiently close to z*, ||[H(2*)|| = O(||2* — z*||), which implies that ¥(2*) = o(||z* — 2*|)).
Thus, for all 2* sufficiently close to z*, applying Lemma 5 yields

|25 + AZF — 2|
125 + H (") (= H (") + BO(")e”) — 27|
IH EMIH (28 = H(zY) = H (%) (2" = 2%)|| + 86(2"))
IH Y EOIH (") = H(z") — H (28) (2" = 2)|| + Brop ("))
(2)(
)

!

/

IAINA

= [HTMINHE) = H(z) = H () =)+ I1H ) Brvh)  (28)
O()o(]|2" = 2*[l) + O(L)o(|[=" — 27|

of[l2* = 2*[I) + o(ll2" — =*|I)

= o(" = 2[l) (or=0O(|" —2**))
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We have that ||z* — 2*|| = O(||H(2*) — H(2*)||) holds for all 2* sufficiently close to
2*. Hence, for all z* sufficiently close to z*.

1H(=* + AP = O(|2* + Az = 27])
o[l = 2"[)  (or = O(]|2" — 2"[|))

(HE") = HE) (o = O(H (") = H(2")IIP) - (24)
= o([HEN))  (or = O(|H (M%)

By the proof of Theorem 4.1 it follows that limy . [[H(2*)|| = 0. Hence , (24)
implies that a; = 1 holds for all z* which is sufficiently close to z*. This proves the
result (a). Therefore, for all z¥ which is sufficiently close to z*, we have 2**1 = 2% + Az*,
which, together with (23), indicates that the results (b) and (c) hold. In addition, since
Prs1 = fp + Dy = BO(2F) < Brap(2F) for all sufficiently large k,

Q

Y = HE)

= ||H()
ol || H (%)
= o(|H(z")
= o(u(z"))

and i1 = O(¥(24)) = o(prs1) = o(O(¥(2¥))) = o(ih(z")) By using (24) and Lemma

‘2

[1H ()]
Jo([lH (=")]I)
Y

Hrk+1 = O(¢(Zk))
( k

= 0

which is the desired result of part (d) holds. O
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