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THE CONVEXITY OF CIRCULAR CONE TRACE
FUNCTIONS

Ti-Wen Wu,Yu-Lin Chang
July 5, 2015

Abstract: Uusing the Schur complement theorem[1][2] to find the sufficient conditions which make the
Hessian of circular cone trace function positive semi-definite or positive definite, and proved that these
monotone conditions can make the trace function convex or strictly convex. After that, some examples
are given to explain why we have to satisfy these monotone conditions.
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1 Introduction

To find a convex function in the high dimensional subspace, there is a method in Using Schur Com-
plement Theorem to prove convexity of some SOC-functions[2] which make a convex function
is second order cone. It proves that in second order cone the trace function of convex function is also
convex.

Now we want extent this to circular cone, at first we have to know which are the trace functions of
circular cone. From|[3][4][5][6], the circular cone is defined

L% .= {(x1,22) e RX R | 2y > ||z|| cos §}
= {(z1,22) ER x R"™! | 21 > ||z23]| cot 6}

From the spectral factorization[5][4] associated with circular cone,the Ay, Ay is:

A1 (z) = x1 — ||x2]| cot O

(1.2)
Ao(z) =z + ||22]| tan 6
Suppose f: R — R is a twice differentiable function , define the trace fonction:
f (@) = fua(@) + f(a(2)) (1.3)
If 0 +# % and f is not constant, then in the set
E:={(z1,0) eRxR*" 1} e L’ (1.4)
ft is not differentiable. But the gradient of f* still exist in L? \ E,
t ! 1 / 1
V@) = FOn@) | g T2 |+ 00@) | g2 (1.5)
||| |||




also, Hessian is exist in L? \ E,

mT
b(z)  c(z)—2
V2 (z) = N ||zl -
clo) 2 a(@)] + (d(x) — ale)) 2
|2l N
a(z) = f (Az(x))tanﬁlef (M (x)) cot 16)

b(z) = f"(M(2) + £ (Aa(x))
o) = F"(Nal) tan — (A (2) cot§
d(z) = f"(M(x)) cot? 0 + f”(Aa(z)) tan? 6

The following proposition and theorem will help us prove the theorems in section 2.
Proposition 1.1. Suppose f: R — R is a strictly convex function,

e if f is increasing, then f is strictly is increasing.

e if [ is decreasing, then f is strictly is decreasing.

Proof. If f is a is increasing function but not strictly, then there are z,y € R such taht y > x and
f(z) = f(y). Suppose 0 < X < 1,

f@) = Af(@) + (1= A [f(y) > fAz + (1 = A)y).

x < Xx+(1—Nyand f(z) > f(Az + (1 — N)y), f is a not is increasing is contradict that f is a is
increasing, so f has to strictly is increasing.

If f is a is decreasing function but not strictly, then there are z,y € R such taht y > z and f(z) = f(y).
Suppose 0 < A < 1,

fy) =Af(@) + (1 = Nf(y) > Fhz+ (1= Ny).

Ar+ (1 =Ny <yand f(Ax + (1 — N)y) < f(y), f is a not is decreasing is contradict that f is a is
decreasing, so f has to strictly is decreasing. O

A B

BT C ] Where
A and C are square. This matrixz is positive (semi-)definite if and only if A is positive (semi-)definite
and C' — BT A= B positive (semi-)definite.

Theorem 1.1 (Schur Complement Theorem[1][2]). Suppose that a matriz is partitioned as[

2 The Monotone Conditions

In this sectoin, we will find sufficient conditions which imply f** convex. The first step is:
Theorem 2.1. Suppose f: R — R is a twice differentiable convex function, in L°\ E,
e ifb(x) =0 (Eq.1.6), then

xzwg

Vthr(:E) = 0+ a(x)(I - )= O

|22



e if b(z) >0, then

2 ptr B Toxd B (c(x))? woxd
V(@) 2 0 = ale)] + (@) — ) = Sy e £ O
. B roxd B (c(2))* oy
V2 (z) = O <> a(z)] + (d(z) C‘(ac))||ac2||2 b(x) Jleall? ¢

Proof. f(z) is convex function, so f(z) > 0 Vx € R.
b(x) = f" (M () + " (Aa2(2)). If b(z) = 0, then f7(Mi(z)) = f"(A2(2)) = 0.
f"(Ra(

c(z) = f"(Aa(z)) tand — (A1 (z)) cot 8, so if b(z) =0, c(x) = 0.
d(z) = O (2)) cot? 0 + £ (Aa(x)) tan? 6, so if b(z) = 0, d(z) = 0.
If b(z) = 0,
— 0 0
Pl awe -
Suppose v = (v1,v2) € R x R*71,
TV = Fala) (1 - 222
v v =y a(z TEAE Vg
vV ft* > 0 if and only if v¥a(z)(I — %)w >0, so
2 pt T2xy
\Y% fr(z)EO@a(x)(I—W)EO
2

If b(z) > 0, b(x) be positive definite and a(x)l + (d(z) — a(z)) H; HTz is symmetric. Use the Schur
Complement Theorem (Thm. 1.1), we have that

2 ptr X Ty y (c(x))? woxg
VafH(z) = O <= a(@)I + (d(z) — a(z)) [z2l]2  b(z) |z =0

. ot B2 (c@)?
Ve (x) = O <= a(z)I + (d(z) — a(x)) N[22 OREE Y

The second step is:

Theorem 2.2. Suppose f : R — R is a twice differentiable convex function, if f(x) is increasing and
5 >0>7%, orif f(x) is decreasing and T > 0 > 0, then in LY\ E, V% is positive semi-definite.

Proof. If b(xz) = 0, use Thm. 2.1,

v2ftr(x) =0 <= a(x)(I - |z ||2) =
2
suppose v € R*~!
T
T T2T5 5 <V, T2 >
v a(z)(I - Jv=a(z)(||v]|” - )
||2|[? |2 |[?

o]l - fe2ll < v,z >, s0 [[o][2 — <8222 > 0. Then

IENIE

V2" (z) = O <= a(x) > 0.



if b(x) > 0, use Thm. 2.1,

woal  (c(a))? wsa]

V2f%(z) = O <= a(z)] + (d(x) — a(x))

b(z)d(x) — (c(x))® zo2]

Yv € RP1

if V2f%(z) = O, then Vv € R*71,

T
a(z)v™ (I - Y27

|22

Now suppose v € {x € R" |z = raqy,r € R}

xszT x x—cx2 xngT x 1‘—63?22 2
a(a:)erT(I— ||x2||2)m:2+b( )d( ) ( ( )) ng||x2l|27'x2: b( )d( ) ( ( )) r ||JJ2|| .

and suppose v € {z € R" 7} < v -2y >= 0}

1‘250%1

aIUT —
@ = )2

R ={zeR" |z =ray,r e R} + {2 e R" | < v -3 >= 0}, so Vv € R", v = v, + v}, such that
vy € {z € R" Yz = ray,r € R} and v, € {x € R"7| < v - 25 >=0}. Then

rop o maed WA (@) e s @)~ (@)
a(x)v (I ||£C2||2) + b(x) H$2H2 - ( )H a|| + b(x) || b|| :
By
b@)d(x) — (c(2))* _ ["Ma(@)f"(Aa())(cot 0 + tanb) _
b(x) F" (@) + f(Kz(x) T
we have
X ) — (clx 2

Then if a(z) > 0, V2f%(z) = O. and if V2f¥"(z) = O, suppose v, = 0, a(z)||v.||*> > 0 It is that
a(x) > 0. Theat is
V2" (z) = O <= a(x) > 0.

f is convex, so f”(i) > 0V i € R, it means that f’ is increasing. If € LY \ E, X\o(x) > A1 (), then

F'Qe(@) = f'(M(2)-

4



So, if f'(Ai(z)) = 0

o) = f'Qe(@)) tand -
ol 2
) 70 FOu(@)) tand F(o(a))
@)= Py~
Then, if /(A (x)) < 0, f'(Aa(z)) > 0,
FOu@)tand _ Fa(e)
=T < Fou@) =0
if fl()‘l(x)) < Oa fl()‘Q(m)) < Oa
FOu@)tand  fule)
Tl SV @) S
it f'(\(2)) > 0, f'(Aa(x)) > 0.
) tans _fOala))

then, if f(A1(x)) =0

if f'(Ai(z)) >0

FOa@)tand o fOe@)

i~ @) 920
S Oa@tand  FOu)
) Rl > o) 20

Suppose f(z) is decreasing and § > 6 > 0,
f'(A2(z)) > 0 and cot? 6 > 1.

then, if f(Ai(z)) =0, 0= f(A2(z)) = f(Ai(2)) =0

a(x) =0
if f(n()) < 0
Pu@)nd  FOeE)
=R 7 ) =0

then, in LY \ E, if f(z) is increasing and 5 > 6 > =, or if f(z) is decreasing and Z > 6 > 0, Vf™ is

positive semi-definite.

O

Corollary 2.3. Suppose f : R — R is a twice differentiable function which f"(x) > 0 Vz € R, if f(x)

is increasing and 5 > 60 > 7,
definite.

or if f(z) is decreasing and 5 > 0 > 0, then in L? \ E, Vf* is positive



Proof. If f” > 0 then

b(x)d(x) — (c(x))* _ f"(M(2))f"(Aa2())(cot 6 + tan )
) e e T T @) + 0@
V2 (z) = O <= a(x)I + (d(z) — a(x)) ravy (cb((mw))) 2225 0. and Yo € R, v = v, + vp such

[[z2]]? [[z2]]

that v, € {z € R" !z = rag,r € R} and v € {z € R" | < v - 29 >=0}.

> 0.

Ty v+ b(z)d(z) — (c(2))? 1 z22] bz)d() — (e(z))” [los] 2.

v v = a(z)||ve|?
b(x) Teal2Y = Al ==

a(x)v (I -

||2[?
If v # 0 then at least one of v, vy is not 0. That is
V2" (z) = O <= a(x) > 0.
f"(z) > 0Vz € R, so f’ is strictly is increasing, and Ay > A\; when x € LY \ E, then
f'Qa(z)) > f/(M(2)).

Suppose f(x) is increasing and § > 6 > 7, by Prop.1.1 f(x) is strictly is increasing, so f'(z) # 0 Vx € R,
S0
f'Oa(z) > f/(A(z)) > 0 and cot?f < 1.

Pt R
Am&mnmeﬂkmxwﬁ
(ol AR e & °

Suppose f(z) is decreasing and § > @ > 0, by Prop.1.1 f(z) is strictly is decreasing, so f'(z) # 0V € R,
S0
/() < f'(A2(z)) <0 and cot?6 > 1.

Then,
f'(Ax(z)) tan @ Az (7)) 2
— <0, —cot“d) <0
al Gy~ 0
[ (Aa(@)) tan§ f'(A2(z)) 2
a(z) = ( —cot“0) >0
N A )
Then, in LY \ E, if f(x) is increasing and 5 > 60 > I, or if f(x) is decreasing and § > 6 > 0, Vf* is
positive definite. O

|The third step is:

Theorem 2.4. Suppose f : R — R is a twice differentiable convex function, f* is convez if f(x) is
increasing and 5 >0 > %, or if f(x) is decreasing and T > 6 > 0.

Proof. To proof f% is convex, we have to proof by 4 part :
Part 1. Suppose [z,y] C LY\ E, 0 < X < 1, define a function
g\ = fM(y + Az —y)) (2:2)

9"\ = (@ =)V "y + Az —y)(z —y).



By the Thm. 2.2, if f(z) is increasing and > 6 > T, or if f(z) is decreasing and Z > 6 > 0,V2f'" is
positive definite. So, ¢”(A) > 0if 0 < A < 1. It means that if 0 < A < 1

Af(@) + (1= A" (y) = Ag(1) + (1 = A)g(0)
>g(\) ="z + (1= Ny)

Part 2. Suppose z € L \ E y € E, 1 >t > 0 define the u(t) = y + t(z — y). f* is continuous, so

lim £ (u(t)) = f* ().

t—0

[z,u(t)] C LY\ E, by part 1, if f(x) is increasing and 5 >02> 7, orif f(z) is decreasing and § > 6 > 0,

AF() + (1= 0 f% () = Bm A (@) + (1 )7 (u(@)
> lim £+ (1= Au(t)) = f" (A + (1= A)y)

Part 3. Suppose z,y € L \ E, and there is a to such that 0 < to < 1 and tox + (1 — o)y € E.
z = (z1,22), y = (Y1, Y2), 0

—to to
—— X9 =ys ,then
i ey 2 2 2 1—

tor + (1 —to)y = (tow1 + (1 - to)y1,0) , tO||X2||::||Y2||-

1>A>0

Aff(@) + 1= Nf" ()
= Af(Aa(2)) + fe(@)) + (1= A) (M) + f(A2(y))
= AL (@)) + (1= A f(A2() + Af (A2(2)) + (1= A) f(M(y))

f is convex, so

Af(M(@)) + (1 =2 f(Aa2() + Af (Aa(2)) + (1 = Nf(u(y)
Z [ (@) + (1= 2)Aa(y) + F(Mre(z) + (1 = A)Au(y))

FOM() + (1= MAa2(y) + F(A2(2) + (1 = MAi(y)
= Sz + (1= Nyr + A= ||zl cot 0) + (1 = A)||y2|| tan 0)
+ f (A1 + (L= Nyr + Allaa|[ tan 6 + (1 — A)(=|[yz]| cot 0)

If A = £,
fltoAi(z) + (1 —to)A2(y)) + f(toA2(x) + (1 — to) A1(y)
= f(toz1 + (1 —to)yr + to(—|[z2[| cot 0) + (1 — to)||y2|| tan 0)
+ f(toz1 + (1 —to)yr + tol|z2[ tan 6 + (1 — to)(—||y=]| cot 0)
= 2f(tox1 + (1 — to)y1 + t||z2||(tand — cot F)) (2.3)
then

tof"(x) + (1 —to) f™(y) > 2f(toxr1 + (1 — to)y1 + t||x2||(tan § — cot H)).

7
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Figure 1: A > ¢ty

Suppose 5 >0 > 7.

Figure 2: A <ty

toxy + (1 —to)y1 + t||az||(tand — cot 0) > toxy + (1 — to)ys-
so if f(x) is increasing,
2f(toxr + (1 —to)y1 + tl|x2||(tan @ — cot 0)) > 2f(tox1 + (1 — to)y1).
Suppose § > 60 > 0.
tox1 + (1 —to)y1 + tl|a2||(tan @ — cot 0) < tox1 + (1 — to)ys.
so if f(x) is decreasing,
2f(tox1 + (1 — to)yr + t||z2||(tan @ — cot ) > 2f (tox1 + (1 — t0)y1).
Then if f(z) is increasing and F > 6 > 7, or if f(z) is decreasing and § > 6 >0

tof" (z) + (1 — to) f™(y) = 2f (tox1 + (1 — to)yr + t||z2||(tan 6 — cot §))
> 2f(toxr + (1 —to)yr) = [ (tox + (1 —to)y)

Let
zZ0 = ftr(tol‘ + (1 — to)y.

—t
; such that

A

If1>X>to, e+ (1 — Ny € [z, 2], there is a u = 1
Az + (1= Ny = pz + (1= p)zo.

By part 2, if f(x) is increasing and § > 6 > 7, or if f(z) is decreasing and § > 6 > 0,

AU (@) + (L= N (y) = pf (@) + (1= @) (o f (2) + (1 —to) f* ()
> pf™(z) + (1= p) " (20) > f" (A + (1 — N)y)(fig:1)



A
IFO< A <tg, Ax+ (1 = Ny € [20,9], there is a v = o such that
0

A+ (1=Ny=~vz0+ (1 —7)y.

By part 2, if f(x) is increasing and § > 6 > 7, or if f(z) is decreasing and 7 > 6 > 0,

AU (@) + (L= N (y) = y(tof" (@) + (1 —to) f" (y) + (1 =) " (y)
> (" (20) + A=) (y) > [T Az + (1= Ny)(fig:2)

Part 4. If i € E, i = (41,0), then
/\1(2) =14 — ||0||C0t9 =11, /\2(2) =11+ \|O||tan9 =1
(@) = fFOa(@) + F2(d) = 2f(ir).
Suppose z,y € F,0 < A < 1
Az + (1 =Ny =Azx1 + (1= Ny1,0)
@) =2f(21), fT(y) =2f(y), Tz + (1= Ny) =2fAa1 + (1= Ny1)

f is convex,

AT (@) + (=N (y) = A2f(21) + (1= X)2f(y1)
>2f(Azy + (1 —Ny1) = f5 Oz + (1 - N)y)

By these 4 part, f* is convex in LY. O

Corollary 2.5. Suppose f: R — R is a twice differentiable function which f"(z) > 0 Vx € R, if f(x)

is increasing and 5 > 60 > % or if f(x) is decreasing and T > 6 > 0, then f™ is strictly convez.

Proof. To proof f% is strictly convex, we have to proof by 4 part :

Part 1. Suppose [z,y] C LY\ E, 0 < A < 1,Use Eq. 2.2

9"V = (=)' V" + Az —y)(z —y).

By the Cor. 2.3, if f(x) is increasing and 5 > 6 > X, or if f(x) is decreasing and T > 6 > 0,V2f' is
positive definite. So, ¢”(A) > 0if 0 < A < 1. It means that if 0 < A < 1

A (@) + (1= 2" (y) = Ag(1) + (1 = A)g(0)
>g(\) ="z + (1= \y)

Part 2. Suppose z € LY\ Ey € E,1 >t >0, if f’(z) > 0 Vo € R, f is strictly convex. By part 2 of
the proof of Thm.2.4, if f(z) is increasing and § > 6 > 7, or if f(x) is decreasing and § > 6 > 0,

AfT(2) + (1 =X f"(y) = [T+ (1= N)y).
Take the u(t) in part 2 of the proof of Thm.2.4. By part 1, if 1 >¢ >0

A () + (1= N (u() > f7 a4 (1= Nu()).



Now suppose there is a 0 < Ay < 1, there is a 0 < A; < A such that u(A) € [z,u(\s)].We know 3
o= As = A that
DY

0<a<land ar+ (1 —a)u(rs) =u(r).
af(z) + (1= a)f"(u(Xs)) > f(ez + (1 - a)u(Xs)) = f"(u(X)).
u(As) = Asx + (1 — Ag)y € [x,y], so

Af (@) + (1= 2)f"(y) = af(2) + (1= a)Asf" (@) + (1= Ao) 7 (y)
> AST (@) + (L= M) [T (u(Xs)) > [T Mz + (1= Ay)

Part 3. Suppose z,y € LY\ E, and there is a ¢y such that 0 < tq < 1 and tox + (1 — to)y € E.
f"(x) >0V €R, so

tof(x) + (1 —to) f™(y) > 2f (toxs + (1 — to)y1 + t||22||(tan § — cot §)) (Eq.2.3).
Then if f(z) is increasing and § > 6 > 7, or if f(x) is decreasing and § > 6 > 0,

to.f"(x) + (1 —t0) [ (y) > 2f (tow1 + (1 — to)y1 + t||z2||(tan & — cot 0))
> 2f(tox1 + (1 — to)y1) = [ (toz + (1 —to)y)

A—t
If1>A>to, Ax+ (1 — Ny € [z, 2], there is a p = i such that
A+ (1 =Ny = px+ (1 — p)zo-
Then, if f(x) is increasing and § > 6 > 7, or if f(z) is decreasing and 7 > 6 > 0,

A (@) + (1= N F(y) = uf (@) + (L= )t f (@) + (1 - t0) /" (y)
> pf (@) + (1= @) f*(20) = [Tz + (1= Ny)

A
IfO < A <tg, Ax+ (1 — Ny € [20,9], there is a v = o such that
A+ (1 =Ny =7z + (1 —7)y.
Then, if f(x) is increasing and § > 60 > %, or if f(z) is decreasing and § > 6 > 0,

A (@) + (L= N (y) = y(tof (@) + (1 —to) f"(y) + (1 =) [ (y)
> (" (z20) + A=) (y) = Az + (1= N)y)

Part 4. Suppose z,y € E, 0 < A <1

FH(@) =2f (@), f"(y) =2f (), [T+ (1= Ny) =2z + (1= Ny1)

() > 0Vz €R,, so f is strictly convex,

AU (@) + (L= N (y) = X2f (21) + (1= N)2f (1)
> 2f(Azy + (1= Ny1) = fY Az 4+ (1= N)y)

By these 4 part, f% is strictly convex in L?. O
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In the other hand, if f* convex , is f convex?
Theorem 2.6. Suppose f: R — R is a twice differentiable function,
o if f'¥ is convex, then f is convex in RT.
o if f'% s strictly convex, then f is strictly convexr in RT.
Proof. Suppose z,y € E, 0 <A< 1
fr@) =2f(x1), ["(y) =2f(y1), T+ (1= Ny) =2f(Az1 + (1= Ny1)
If £ is convex,
A2f (1) + (1= N)2f(y1) = Af (@) + (1 = A f* (y)
> Az + (1= Ny) =2f Ay + (1 — Ny,
f is convex in RT. If f% is strictly convex,
N2f (1) + (1= N2F(51) = MU () + (1 - N f ()
> fTOx + (1= Ny)) =2fAar + (1= Ny,

f is strictly convex in RT. O

3 Counterexamples Out of Conditions

In this sectoin, we will give some examples out of conditions to show that trace function from a convex
function may be not convex.

Example 3.1. f: R — R ise” | % >60>0

f'(x) =e*, and for x > 0 f'(x) > 0,

a(@) = £ Oul@) tand £/ (o))

f'a(z))

=~ (eM@-X@) _  n20)

— cot?6)(Eq.2.1)

(

|||
When 7 > 6 > 0, cot?d > 1. So
In(cot? 0)
(tan 6 + cot 0) '
. n(cot? 9
And Ap(x) = A1 () = ||z2||(tan 0 + cot ) Then, if s || < st 2

er2(@) = (@) _ 520 < 0.
We have a(z) < 0.

Then in R3, let = = (10,2 0),y = (10,0, ™2} € L, cot = 2 and X = 2.

Fr(2) = f(y) = (27 +271)el?
A () 4+ (1= N f¥(y) = (27 +271)el®
(255 +27)el® — (27 +271)e'® = 1146.74977793 > 0

£ is not convex.

11



Example 3.2. f:R—=Rise™ , 5 >02>

f'(z) = —e %,and for z > 0 f'(z) < 0,

_ f'u@)tand  f'(A2())

=T P
 —e M@ tang

||

NP

— cot?6)
(eM@=r2@) _ ep20)

When § > 0> 7, cot?0 < 1. So
— In(cot? 6)
(tan 6 + cot 6)

And Ay () — a(x) = —|[z2]|(tan 0 + cot 6) Then, if [|za| < om0,

M@ =22(2) _ 05129 > 0.

We have a(z) < 0.
Then in R?, let = (10,42 0),y = (10,0, "2) € L?, cot § = L and A =

2 2
Fr@) = " y) = (25 F27 e
MY (@) + (L= M) f"(y) = (25 +271)e ™
(2% +27 )e 10 — (25 +271)e 10 = 0.00000236362 > 0

~w

ft is not convex.

Example 3.3. f:R =R is —In(z) , § >0> %
f'(z) = =%, V& > 0, By the definition Eq.1.1 and Eq.1.2,

A1 > 0 and Ay > 0.
For the z € LY with A (z) > 0 and Az(x) > 0,

ofe) = LS FLeT) o)

Then if iigg —cot26 >0

In the other hand,

f(@) = =In(A\1 (@) + —In(A2(2)) = — In(A(2) A2 ()
= —In(2? + z1||z2||(tan § — cot §) — ||x2||?)
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In R? Let z = (10,1,0),y = (10,0,1) € L%, cotf = %, cot§ = 1 and X =

N[—=

f"(x) = —1In(100 + 15 — 1) = — In(114)
f™(y) = —In(100 + 15 — 1) = —In(114)
A (@) + (1= M) f"(y) = —In(114)

Az + (1 =Ny = (10, %7 %)

F(Ar + (1 = N)y) = —In(100 + \/?— %)

(1004 /22 — 1) < 114, s0

FrOz + (1 — A)y) = —In(100 + ,/% - %) > —In(114).

f%(x) is not convex.

Example 3.4. f:R =R is (z —1)2
flx)=2x—2s0if z#1 f'(z) #0.And if x ¢ E, Ma(x) > M (z) By Eq.2.1, if A\ (z) #1

S Ma(@)) tanb f'(Xs(z)) 2
a(x) = ( — cot 0)
||| ()
= 2()\1(:5) —-1) tanﬁ()\g(x) “ela cot? 0)
||| A (z) =1
For 1 > Aa(x) > A () >0
(M(z)=1)tand Ao(z) — 1
— = < 0and ———>1
||| Ai(z) =1
So if cot?0 < 1,We have that a(z) < 0. When 5 > 6 > I, cot?0 < 1. f*(x) is not convex when
5>0>7.
In R3, let 2 = (%7 %70),11 = (%,07 %), cot O = % and \ = %
1 3 4
-9 -1 97 4753
tr _ rtr _ (72 I VA
J@) =170 = (357 + ()" = 556 = T35
97
tr 1— tr -
A () (1= N ) =

_61 —9 5017
tr 1— = (—=)2 —)P=—
Az + (1 =Ny) =( 112) +( 28) 12544

FEQx + (1= Ny) > Af7 (@) + (1= 2) [ (y)

f¥(x) is not convex.
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For Ao(x) > Ai(x) > 1
(M(z) — 1) tand S Ao(x) — 1
|| A(x) -1
So if cot?d > 1, We have that a(z) < 0. f*(x) is not convex when I > 6 > 0.
In R3, let 2 = (10,2,0),y = (10,0,2) € LY, cot§ =2 and \ = %

> 1.

Ao+ (1= Ny = (10,2, )
F@) = () = 5 +10° = 125
A (@) + (L= X)) =125 =

PO+ (1= ) = (2 + (5 =

FEQ@ + (1= Ny) > Af7 (@) + (1= 2) [ (y)

f¥(x) is not convex

To do the same way for each angle 6, we can got that f*(z) is convex only if 6 = 7.
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