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Abstract

The objective of our research was to investigate the truncated pinball loss function
P s(x) and its smoothing function ¢, ;(x, u). We derived P, ;(x) can be rewritten

as the sum of absolute value functions and an affine function: —-= Ix +s|+ ﬂ |x| +

TS+Xx

. Moreover, we used the results of smoothing functions ¢%,.(x, ) (k =

1,2,...,10) of absolute value function |x| from many references to produce our main
results about properties of smoothing functions ¥ (x, 1) (k= 1,2,...,10) of the
truncated pinball loss function P, ;(x). Hence, we can replace P, ;(x) with

% (x, w) for the original minimization problem min,, ;, % Iwll2+ C Xl P g(1—
yi(wTd(x;) + b)) to obtain a differentiable minimization problem. We concluded
that as u approaches 0F our differentiable minimization problem, minw,b%HWllz +

CYi_i ok (1 —y;(wld(x;) + b), 1), becomes the original one. Furthermore, finding
solutions to the differentiable minimization problem will lead to solution to the
original one.

Key words: The truncated pinball loss function, Smoothing function, Differentiable
optimization problem.
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1 Introduction

Support vector machine (SVM) is a popular tool for binary classification [9, 17, 19, 22].
The basic idea of SVM for binary classification is to divide the samples into two classes
by the “best” hyperplane. What is the “best” hyperplane? A simple measure is that the
hyperplane has the largest distance to the two classes of samples, see Figure 1.

II

Figure 1: Graph of the “best” hyperplane H.

In addition, the diagram in Figure 2 illustrates the concept of the largest distance.
We depict more by an algebraic way. Given a sample set S = {(x;,y;)|i = 1,2,...,1},
where z; € R" and y; € {—1,1}. We denote two index sets I and II by I = {i|y; = +1}
and Il = {i |y; = —1}. Then, the hyperplane H : w'z + b = 0 satisfies

wlz; +b <0, ifiell

u

+ O
II o

H = I

{wTa:i+b>O, ifi1 el

Figure 2: Graph of the two distances from H to the closest point in I and II, respectively.



In fact, the distance dist(z;, H) between z; and H : wlx +b =0 is

|wTx; + bl wlz; +b ( w )T N b
o Y Y\ YTy
[[]] [[]] [[]]

Now, consider w being a unit vector in R", we compute two distances (for fixed w with
|w|| =1 and b) as below:
meiln yi(wz; +b) (1)
(3

is the shortest distance between H and x; for ¢ € I; whereas
. T
i i 2
min i (w” @ +b) (2)

is the shortest distance between H and x; for ¢ € II. Therefore, the maximum of the
sum of (1) and (2) consists of the largest distance. Thus, it is natural to look into the
optimization problem:

3 . T . ] . T .
max  |min yi(w'z; +b) + min yi(w'z; +0)| . (3)
with [Jw||=1,
beR

For convenience, we let r?elln yi(wlz; +b) = IZIéIIIII yi(wlz; + b) by a suitable replacement
of b. In other words, the two distances from H to two classes are equal. To see this, if
1?61111 yi(wlz; +b) # IZIéIIIII yi(wlz; + b), then we can set the value of b to other value. For
instance, say

min y; (w’z; + ) = 2.

i€l

(2

This indicates that the two hyperplanes are H; : w 'z +b=2and Hy : wlo+b= —4. Itis
clear that for i € I, ; satisfying w”z; +b > 2; and for i € II, x; satisfying w”x; +b < —4.
Then, replacing b with (b — 1), we acquire two hyperplanes H| : w'x + b = 3 and
H) : wlz + b= —3. For fixed w and b, now H; is the closest hyperplane to {z;|i € I},
while HJ is the closest hyperplane to {z;|i € II}. As a result, the hyperplane H with w
being unit vector satisfies

in s (wr . —
elﬁlyz(w x; +b) =4.

wlz; +b>3, ifiel
wle, +b< =3, ifiell

which leads to min yi(wlz; +b) =3 = min yi(wlz; + ). Hence, we can rewrite (3) as
S 1€

max [min 2(y;(whz; +b)] . (4)

we
with ||lw||=1,
beR



Here, min y;(w”z; + b) means the shortest distance between H and z; for i = 1,2, ..., [.
(2

To tackle the above problem (4), a possible approach is trying to move the constraint
condition ||w|| = 1 to the objective function. For this purpose, we define two hyperplanes
Hi and Hi as below:

Hi:wle +b=+1,

HH . wa—i—b: —1.

Note that the distance between H; and Hpp is lﬂfy_nl) = ||27H Accordingly, we obtain an
equivalent optimization problem:

2
max -
weR™beR ||w|| (5)
st.oyi(wlz; +b) > 1

Now, the objective function is not differentiable, a relaxation comes by squaring it and
taking the reciprocal so that the problem (5) becomes

R
Zoin_ Sllw]
weR, (6)

st yi(wla; +b) > 1

This is a minimization problem with differentiable objective function. In summary, when
the sample set S = {(z;,v:)|i = 1,2,...,1} can be linearly separated by hyperplane H,
the above minimization model (6) is often employed to deal with classification.

However, if the sample set S cannot be linearly separated at all, there is an alternative
approach, which considers the higher-dimensional space (feature space) R™ (m > n)
to deal with this kind of problem. In particular, a mapping ®: R® — R™, called fea-
ture map or kernel function [17], is needed. More specifically, the resulting problem
becomes

T
min_ o f|wl]
wER™ bER 2 (7)

st yi(w ®(z;) +b) > 1
Figure 3 depicts the main idea behind, we only present an easy example to elaborate it.
Assume that data {p;}\_, in R? are separated by this closed (ellipse) curve z—; + jj—§ =1
into two classes. By taking the feature map ®((z1,22)) = (22, V2129, 72), then there
exists a hyperplane %2z + 0z + ;523 = 1 separating {®(p;)}._; into two classes, which
indicates {®(p;)}._, can be linearly separated in R?.
In reality, there may need to handle the problem with feature noise, which is noise

on input {x;|i=1,2,--- 1}. Accordingly, the concept of soft margin is introduced to
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Figure 3: Graph of the feature map ¢

handle feature noise. Soft margin means to relax the boundary of the constraint set of

(7), which possess new constraint sets:
{ yi(w" @(x;) + b) 1-&,

>
> 0.

&

These constraint sets mean that we allow some misclassification of points in the sample

set S. Meanwhile, we hope to minimize the sum of errors &. Thus, we add the error
l
term Y & to cost function ;|lw||?. Then, it arises the following problem, which is called
i=1
the soft margin support vector machine:

l
1
min —|jw]* + C E &
wER™ bR EER™ D —

st.oyi(wl ®(z) +0) > 1 - ¢
& >0

(8)

The parameter C' > 0 is called the penalty parameter of the error term. In the lit-
erature [15], by adopting the so-called loss function, it is known that the soft margin
support vector machine is equivalent to loss support vector machine. Indeed, there are
a few existing loss functions, and we present three popular one.

The first popular loss function is the hinge loss function [15], given by

x if x>0,
Lninge () = { 0 if z<0.

whose graph is shown in Figure 4. The corresponding hinge loss support vector machine



L(x)

-2 -1.5 -1 -0.5 0 0.5 1 15 2 25 3
X

Figure 4: Graph of Lyinge()

(hinge loss SVM) is the following minimization problem:

weR™ beR 2

I
1
min _ —|lw|*+C E Luinge(1 — yi(w" ®(x;) +b)). (9)
=1

Apparently, from the definition of the hinge loss function, it is easy to see that this
problem (9) is equivalent to above problem (8). To seek the minimum w of the hinge
loss SVM (9), differentiating (9) yields

w € CZ [8Lhinge (1 N yl(wTCD(a:Z) i b)) yz] q)(.fﬁz)a

i=1
where 0Lyinge() is the sub-differential of L(z) with

1 if >0,

OLnpinge(z) = < [0,1] if =0,

0 if x<0.

Note that the coefficient [OL(1—y;(w? ®(x;)+b))y;] of ®(x;) is non-zero when y; (w’ ®(x;)+
b) < 1. Then, we call such (x;,y;) satisfying non-zero coefficient of ®(z;) as support
vector (SV). In other words, those SVs of (9) are in the condition y;(w? ®(z;) +b) < 1
which are satisfied. In [15], it is concluded that the percentage of SVs is relative to the
horizontal part of loss function curve. Therefore, it is said that the hinge loss SVM (9)
have good sparsity due to the low percentage of SVs [15].

Next, we introduce the second loss function in [15], which is the pinball loss func-

tion. It is defined by
x if ©>0,
LT(“:) = .
—7x if <0,

5



where 7 € [0, 1]; its graph is shown in Figure 5. The corresponding pinball loss SVM
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Figure 5: Graph of L.(z) with 7 = 0.6

(pin-SVM) from [9] is the minimization problem:

wER™ beR 2

win_ Sl + OS2 L (1= gl () +1) (10)

where L,(u) is the pinball loss function. In [9], it is already verified that the problem
(10) is equivalent to the following problem:

I
. L v
e BB e 21U+ O D6
T (11)

st yi(w O(x;) +0) >1-¢

1

We point out that when 7 = 0, the second constraint becomes §; > 0, see [9]. Moreover,
the constraints set of (11) can be recast as

( 1
wh®(z;) +b< 14 =&, if y; = +1
T
w'®(z;) +b>1-¢, if y; = +1 (12)
wTCD(:UZ-)—f-bZ —14+&, if y; = —1
1
\ T

The diagram in Figure 6 elaborates the visualizations of constraints (12).
There are two distances d(-) and D(-) in Figure 6. The distance d(-) describes
dist(Hj, Hi,), whereas the distance D(-) represents dist(Hf, H{,). From Figure 6, it

6



H': w' &(x)+b=1

1 T

1+7 d

d
D1+

1
.

H': wiOx)+b=1-¢,
H',: me(x)+b=1+l§,.
’ T

Figure 6: Graphs of distances d(-) and D(-)

the quantile distance

the shortest distance

(a) Quantile distance (b) Shortest distance

Figure 7: Two kinds of distances.

is clear to see the ratio % = 11>, which is called lower quantile. Hence, we also call
the distance between H{ and H{; the quantile distance.

The quantile distance is more insensitive to feature noise than the shortest distance.
Hence, the pinball loss SVM model is more insensitive to feature noise, see [15] for more

details.

Now, look back at the pin-SVM problem (10). In order to find its minimum w, by
differentiating (10), we acquire the expression of w as below:

1
w € C’Z [OL, (1 - yi (W ®(z;) + b)) y;] @ (), (13)
i=1
where
1 if >0,
OL,(x) =< [-7,1] if =0,
—7 if x<0.

We know that the coefficient [OL, (1 — y;(w?®(x;) + b))y;] of ®(x;) is non-zero when
yi(w'®(2;) +b) # 1. Hence, the pin-SVM problem (10) has high percentage of SVs, that
is, the pin-SVM loss the sparsity completely, see [15].



The third loss function was also studied in [15, pp. 201}, which is the truncated
pinball loss function. It is defined by

Ts if z < —s,
P y(x)=4q -1z if —s<az<0, (14)
x if ©>0,
where 7 € [0, 1] and s > 0 and its graph is depicted in Figure 8.

3

251

2k

151

1F

P s

051

ot

-0.5

-1
-2 -1.5 -1 -0.5 0 0.5 1 15 2 25 3
X

Figure 8: Graph of P, s(x) with 7 = 0.6,s = 1.

From Figure 8, we see that this truncated pinball loss function is not differentiable at
x =0 and x = —s. Moreover, in light of Figure 9, we observe that
PO,O($> — Lhinge(m) and PT,+OO(x) = LT(x)7 (15)

which indicates that P. ; is a generalization of Lyinge and L.

(a) L (b) L- (c) Prs
Figure 9: Three important loss functions appeared in [15]

The corresponding truncated pinball loss SVM (pin-SVM) is the minimization problem:

. 1
min —
wER™ beR 2

ol + O3 Pr (1= 5w (a) + ) (16)

8



The sub-differential of P; (x) is characterized as

( 1 if x>0,
[—7,1] if z=0,
0P, 4(x) = —7 if —s<z<0, (17)

[—7,0] if 2= —s,

0 if z< —s.

I
Similarly, looking for w satisfying w € C' Y [0P;, s(1 — y;(w? ®(z;) + b))y;|®(x;) provides

(
i=1
solution candidates. In addition, the coefficient [OP: (1 — y;(w" ®(z;) + b))y;] of ®(z;)
is non-zero when y;(w” ®(z;) +b) < 1+ s. Hence, the pin- SVM (16) is a relatively sparse

model with a properly selected parameter s, see [15].

In summary, as mentioned in [15], the hinge loss SVM (9) is sparse, but it is sen-
sitive to feature noise. In contrast to the hinge loss SVM, the pinball loss SVM (10)
is insensitive to feature noise. Therefore, P, ¢(z) was proposed in [15] to combine these
two features, see the observation (15). Moreover, from the hinge loss Lpinge(%) to the
truncated pinball loss function P, (z), the sparsity is inherited by controlling 7 and s;
from the pinball loss L. (z) to P;s(z), the noise insensitivity is inherited by adjusting 7
and s.

Because the truncated pinball loss function P ;(x) plays a key role in the minimiza-
tion problem (16), it is the main motivation to further investigate this function P, 4(z)
in this thesis. Our goal is to construct smoothing functions of P, (z) since P; 4(z) is not
differentiable at * = —s and = 0. Therefore, we intend to study some differentiability
properties of that smoothing function. Accordingly, a few algorithms can be employed
along with the smoothing functions.

As will be seen in Proposition 3.1, we show that

1+7 T TS+
PT7S(:1:):< 5 |:r]>+(—§\x+s|—|— 5 ) (18)

Note that the first term of (18) is convex and the second term of (18) is concave. Hence,
the truncated pinball loss function P; s(x) can be expressed as the sum of a convex func-
tion and a concave function. According to expression (18), we will construct a smoothing
function of P, by taking advantage of the smoothing functions of the absolute value
function. We shall denote the smoothing function for the truncated pinball loss function
P, s(x) by ¢rs(z, ) where g > 0 is the smoothing parameter. To this end, some impor-
tant properties of smoothing function of |z| from [1, 2, 3, 13, 14] will be used to prove
our main results.




In fact, many algorithms require differentiability. In this thesis, we construct ten
smoothing functions ¢% (z,p) (k = 1,2,---,10) of the truncated pinball loss function
P, s(z). Then, we just need to deal with the smooth minimization problem:

!
. 1 2 k T
ol el + €3 Ph((1 = (TG + ), ) (19)
for k =1,2,--- ,10. Moreover, by Proposition 3.3 in Section 3, the minimization problem

(19) becomes the minimization problem (16) as u approaches 0. In other words, finding
solutions to problem (19) will lead to solution to the target truncated pinball loss SVM
(16). This is the main contribution of this thesis.

10



2 Preliminaries

Definition 2.1. Given a function f: R — R U {4+o0}. If there exists a function ¢:
R xR, = RU{+o0} satisfying

(a) ¢ is continuously differentiable at (x,p) € R x Ry,
(b) lim ¢(z,u) = f(z),

u—0t
then we say that ¢(x, 1) is a smoothing function of f(x).

We present ten examples of smoothing functions for the absolute value function |z|
from [1, 2, 3, 13, 14] as below:

2
b if |z| < p,
wgmm=%“ﬂ y 20
lz| =& if |z > p.
9 x e’ +e’ "
©oe(x, 1) = pln COSh(;) , where cosh(x) = — (21)

(@, 1) = /22 + p® — p. (22)

Paps(, 1) = pln(l + e+ ) +In(1 + ex)). (23)
a if x> %,

i@, ) =4 &+ 8 if F<z<t (24)
—z if » < £

Pops (T, 1) = A/ Ap? + 22, (25)

x4 32 3u :
SR it o] <,
@st(‘ra M) = { ’ s

|| if |z| > p.

2 == 2 ("
o3 (z, 1) = verf (\/_LQM) + \/;/Le 22 where erf(x) = ﬁ/@ ot dt. (27)

o)\ (z, 1) = rtanh (%) , where tanh(z) = %. (28)

10 T 2 [T e
Oaps (T, 1) = xerf <—> , where erf(z) = —/ e " dt. (29)
b H VT Jo
In general, the above ten smoothing functions of |z| can be constructed via three methods.

11



(A) : Convex Conjugate Method,
(B) : Convolution Method,
(C) : Using Sigmoid Functions.

More specifically, smoothing functions ¢l (z, 1), ¢ (z, i), and o3, (z, ) are produced
by convex conjugate method. Smoothing functions ¢l (@, 1), i (T, 1), @2 (z, 1),
W8 (T, p), ol (z, 1), and o3, (z, 1) can be produced convolution method. Smoothing
functions 2, (z, 1) and ¥ (z,p) are constructed by using sigmoid functions tanh(z)
and erf(z), respectively.

To illustrate how the above ten smoothing functions are obtained, we briefly review
their concepts.
(A) Convex conjugate method. For more details, please refer to [4, 14, 21].

Definition 2.2. A proper function d: C' — RU{+o00}, The function d is called o-strongly
convez with respect to || - || if there exists a constant o > 0 (often called the modulus of
strong convezity) such that d((1 — t)z + ty) < (1 — t)d(z) + td(y), for all z,y € C and
te(0,1).

Definition 2.3. For any extended real-valued function f : dom(f) — R U {+o0o}, its

conver conjugate f* : (dom(f))* — RU{+o0} is defined by f*(x) = sup {7z — f(2)}.
z€dom(f)
for some 1-strongly convex and continuous function d(-) (called proximity function).

The smooth approximation, denoted by f,, of f by convex conjugate method can be
built up, i.e.,

fu(@) = (g+pd)*(z) = o {z"x —g(2) — pd(2)} = s ){ZT:E —g(z) — pd(2)},

where g = f*. We demonstrate indicator function [12] to show up the construction
procedure. First, the indicator function §(-| C') of C'is

0 if xe€C,
d(z| C) = .
+oo if z ¢ C.
By taking different proximity function d, it yields various smoothing functions.

2

(i) Take g(2) = 6(z|[—1,1]), where g is the conjugate function of |-|. Choose d(z) = %

12



as a proximity function. Then, we have

(94 pd)*(z) = s {z"2 — g(z) — pd(2)}

= sup {z7z -0 — u }

12]<1
B x—Q if x| <p
- lz| — = if |z| > p
= @ans (2, 1)

(ii) Take g(z) = d(z|[—1,1]) again, and choose d(z) = 1 — /1 — 22 as a proximity
function. Then, we have

(9+pud)(x) = sup {z"z—g(z) — pd(z)}

z€dom(g)

= sup {272 — 0 — pu(1 —V1-22)}
|2|<1

= \z?+p?—pu

= Qb (T, 1)

(ili) Take g(z) = (2| C) with C' = {z > 0] 21 + 22 = 1} Note that |z| = ¢*(Ax) with
A= <_11) . Now, choose d(z) = z1In(z1) + 291n(22) +1n(2) as a proximity function.

Then, we have

(9+pd)"(Az) = sup {z'(Az) —g(2) = pd(2)}

z€dom(g)

=0 {(z12 + 22(—2)) — 0 — p(z1ln(z1) + 2In(22) + In(2)) }

(e (3)

= 2T, 1)

(B) Convolution method. Please see [5, 14, 23] and [6, Section 11.8.2] for more details.

Definition 2.4. A function p : R — R, is a pz’ecewise continuous density function (
with finitely many discontinuous points ) if [~ p(t)dt =1 and [7_|t|p(t)dt < +o0.

The convolution method on constructing smoothing functions of |z| is via

1 [ t
fola) = [ o= utlp(Cya (30)

o0

13



the density function | smoothing function of |z|
T
P1 Pabs
P2 Pabs
P3 Sogbs
P4 @gbs
Ps SDst
Po Pins

Table 1: The density function p; and its corresponding smoothing function

In fact, the formula (30) uses the smoothing function of plus function (z),; = max{0, x}.
To see this, we know that the absolute function |z| is equal to the sum (z)4+ (x)_. Then,
applying a smoothing function ¢ps(z, ) of plus function, we can acquire a smoothing
function of |z| by @ps(z, 1) + Ppius(—, it). As below, we demonstrate six constructions
by taking six different density function.

(i)

(i)

(iii)

(iv)

(v)

(vi)

, 1 if 0<t<l1 .
For case of ¢}, , taking p;(t) = , then we obtain the smooth-
0 if t<Oort>1

ing function of absolute value function.

For case of ¢l | taking p(t) = ( then we obtain the smoothing function of

.
the absolute value function.
- 1 1
0 if t<Qort>
ing function of the absolute value function.

, then we obtain the smooth-

For case of ©°, _, taking p3(t) = )
2

For case of ¢b, , taking p4(t) = ﬁ, then we obtain the smoothing function of
1244)2
the absolute value function.

3(1—2%) if |t <1
For case of ¢!, , taking ps(t) = il ) 4 ., and then we get the
0 it > 1

smoothing function of the absolute value function.

+2
For case of 8, ., taking pg(t) = \/%76’7, then we obtain the smoothing function of
the absolute value function.

To sum up, here is a table of the density function p; and its corresponding smoothing

function of |z|. See Table 1.

(C) Using sigmoid functions. A sigmoid function is bounded and differentiable real
function that is defined for all real input values and has a non-negative derivative at each
point, see [3, 8]. It is known that both tanh(z) and erf(z) are sigmoid functions, whose
graphs are shown in Figure 10.

14



(a) tanh(z) (b) erf(z)

Figure 10: Two important sigmoid functions

Inspired by an idea of smoothing technique from [3, pp. 13]:

lim tanh(z) =sgn(z) and lim erf(z) = sgn(x).

Then, we can verify that

lim tanh (f) =sgn(z) and lim erf <E> = sgn(z).
0

n—0t u—0t 7

Now, using the fact that |x| = x - sgn(z), we have

lim z - tanh (£> =z lim tanh <£> =z -sgn(x) = |z,
1

n—0t % p—07F
and
) T : T
lim z - erf (—) =z lim erf (—) =z -sgn(x) = |z|.
pu—0t il n—07t M

By this way, ¢! (z,u) = z - erf (%) can be constructed. We point out that this way

also provides an alternative construction for ¢!? (z, ) since @8 (@, p) = z - erf (fim) +

22
\/guefﬁ. Please refer to [23, (2.16)] for more details.

Proposition 2.1. Let ¥ (z,u) for k =1,2,---,10 be defined as in (20)-(29), respec-
tively. Then, ¥, (x, 1) is continuously differentiable for all (z,u) € R x Ry .

Proof. (i) For i =1,...,8, the result can be obtained from [13, Proposition 2.1(a)] and
[14, Proposition 2.1(a)].

(ii) Based on [1, Theorem 1|, we know that
ngpg‘bscmﬂ) = EseChz (E) + tanh (z> ,
p p "

15



2
which is continuous. In addition, V% (z, p) = — [ﬁsech(ﬁ)} is also continuous. Thus,

09 (x, p) is continuously differentiable.

According to [3, Proposition 2.1}, we know that

2 _a?
ngoégs(x,,u) = \/;Me »? + erf (E)

. . . . 10 . 2 r —ZX . .
which is continuous. Besides, Vg, (z, 1) = — = [;e w| is also continuous. Thus,

o9 (x, ) is continuously differentiable. O

Lemma 2.1. Let ¢f (x,p) for k =1,2,--- 10 be defined as in (20)-(29), respectively.
Then, there exists Cy, > 0 such that

| oabs (2, 1) — ||| < Gy p
for all x € R and for all positive parameter p.
Proof. We verify the desired inequality case by case.
(1) From [23, Lemma 2.2], it is clear that

1
|Q0;bs(x7:u) = |Z‘|| S 5/1

(2) The desired result follows by

R
o N
g
B
=
|
8
I
=
=
RVA R
(D
o
n
=
N\
=18
N————
N——
|
t_
==

=L ln<€u+%> —In e%




(3) Using [23, Lemma 2.1] yields ’\/:EQ + p? — |$|‘ < p. Hence, we have

[unl, ) = lal] = | (v/a2 4 122 = ) = Jal|
< |Va i = Jal| + | - 4l
<(14+1p
= 2/.

(4) The desired result follows by

(e = fal| = o | |10 (14 €7

N—
+
Ja—
| =
—_—
—_
+
@
=8
N—
I
|

(5) For |z| < &, we have

5 2K
}(pabs(xalu)_’xH L _+Z) —‘SC|

g

4

For |z| > £, there holds
| oabs (@, 1) = J2]| = ||| = J2]] = 0.

(6) In light of [23, Lemma 2.1], we know

u
(@, 5) = Jal| <

Hence, we have
| P8s (2, 1) — ||| = 240

17



(7) For |x| > p, we have

11

‘@st(xuu’) - |J]|‘ = ||ZE| - |xH =0< g/i

For |z| < u, we have

4 2
7 _ x 3x°  3u
‘ 4

x RY 3
Y Rl el
83 4 8
Now, applying
Sp 3u 5
- < _— = —
ol < [P | = 3
and
xt 322 _mz 3 2
8ud  Ap | p |4 8u?
2 2
P
Cop 4 8w
_3
4 4/’L?
we obtain

5
7 \ > S 5 . ‘
|¥abs(x7u) ’:EH > (8 4>H——8,u

(8) From [3, Proposition 2.1}, we have

2 —a?
8 T, ) — |x <xerf(i)—gg —|-\/j62u2
|90abs< /’L) ’ H — \/ilj, | ‘ 7T/,L
NICO\NE e
- 2 —— f — | —= —_ 2#2
v2 2o ( I V2 Ve
2 2
<2 -
<2 <€ﬁ)u+ —n




(9) Using [2, Theorem 1], it is clear that

| (@, 1) — ||| = < p.

x tanh (E) — |z
i

(10) Using [3, Proposition 2.1}, it is clear that

xerf <£) —|z|| <
u

2
= (levm!”

‘¢;25($7ﬂ) - |I‘|‘ =

]

Proposition 2.2. Let ©F (z,p) for k =1,2,--- 10 be defined as in (20)-(29), respec-
tively. Then, we have lim oF (1) = |z, for all z € R.
p—0%,

Proof. By Lemma 2.1, it implies lim |o¥, (z, ) — |z|] < lim Cyu = 0. O
p—0+t pu—0t

From Proposition 2.1 and Proposition 2.2, we see that % (z,u) for k =1,2,--- 10
defined as in (20)-(29), are smoothing functions of absolute value function |z|. For
computational purpose, we write down those gradient functions of smoothing functions
oF (z,p) for k =1,2,--- 10, which can be found in [1, 2, 3, 13, 14]. These will be used
to prove Lemma 3.1 as well.

Vs (5 1) = (a1> , (31)

Qi
where
1 if x>, —3 it x> p,
ap=q% if —p<z<p and o= —%(ﬁ)z it —pu<az<uyp,
-1 if z<—p. —% it < —p.
tanh(2)
2 — w
Vieas(: 1) (m(cosh(g)) - %tanh(%)) ' (32)
V(@) = | %" ). (33)
L T T 1z
Vabs(, 1) = PPN A : (34)

e B e + 2 [+

Voo (2, 1) = (g;) , (35)

19



1 if x>4 0 if >4,
pr = 279” if —f<z<f, and (= —(l%)?—i-}l if —-f<az<p<it,
-1 if z< -8, 0 if »r<-%.

Y2
where
1 it z>u
-1 if z<—pu
0 if z>pu
oy = %_%+g if —p<z<p.
0 if x<—p
erf(—%-)
V2
V‘Pibs(xv :u) T \/5 *% ) <38>
<e 2u
Esech2(£) —+ tanh(z)
V@st(xv :u) N y i 2 ' <39)
- [gsech(ﬁ)}
1 I
2 =
T o u? + erf(%
Vor (@, p) = | Y™ . ) (40)

Next, we talk about some features of ¢  (z,u). Geometric views are depicted in
Figure 11, Figure 12, and Figure 13. Below are for algebraic checking.

(i) We know that V¥ (z,u) for k = 1,2 for fixed u > 0 are non-decreasing. From |20,
Corollary 2.1], we know ¥, (z, ) for k = 1,2 for fixed > 0 are convex.

(ii) We observe that V.05 (z,u) for k = 3,4 for fixed u > 0 are non-negative. Thus,
from [20, Corollary 2.1], we know ¥ (z, u) for k = 3,4 for fixed u > 0 are convex.

(iii) It is known that V, ¥ (z,u) for k = 5,8 for fixed 1 > 0 are non-decreasing. Based
on [20, Corollary 2.1], we have ¢¥ _(z,u) for k = 5,8 for fixed u > 0 are convex.

(iv) We know that V., (x,p) for k = 6,7 for fixed p > 0 are non-negative. In light
of [20, Corollary 2.1] again, we have ¥, (x, ) for k = 6,7 for fixed p > 0 are convex.
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Figure 11: |z| and ¢¥  (z,p) for k =1,2,3,4 with = 0.1
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v) Because both V,0? (z,1) and V! (z, 1) with g = 0.1 are not non-decreasing,
abs abs
neither %, (z, 1) nor oY (z, ) is not convex. See Figure 14.
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Figure 12: |z| and ¢¥ (z, ) for k =5,6,7,8 with = 0.1
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3 Main Results

This section is devoted to deriving smoothing functions for the truncated pinball loss
function P, 4(x). The following proposition says that the truncated pinball loss function
can be expressed as the sum of two absolute functions and an affine function.

Proposition 3.1. Let P, (x) be defined as in (14). There is an alternative expression
for P, y(x), i.e., Pry(x) = —%|o + s| + SZ|x| + =2

Proof. From the definition of the truncated pinball loss function P; ,, we express P, ;(x) as
the sum of two continuous functions. In particular, we can express Py () as fi(z)+ fa(x),
where

:B—I—%ifxzo, —% if x> —s,
ha@=4" 2 and folr)={ 2
—5 if z<0. TS+71fZL‘S—S.

The first continuous function fi(z) is a piecewise function, which has two pieces: = > 0
and z < 0. The second continuous function fs(z) is a piecewise function, which has
two pieces: x > —s and x < —s. The graphs of fi, fo and P, are shown in Figure 15
and Figure 16. These pictures motivate us an idea that P, () is the sum of a convex
function and a concave function. Therefore, we have

1
x—i—ﬁifxzo E—}-ﬂifaczo
filz) = 2 _J)2 2 :£+1+T‘JJ|
T . 1 )
Traco T |Zolior g, 27
and
T if x> —s E—Mifac>—s
folx) = 2 {2 2 :E—Z|x—|—5]
TX :
75+71fa:§—s E+—(T($+8) if < —s 22
2 2
Thus, the proof is complete. [

Observe that Proposition 3.1 expresses the truncated pinball loss function P, 4(z) in
terms of the absolute value function and an affine function. Moreover, it is equivalent to
say

T 1+7 TS+ 1+7 T TS+
Pra(e) = =Jlo sl + 23 Tlol 4 T = (5 Tlal ) + (< 3lo ol + 5.

2 2 2 2
From which, we observe two facts:

(i) The first term £7|z| is convex.
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Figure 16: Graphs of P, (z), fi(x), and fo(z) with 7 =0.6,s =1

11 e second term —3|x + S| + —— 1S concave.
(ii) Th dt | | 4 Tt |

See Figure 17 and Figure 18.
Furthermore, in view of Proposition 3.1, we can rewrite our target minimization
problem (16) as below:

l

win__ sl +C (Z 10— (T o) + bm)

weR™ beR —
l 1 T .
+C <Z —%|(1 — yi(w" ®(z;) + b)) + sl) +C <Z Ukl G yi(;U i) + b))>
- y (41)

Now, we apply smoothing functions of the absolute value function presented in Section
2 to derive smoothing function for P, ;(x). To this end, we define

1+7

T TS + %
907,5($7,U) = (TWabs(xmu)) + (_5(1011118(37 + Svlu) + 92 ) ) (42)

where p.ps(z, i) is any smoothing function of absolute value function |x|.

Proposition 3.2. Let ¢, (x, i) be defined as in (42). Then, . s(x, ) is continuously
differentiable for all (x,p) € R x Ry ..

Proof. Note that @ans(z+s, pt) and @aps(z, i) are continuously differentiable. Besides, the
function £ is obviously continuously differentiable. Hence, ¢, (x, ;1) is continuously
differentiable. [

Proposition 3.3. Let ¢, s(z,p) be defined as in (42). Then, lim+ ors(x, 1) = Prs(x)
n—0
for all (x,pn) E R xR, ..
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Proof. By Definition 2.1, we know that
,}g& @abs<x7 M) = |I|7

lim @abs(x + 57/11) =~ ’1: + 8‘7
pu—0t

and . TS+ TS +X
lim =

u—0t 2 2

Hence, we have

- - 147 T TS+
lim ‘p’r,s(xmu) = lim |:( 9 (;Dabs('rvp“)) + (_§@abs<x+ S,M) + 2 >:|

n—0t n—0t
1
= ;T\x| — %\x+s| + ngx
= P, ().
Then, the proof is complete. O

Based on Proposition 3.2 and Proposition 3.3, we can say that the function ¢, s(x, i)
is a smoothing function of the truncated pinball loss function P;(x). Accordingly, we
obtain

147 T TS+ x
@5,3(117/1) = < 9 (pl;bs(xnu’)) + (_§¢§bs(x + Snu’) + 92 ) ) (43>

where ¢ (z, 1) defined as (20)-(29) for k = 1,--- ,10. For pin-SVM, we replace P, ()
with ¥ (2, 1) to achieve the following problem:

l
.1
min_flw|® +C Yok, (1—yi(w" e () +b), ). (44)

weR™ beR 2 .
=1
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Next proposition indicates that the difference of ¥ (z, ) and P; (z) have a upper

bound C}° p.

Proposition 3.4. For k=1,2,--- ,10, there exists C;* > 0 such that
|ons(@, 1) = Prs(z)| < CF°

for all z € R. In fact, C;° = HEC),.

Proof. Applying Lemma 2.1 yields

|0k (2, 1) — Pro(2)]

T 4 1+7 TS+ —T 1471 TS+
= (_Soabs(x_{—shu)+—S0abs(x7ﬂ’)+ )_(_|I+S|+ |ZL‘|—|—

2 2 2 2 2

_r 1+7 Ts+x TS+
= |5 (Phs(@ + 5, p1) — o+ s]) + (s (s 1) — |2[) + ( - )

2 2 2 2

—T 1+7
< |kt o oot ol| + [ ehaton) = 1ol + 0

1+
= 2 |ehnl@ts,m) =l o] + =5 [Pl ) — Il

1+7
2

-
< §Ckll-|—

1+ 27
= 5 Ck p

Cr 1t

Then, the proof is complete.
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We point out Proposition 3.4 is an alternative way to prove Proposition 3.3. Now,
we study the derivative of @¥ (z, ) with respect to x as p approaches 0. We will use
the following lemma to prove Proposition 3.5.

Lemma 3.1. For k=1,2,---,10, there hold

1 if x>0,

lim V.o (z, 1) = 0 if =0,
u—0t

-1 if z<0.

Proof. For k # 9, the proof is easy and we omit them.

For k =9, we discuss two cases. If x = 0, then

lim V). (z, 1) = lim <99,ec:h2 (9) + tanh <9>) =0+0=0.
n—0t u—0t \ [ o) )

If x # 0, then

. . x x x
Mlg(l){r Vo Pons (5 1) = l}g& (;sech2 (;) + tanh (;)) =0+1=1
In the above, we use the fact
lim (zsech2 (§)> =0,
p=0F \ H
which is due to

sech? <§>
lim (fsech2 (£)> = lim [ — %/

p—0+ \ pu 1 p—0+ %

2sech (£> tanh
o

= lim

2
g) sech (ﬁ> —?
u—0+

sech? (%) T
= lim | ——% <—2x2tanh (—))

p—0F p? H

2
= lim — — (—2x2tanh (f))
p=0t \ e + e en +en 2

=0-0-(—22%) -sgn(x) = 0.

BI=7 N

= v

Then, the proof is complete. [
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Proposition 3.5. For k=1,2,---,10, there holds

( 1 if >0,
1_
27 if x=0,
lim V" (z,p1) = —rif —s<z<0, (45)
u—0t ’
—— if z=—s,
2
0 if z< —s.

Proof. First, we observe that

lim V,¢k (z,
Jim Vg (@, 1)

s -7 4 1+7 4 TS+
—H’li)%gr va: <7()0abs(‘r + 8, :U’) + T@abs('x?M) + 2 )

" 1
ZTT <1im VPabs (T + s,u>) i % < i vx@ng(x’“)> i (hm VJS?H)

u—0t p—0t

Then, by Lemma 3.1, we have

lim V@i (@ +s,0) = Hm Vi@ (a+ s, )
u—0t+

p—0%
(1 if 2+5>0
- 0 if r+s=0
(—1 if 2+5<0
(1 if 2>0
lim V,of (z,0) =< 0 if 2=0
p—0F
(-1 if 2 <0
TS+ 1
Jm Vo5 —) =3

The proof is complete. [
Note that the equation (45) is similar to (17). In fact, from [14, inequality(20)], we
learn that
Puans (L5 18) = P (T, 1) 2 as (@, 1) 2 @i (@, 1) 2 @R, 1) 2 2]

Z Qpibs('ra :U’) Z Qpibs(a}vﬂ) Z (pgbs(‘rv :U’)
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for all z € R and for fixed > 0. Where are the positions of ©%, (z,u) and o2 (z, u)?
We answer it in next proposition, which talks about the order of ¢, (z, 1) and ¢ (z, 1)
between |z| and ¢l (x, ). It may help us to study the order of P, and @F  (z, ), see
Figure 20.

Proposition 3.6. For all x € R and for fized pu > 0, there holds
‘l’| > goabs(x /L) > (pgbs(x ,LL) Z Soibs<x7/1’)'

Proof. From [3, inequality (3.1)], we know |z| > ¢! (z, 1) > % (z,p) for all x € R and
for fixed g > 0. Thus, it suffices to show that ¢2, (z, ) > @l (z, u).

(i) : Consider z € (—o0, —u] U [u, 00).
If z > p, then we will claim that

g(z) = gm (Cosh (25))

is between ¢, (7, 1) and L, (z,u). Based on [18, Theorem 3], we obtain
PO
m

LN, (%) (40)

W 2

(%)
= g(z)

Now, we prove that g(z) > ¢l (z,u). We claim that

(o (2)) 2

= gtanh

Due to



(47) holds. Besides, based on (47), we can obtain the following inequality.

2 2
In (cosh (_x)) +1> il
7 u
2
:>H1n (cosh (_x)) —i—ﬁ >
2 W 2
N n () s X
“ln [ cosh | — r— =.
2 W 2

9(x) > Pane(, 11)- (48)
Based on (46) and (48), @) (z, 1) > @k (z,u) holds for z > u. By symmetry
of 9021)5(1',,“) and @ibs(xa/jl)v we know that gogbs(x,,u) = @ibs(xhu> holds for z €

Therefore , if x > p,

(i) : For fixed p, we let F(y) = @ (v, 1) — ¢L.(y, ). We will claim that F(y) > 0

for all y € (—p,p). 0 <y < p, then F(y) = ytanh (%) — % It is enough to

show that F' is increasing function, so we compute the derivative F'.
1
) + ysech? (Q) -
LA
4 (Sech2 (Q) — 1)
K H
J ( —tanh? (y))
1
1 — 2tanh ( )} :
1

<1, we know 1 — #tanh() > 0. Then, we

Tle Tle ®le Tl
~———
— + -

Based on 0 < % < 1 and 0 < tanh (%

have
F'(y) = tanh (2) {1 — Ytanh (Q)
Il u u

Because F' is a continuous function and

> 0.

0 0?
F(O):()-tanh(;)——:()—():o,

we prove that F(y) > 0,Vy € [0,u). Hence, ytanh <%>

> &, Vy € [0,u). By
symmetry of F(y), it is true that F(y) > 0 for all y € (—pu, p).

Thus, the proof is complete. [
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Figure 20: Graphs of |z| and all ten % (z,u) with g = 0.1

From Figure 21 regarding the smoothing functions golj,s(x,,u) for k = 4,5,6,7,8 and
the truncated pinball loss function P ¢(z), we have the observation: there exists an
interval [a1,b1] with a; < 0 < by,

08 (@, 1) = o (1) = &8 (1) > @f (1) > @2 (x,10) > Pry().

We are not able to provide the algebraic verifications yet, which is our future direction.
From Figure 22 regarding the smoothing functions goff}s(a:, p) for k= 1,2,3,9 and the
truncated pinball loss function P, ¢(z), we observe: there exists an interval [aq, bo] with
ar <0< bQ,

@2 (1) > @2 (x, 1) = o (@, 1) > @2 (1) > Pry(2).

We are not able to provide the algebraic verifications yet, which is our future direction.
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Figure 21: Conjecture one
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Figure 22: Conjecture two
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Figure 23: Ordering ¢% (x,pt) for k = 9,10 with different z

10

T,S8

As seen in Figure 23, the graphs of ¢} (z, 1) and % (z, 1) are very close, ordering
¢? (z, ) and 2 (x, p) near x = 0 is difficult. In Figure 24, we will order ¥ (z,p)
for k = 1,2,3,10 and P, (x). From this graph of smoothing functions ¢ (z, ) for
k =1,2,3,10 and the truncated pinball loss function P, (z) in Figure 24, we observe:

there exists an interval [as, b3] with a3 < 0 < bs,

@2 (@, 1) = 02 (1) = @F (2, 1) > o (w, 1) > Pr ().

Again, it still needs algebraic verifications.
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37



4 Conclusion

In this thesis, we present 10 smoothing functions gpf_,s (x, ) of the truncated pinball loss
function P, ¢(z), which are constructed by the smoothing functions of absolute value

function |z|. The first eight smoothing functions ¢% (, ) can be expressed as the sum
10

T,8

of a convex function and a concave function. However, ¢?  (z, 1) and ¢, (x, 1) may not
easily or cannot be expressed as the sum such as the above. Geometric views are provided
to verify their features. Possible direction is applying these smoothing functions to work

along some algorithms and compare their numerical performance.
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