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Weak transitivity of hypergraphs

SUN-YEN WU

Abstract

Let X be a finite set and let £ be a family of ‘distinct subsets of X; then
the ordered pair H=(X, &) is called a hypergraph. A t-edge sequence of a
hypergraph H = (X, £ ) is a sequence (El 3o ey Et) where Ei €tfori=1,
. .., t such that (1) Ei n Ei-:-l + 0, Ei * Ei+1_ fori=1,..., t1;(2)
Ei:F Ei+2 fori=1,...,t2. If for any two t-edge sequences whose initial
edges have non-empty intersection, there exists an automorphism of H map-
ping one to the other, then H is called locally weakly t-transitive. If for any
two t-edge sequences, there exists an automorphism of H' mapping one to the
other, then H is called weakly t-transitive. In this paper, we develop some
properties of locally weakly t-transitive hypergraphs and weakly t-transitive
hypergraphs.

Let X be a finite set and let £ be a family of distinct subsets of X; then
the ordered pair H=(X, £) is called a hypergraph. The elements of X are called
vertices of H and the elements of £ are called edges.of H. Sometimes, we write
X=V (H) and § =E(H). If the empty set ¢ € §, then ¢ is called an empty edge.
Let H) =(X, £ ) and H, =(Y, &) be two hypergraphs. We say that H, is
isomorphic to H, if there exists a bijection ol : X > Y such that o«( §)
= F . An automorphism of a hypergraph H is an isomorphic of H with itself.
We shall denote the set of all automorphisms of H by aut (H). A hypergraph
H is called edge-transitive if for any two edges of H there exists an automor-
phism of H mapping one to the other. Other definitions that are not defined
in here may be found in [3], {5].

I. Locally weakly t-transitive hypergraphs

If t > 0 is an integer, we define a t-edge sequence of H to be a sequence
(Eqs . .., Ey) such that (1) E;e€ EMH), fori=1, ..., t;(QE; N Ej41# ¢ and
E; # By for i=1, .. ., t-1; (3) E; # Eyyy for =1, . . ., t-2. Let H be a hyper-

‘graph; we say that H is locally weakly t-transitive if for any two t-edge sequences
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(Eqs- .. Epand (Fy, ..., Ft) withE| N F{ % ¢, there exists L€ aut (H) such
that «(Ey,...,Ep=(Fy,..,Fp. : ’

Proposition 1.1 If H is a connected locally weakly 1-transitive hypergraph which

has no empty edge, then H is edge-transitive.

Proof. Let E| and E, be two edges in H. Since H is connected, there exists a finite
sequence of edges connecting them, say Fy, .. ., F,. We assume that E is adj-
acent to Fl’ Fi is adjacent to Fi+1 for1 £i<n-l, and F, is adjacent to E2. Then
there exist £;€ aut (H), i=1, ..., n+l such that £ (B)=F|, &, (F{)=F,,
., oy (Fp ) =F,, and o 41 (Fp) = E,. Thus the composition °(n+l Ln
- #¢g oy will carry By to By, Q.E.D.

Let E € E (H); we define the valency of E to be
v(E)=I{FEEMH) I FNE+#¢,F #+E } |

If v(E)=0, then E is called an isolated edge. If v (E) = 1, then E is called an end-
edge. We note that an end-edge contains at least one end-vertex, but an edge con-
taining an end-vertex need not be an eﬁd-edge. If all edges of H have the same
valency; then H is called edge-regular. If H has no end-edges and | E (H) | > 3,
then any k-edge sequence (k > 1) can be extended to form a t-edge sequence
(t > k+1), and we have:

Proposition 1.2 Tf H is a connected locally weakly t-transitive (t = 1) hypergraph
which has no end-edges, and IE(H)! > 3, then H is locally weakly k-transitive for

each integer k satisfying 1 £k £ t.

We say that a hypergraph H is fixed-edge-free if there is no nonempty edge

of H which is invariant under each automorphism of H.

Proposition 1.3 If H is a connected locally weakly 1-transitive hypergraph with

‘IE(H)I > 2, then H is fixed-edge-free.

Proof. Any nonempty edge E € E(H) is adjacent to at least one other edge F €
E(H). Since H is locally weakly ‘1-transitive, there exists € aut(H) such that,
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A(E)=F. QE.D.

Corollary 1.4 If H is a connected locally weakly t-transitive (t > 1) hypergraph
which has no end-edges and IE(H)| > 3,.then H is fixed-edge-free.

For any hypergraph H, we difine v(H)=min {v(E)[E€E(H) } .
Thus we get:

Theorem 1.5 If H is a connected locally weakly t-transitive hypergraph with v(H)!
> 3 and girth g, then g > 2t-4.

Proof. Since H has girth g, there exists a simple circuit of length g. Thus we get a
closed g-edge sequence and a non-closed g-edge sequence with the same initial
edge. There is no automorphism carrying one of these into the other, hence t < g.
In traversing any simple circuit of length g in H, say (X1, Eq, ..., Eg, x 1) We get
a t-edge sequence (Eq, . . ., Ey) and a (g-t+2)-edge sequence Eegs--os Eg), Since
v(E{.1) > 3, the - exists an edge F; such that F is adjacent to Et—l, and Fi#
E(9, F1# E{ Thus there exists L€ aut(H) such-that £(E{, ..., E) = (Eq,
s Et—l’ Fl)' Since oL(Et)=F1, There exists another (g-t+2)-edge sequence
(E¢1Fps---» F t+1)such that L(E{ 1,E4 ..., E )= ErppFroe-e Fg-t+1)
and F gt+1 is adjacent to E . Hence (g-t+2) + (g-t+1) +1 = g, this implies g> 2t-4.
Q.E.D.

2. Weakly t-transitive hypergraphs

Let H be a hypergraph; we say that H is weakly t-transitive if for any two
t-edge sequences (El, e, Et) and (Fl, RN Ft) there exists oL € aut (H) such
that o((E;)}=F; for 1 <i <t. The relationships among the transitivity properties of

hypergraphs are indicated as follows:

(locally weak t-transitivity)

/

(local t-transitivity) (weak t-transitivity)

\/

(t-transitivity)

[t
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Proposition 2.1 LetHb mnected hypergraph which has no empty edge. Then
the following statements are equivalent:

(1) His edge transitive.

(2) H is weakly 1-transitive.

(3) H is locally weakly 1-transitive.

Proof. By definitions, we see that (1) = (2) and (2) = (3). _
By Proposition 1.1, we get (3) = (1). QE.D.

Proposition 2.2 Let H be a connected hypergraph in which every two distinct
edges intersect in at most one vertex; then H is weakly (t+2)-transitive iff H is t-

transitive.
The proof is immediate from the definitions.

- Proposition 2.3 Let H be a connected hypergraph which has no empty edge and
no end-edges and | E(H) |> 3. Then H is weakly t-transitive iff H is locally weakly

~ t-transitive (t > 1).

Proof. (=) By definitions.

( = ) By Propositions 1.1 and 1.2, we see that H is edge-transitive. Let Ep..o,

Epand (Fy,. .., F;) be any two t-edge sequences in H, then there exists o{ € aut

(H) such that, o((Ey) = Fl.' Hence L(E{, . SED=(F, oLEy), ..., LED).

Since H is locally weakly t-transitive, there exists § € aut (H) such that 8 (F,o( .

(Ey), ..., LEY)=(F, Fy, ... ,F), hence pL(Eq, ..., EQ=(Fy, ..., Fp.
' Q.E.D.

Let H be a connected hypergraph which has no empty edge, no end-edges,
and | E(H) |> 3 and which is not a graph; then the relationships among transitivi-

ties of H are as follows:

(locally weak t-transitivity)

(local t-transitivity) (weak t-transitivity)

\/

(t-transitivity)
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Let (Ey, ..., E¢{) and Fyqees F)[) be any two t-edge sequences of H, we

say that (Fy, . . ., Fy) is a successor of (Ej, ..., B ifF;=E; 1 for 1 <i < t-1.
Thus we have: '

Theorem 2.4 Let H be a connected hypergraph which has no end-edges. Then H is

weakly t-transitive iff for a given t-edge sequence (Ey, . . ., E;) and for any
successor (Eq, ..., Ey, Egyqyof (Ef, ..., Ey), there exists «{€ aut (H) such that
,((El, oo s EQ=(Eg, ..., Egg )

The proof is analogous to Theorem 2.5 in [5].

Let H be a hypergraph; then the representative graph L(H) of H is defined
by V (L (H) )=E() and E(L(H) ) = { {e; ej} l e €] € E(H) and e Nej+ 0,
izj} . Direct from the definitions, we get:

Lemma 2.5 Let L(H) be the representative graph of a hypergraph H, If H is
weakly t-transitive (t > 2), then L(H) is (t-1)-transitive.

Theorem 2.6 If H is a connected weakly t-transitive (t > 2) hypergraph with v(H)
= I+p (p is a prime), the t < 8.

Proof. (1) Suppose H is a hypergraph which is not a graph; then L(H) is a (t-1)-
transitive graph of valency 1+p. Hence. t-1 < 7 and t-1# 6, see [2; p. 126], thus
t<8andt#7.

(2) Suppose H is a graph; then t £ 7 and t#£ 6.

By (1).and (2), we get t £ 8. Q.E.D.
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