2 The First Form : Xoyb 4 yezd

Let K be a field of characteristic p > 0 and
S=KI[Xy,....X.,Y1,.... Y, Z4,..., Z4].

In this section we shall determine the Hilbert-Kunz function of the hypersurface of the following
form :

f=XY"4+Yvez?
where X = X . X0 Y =Y. Yl Yo=Y Y, 20 =728 Z% and r > 1. Let
qg=7p", J= {j | b; > cj}, and set R =S5/ < f >. Then 0 < |J| :=m < s, and w.l.0.g., we

assume that by > cq,...,0n > ¢, b1 < Gty -+, bs < cs. We shall determine the assignment
HER(q) = dz’mK< S/ < XU XLYE. Y8 2. 20 f > )

Let f + X9 be the ideal of S generated by all X', Y, Zl’s, and f. Fix a term order on
S, and denote by m(f + X[q]) the initial ideal of f + X, Then by Lemma 1.1, we get that
HKRg(q) is equal to dimg (S/m(f + X[‘Y])>. By making use of Grobner basis, we understand
which monomials one has to add to fill the gap between in(f—kX[q]) and the ideal in(f)+ X4,

Throughout this section, it is not restrictive to assume that a; > as > -+ > a, > 0,
bp—c1>by—co > 2bn—0cn>0, i1 —bme1 2> o —bpia > -+ > ¢ — by > 0, and
dy >dy > - >dy > 0. Let u be the maximum of the integers a; , by — ¢1 , ¢ma1 — bmy1, and
dy; that is, u is the greatest integer among all a;’s, (b; — ¢;)’s, (¢, — by)’s, and di’s. We also
denote by [y] the greatest integer less than or equal to y, and Sy, () the elementary symmetric
polynomial of degree i in n indeterminates = (z1,...,7,). Let I, be the ideal f + X9 and

define (v), = maxz {0, v}.
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In order to make it more easy to determine the Hilbert-Kunz function of R, we shall prove

the following lemma.

Lemma 2.1. Let S = K [Xy,..., X, Y1,...,Yi], r > 1, s > 1, and the a;, b;, and c; are all
positive integers with by —cy > by —co > -+ > by — ¢y > 0, a1 — by1 > Cag — bigo >
- >cs—bs > 0. We denote by G the ideal generated by

Xi], . ,Xg, }/1(17 . ’)/8‘1’ X{q_aa1]+ye+a(c—b)+7 o 7X£q—aar]+ye+a(c—b)+’

}/1[‘1_0‘(171_Cl)_cl}+ye+a(0—b)+’ o Y,n[f—oz(bm—cm)—CmLL}/e-t,-o((c—b)Jr7 and Xayb7

where «v is a positive integer, € = (e1,...,€5), €1 = C1, ., €m = Cm, €ms1 = b1, ..., €5 = by,
(c=b), =(0,...,0,cnp1 = byy1, ..., cs — bs). Then the dimension of S/G s equal to

¢ =Tla—a)[[a=b)—a [Jla—¢) [] la—elen—bn)—bnl,
=1 7j=1 7j=1 h=m+1
+1I@e—a) [J@=0) ] la—elen—ba)—bal,
i=1 j=1 h=m-+1
+][(a—aa) [[la—ab;—c)—¢ 1 ] la—alen—bn)—bl,
i=1 j=1 h=m+1
H[q— a+1al+Hq— (a+1)(bj —¢) — ¢ |, H lq — acn — bn) — bn,
i=1 j=1 h=m-+1

Proof : If [¢ —aa;], =0 for some i or [¢—a(bj—cj)—c;], =0 for some j, then G is

generated by
X0 ..., X YP ..., ve yerele s and Xoy?,

Hence,
— g = TJta— a0 TJta— b)) - Hq_c] I lg— alen—bn) —bil,
i—1 j=1 j=1 h=m+1
_i_Hq—aZHq—b]) H [q—Oé(Ch—bh)_bh]+
j=1 h=m+1

From now on, we assume ¢ —aa; >0 for each i and ¢ — «a(b; —¢;) —¢; > 0 for each j. Let

l, be the minimum of

q—albj—c)—1 qg—1 ‘ .
=1,... h = 1,... .
{ [ ¢ ) bh+a<ch_bh) J ’ , M, m + 3 S
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Then we have ¢ — a(b;, —¢j,) < (lo + 1)¢;, for some jy with 1 < jo <m or

q < (lo + 1)(bp, + a(cpy, — bp,)) for some hy with m +1 < hg < s, and
q—a(bj—c¢j) —loc; >1 foreach j and ¢— (b, + afc, —by)) > 1  for each h.
We consider the ideals Gz = G : yBletale-b) ] for $ =0,1,2,...,l, + 1. Since Gy = G,

Gi,41 =95, and Gy =Gp: yetale=bli e have the exact sequence of K-modules :

Ye+o¢(cfb)+

0 — S/Gsyy = — S/Gy — S/ <Gg Yerolebe 5 .

It follows that

la
dimy (S/G) = dimg (S/Go) = ZdlmK (S / < Gﬁ, Ye+a(c—b)+ >>.
3=0

We determine dimg (S / < Gg,Yetale=b), >> as follows :
For # = 0, the ideal < Go, Yt > is generated by

X0 ... X0 v, Ya yerele s oand Xey?,
Hence,

dim (S / < Gy, Yool >)

s

=¢" —Ja—a)[Ja=b)—a [[la—¢) [] la—len—bn)—bnl,
i=1 j=1 j=1 h=m-+1

1l ]Tta—0) T la—aten—b)—bil,

h=m+1

For 1 < 3 <l,, theideal Gg=G : yBletale-b,] g generated by

Xi}*a(h’ o ,Xﬁ_aaT, Y*fl*a(blfcl)*ﬁclj o ,Yq a(bm—cm)— ,ch’ YT;IL_’_ﬁf[bm-HJFa(CmH bm-&-l)]’ o
mqfﬂ[bﬁa(cs*bs)], and XaYl(bl_ﬁcl)* .. .Yn(lbm ﬂcth,erl Bbmt1ta(cmy1—bm1))]

Y;[bs —ﬁ(bs+a(cs_b3))]+ )

Hence, the ideal < Gg, yetele=bi - ig generated by

Xiliaa17 L ,Xﬁ_aar, }/':lq_a(bl_cl)_ﬁcl Yq a(bm Cm) /Gcm Yq 5[ m+1+a(0m+1 bm+1)]

gee ey m 5 m+1 g e ey

—Bbs+a(cs—bs a (b —Bc ) (b ﬁcm) [bm ﬁ( m +a(cm —bm ))]
ye [ ( )],XYll Uy +Ym+1+1 +1 +1=bma))l

b5+o¢(cs—b5))]+

Y;[bs_ﬁ( : and Y*e—l—oz(c—b)Jr
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Thus,

dimy (S / < Gy, Yeraleb, >)

~ I~ o [ - e 1. TT la 50+l — ). -

=1 b1
1:! +ﬁl q— b — fe;— (b ,_ﬁcj)+}+h_ﬁ+l lg — B(bn + e, — ba))] .
- ﬁ<q - aa; f[l g = afb —(B+De 1, h_li[+1 [ = (B+1)(bn + ax(cn — bw))]
+11 ¢—(a+1) auf[l g —alb; —¢) 6@—um]+h_f[+l[q—(ﬁ+1)(bh+a<ch—bh>)]+
:ﬁ(q—aaz {f[lq—a — Be; ], hﬁﬂ[q—ﬁ(thra(ch—bh))]Jr
f[l q—albj —¢;) = (B+ 1) Lh_f[+1 lg— (B +1)(by + afcn — bh))]+}
- Hl lq — (a+1)a;], x {ﬁl [q — (b —¢j) = Be; — (b — Bey), ], h_ﬁﬂ lq — B(bn + a(ch—

bn))ly — ﬁ g — alb; —¢5) = Bey —wgl, [ la—(8+1)(bn+ alen — bh))]+} :

Jj=1 h=m+1

where u;z = max{ ¢j , [bj — Bc; ]+ } :

Now, we have

dme(S/G)
=g Hq—aqu—b —d [Ja=e) JI la—alen—ba) =il
—i—Hq—al Hq—b H q—oz(ch—bh)—bh]
+ [ I(a - aa) X{ a [H[q—a( ;) =Be; 1, [ la—B0n+alen = b)),
i=1 =1 L j=1 h=m+1

ﬁq—a - B+, 1 [q—(ﬁ+1)(bh+a<ch—bh))]+]}

Jj=1 h=m+1

12



S

- T~ (a+val. x { i:[H[q—a(bj—cj)—ﬁcj—(bj—ﬁcj)+]+ [T lo- s+

h=m+1

Ch - bh H q— a b - Cj ﬁcj - ujﬁ]+ H [q - (ﬁ + 1)(bh + O‘<Ch - bh))]Jr] } .

h=m++1

Let (%) be the term

la m s
Z [H q—afb —Be; 1 T la— B0+ alen —bu))],
B=1 j=1 h=m+1
~1la—a;—¢) =B+ 1, [T o= B +1)0n+alen =)l ] :
Jj=1 h=m+1
Since g — a(bj, — ¢;) < (lo +1)cj, for some jo with 1 < jo <m or

q < (lo + 1) (bry + a(cny — br,))  for some hg with m+1 < hg <'s, (x) is equal to

m S

[Tla—a®—c)—ci 1, T la—olen—1bn) —bil, .

j=1 h=m+1

Let (%) be the term

la m s
ST e—ak = Be;j— (b= 0¢;), ], T la— 8w+ alen—ba))l,
B=1 L j=1 h=m-+1
—H[q—a(bj—cj)—ﬁcj—ujﬁ o I la— 3+ Dn+ alen —bu))l,
Since

S

[Tla = —c)) = Be; —wis 1. [ la— (B+1)(bn+ alen — bn))].
j=1 h=m-+1

=[[le—ab;—c¢) = B+De; = (b= B+De).], [I la— B+ Dbn+alen—bn))],
Jj=1 h=m-+1
where =1, 2, ..., l,— 1, the term (xx) is equal to

S

[Tla— @+ —c)—¢ 1, ] la—alen—bn) —bal,

Jj=1 h=m+1

s

H ¢—al;—¢) —lacy —uu, I, [ la—= (a+1)0n+alen = b)), -

h=m+1
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Since g — a(bj, — cjy) < (la+1)cj, or ¢ < (lo+1)(bne + acny — bry)), we have

lq — a(b; —¢j) = lacj —uj, ], =0 or H [q — (lo +1)(by + acn — bp))] . =0 .

j=1 h=m+1

Thus, (**) is equal to

HC]— (1) —c))—c; 1, [ la— alen—bn) —bal,
So,
:qT+S—H(q—ai)H(q—bj)—QTH(q—Cj) H [q — a(cn — br) — ba]
i=1 Jj=1 Jj=1 h=m+1
+Hq—az Hq—b) H lq — ccn — bn) — n]
+H (¢ —aa)), [[la—alt;—¢) —¢; 1, T] la—alen —ba) i)
_H qg— (a+1 az]+H[q—(a+1)(b i) —¢ily H [q — alcy, — by) — by
j=1 h=m-+1

Since wu is the maximum of the integers among all a;’s, (b; — ¢;)’s, (¢, — by)’s, and dy’s, we
have

[H} = min [q’l] [q_cﬂ'_l] [q*brl] [Q] ‘ 1<i<r, bj—c¢ >0, cp, — by, >0
u a; || bj—c; || en—bn || di 1§]§m,m+1§h§s,1§k§t
for ¢>> 0, where v=1 or 1+4¢; forsomej or 1+, for some h.

Let [, be the integer [%}, and e be the remainder of ¢—wv divided by u. Then [, = &=

and one has ¢ —1l,a;, >0, q¢—1,(b; —¢;) —¢; >0, ¢—1l,(ch —bp) —by, >0, and ¢ —Il,d >0
foralli, j, h, and k. On the other hand, by the definition of 1, at least one of [g — (I, + 1)a;] s,
[ — (lu +1)(bj —¢;) —¢; 1.'s, [q— (L +1)(cn —bn) — ba],’s, and [q — (I, + 1)di],’s must be
Zero.
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Proposition 2.2. Let f:= X*Y*4+Y°Z Then

HEgr(q) = ¢+ = ¢ H(q —a;) [J(¢ =)

j=1
m

—CJTH(q—Cj)X
{i[ H l[q — a(en — bp) —bh] [Hq—adk H[q—(a+1)dk}+]}

{;[hzljﬂ[q_&(%_bh)_bh]]X[g(q_adk) g[q—(antl)dk} ]}
+§{ E(q—&ai)ﬁ[q—a(@ ¢j) — ¢ ]h_li[H lq — a(cn — by) — by

- 11 [q— (a+ 1)azhﬁl [ — (a+1)(bj —¢;) c]]+h:1:sn[+1 [q — alen —by) — bh]}
X{]ﬁ(q—adk)—lf[l[q—(a+1)dk]+},

where [, s the integer [ = ], and 0<m<s.

Proof : Let u be the maximum of the integers a;, by —c1, Cni1 — b1, and d;. Let < be
the lexicographic order on S and define

ej=c; forj=1,...,m and e,=0b, forh=m+1,... s

Then X°Y? is bigger than Y°Z¢ and Y© =Y. Y& = Yo . Yenylmit | ybs

m m+1

We determine a Grobner basis of the ideal
I,=<X{ .. XY . .. YLzl . ZL f >,
by means of Buchberger’s algorithm (Algorithm 1.9). By this algorithm, the elements
X XYY, 20, 28, X T yerdlet god 1 e §=1,... 1,

}/j[Q—é(bj—Cj)—Cj]+Y6+6(c—b)+Z&d’ j=1,...,m, 5= 1,..., l, and Xey? + }/czd7
form a Grobner basis of the ideal I,, where [ = [ ] Thus, the ideal in(l,) is generated by
X0 XY Ye, 78, 70 X yerdebl g iy e =1, ],

y 1T Tk yeriet) god 1 m, 5 =1,...,1, and XY,
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Now we have to compute the dimension of S/in(1,). In order to do this, we consider the ideals
K, = in(I,) : Z°¢ for a = 0,1,...,14 1, where Z° = Zp  70%  Since K, = in(1,),

Ki.1=25,and K, = K, : Z¢, we have the exact sequence of K-modules :
0 — S/Kos1 2% /Ky — S /<Ko 20> — 0.

It follows that
!
dimg (S/in(1y)) = dimg (S/Ko) = ZdimK<S | < Ko, Z¢ >>.
a=0

We compute dimg <S / < Ko, 2% >) as follows :

For a =0, the ideal < Ky, Z% > is generated by
X0, X9 va o, ve zE . Z8 XY? and Z%
Let Sl = K[Xl,...,XT,}/l,...,}/s], and Sg = K[Zl,...,Zt]. Then

dimK( S/ < Ko,Zd>>

:dz’mK(Sl/<Xf,...,Xg,Yf,...,Yg,Xayb>) x dz’mK<Sg/<Zf,...,th,Zd>>

_[qTJ"S Hq—alﬁq—b ] —ﬁ(q—dk)]

=1 j=1 k=1
s t r s t
zq”s“—qt]—[(q—az [T@=0)—a*[@—d)+[[(a—a) [[(a—0) [ [(a—do)
i=1 j=1 k=1 i=1 j=1 k=1

For 1 < o <1, the ideal K, = in(l,): Z** is generated by

X0 X YR LY, zeod gaed x T hyereb), glo-add Ly,

) S )

§=1,...,1, Y, T T yerieat), gG-ad 51 m §=1,...,1, and X°Y?.

Hence, the ideal < K,, Z? > is generated by
X9, X0 YE L ye, gamed gamed ylimem)iyeratet), 0 ylimet) sy erate-t),

yiretmemaliyerae-n, - ylimebnmen)zenliyeraeb, - yayt ang zd,

g ey
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Let S;=K[Xq,...,X,,Y1,....,Ys],and S = K [Z1,...,%;]. Then by Lemma 2.1, we have
dim (S /< Ko, 7¢ >)
= dme (Sl / < Xf? . 7X'r'qJ }/1(17 e 7}/3(17 X(q aal)+ye+a(6—b)+7 ey Xr(‘q_aar)+ye+a(c_b)+7

yjebimemaliyetae-b), - ylmebnem)menli yetatet), - xayt >) X

dimy (SQ /< gieh | gamed g >)

S

—{q’”“—H(q—ai)Hq—b —d [Jta=e) II la—alen—b) =i,

=1 h=m+1
+]J@—a) [[a—=b) [T la— alen—bn)—bul,
i=1 j=1 h=m+1
+[[@—aa), [Tla—ab;—c)—c 1, T la—clen—bn) =il
i=1 j=1 h=m-+1

—Hq— oz—i—la“qu— (a+1)(b; —¢) —gly H [q—a(ch—bh)—bh]+}x

h=m+1
t t
{Hq—@dk Hq— (o + 1)), }

k=1 k=1

Since dimy (S/in(I;)) can be written as

dimK(S / < Ko, Z° >> + Xl:dimK(s /< Ko, 24 >),
a=1

dim (S/in(1,))
=q’”+s+t—qtﬂ(q—ai)ﬁl(q—bﬂ-)—qmlﬁl(q—dk)ﬂjl(q—az ljlq—b Hq—dk
+ qT+S—ﬁ(q—ai)f[1( — b)) ] {Z[i{lq—adk kf[lq— a+1dk]]}
5 (o T ot o T v
+§l;{ﬁlq—a, lj[lq—b hﬁ+1[q—a(ch—bh)—bh]+}x
Mool v |
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Let (k%) be the term
IQT+5_H(q—ai)H(q—b ] {Z[Hq—adk Hq— oz+1dk ]}

Since [ = [

is equal to

o } we have ¢ < (I +1)dy, and so [¢— (I +1)di], = 0. Hence, the term (* * *)

t r s t
¢ Ja—de) = [[(a—a) [Ja— b)) [ J(a—dw).
k=1 i=1 j=1 k=1
It follows that

dimy (S/in(1, ))

+Z{ _<q_aai)U[q_a(bJ ¢;) CJ]+ H [q — afen —bn) —bp ],
~la—(@+Dal, [Tla— @+ D —¢) —¢], 11 [q—a(ch—bh)—bm}
X { [ ed) =[]l — (a+ 1)di, }
k=1 k=1



By the definition of [,, we have

s S

HKp(q) = dimg (S/in(1,)) = ¢ — ¢ H(q — a;) H(q — b))
= [Jla=e)x

{Zu:[ H [q—a(ch—bh —bh] [Hq—adk H[q—(a—i—l)dkhl}

a1 [ hemi k=1
+ﬁ(q—az)ﬁ(q—b)
{ l;[h_:l[q—a(h—bh ) — n] ] [Hq—adk)—g[q—(wrl)dkh] }
+§:{qu—aaz ﬁq_a(bj_cj)_cj]hf[+1[q—0é(ch—bh)—bh]
_H q— (a+1)a; +ﬁ1 q— (a+1)( j)—cj]+h_ﬁ+l[q—a(ch—bh)—bh]}
{kﬁlq_adk Tl o+ v, }

In order to make it more easy to observe the behavior of the Hilbert-Kunz function of R,

we shall prove some lemmas.

Lemma 2.3. Let a; and b; be all positive integers. Then

¢t — g [[(a—a) [J(a— b))
i=1 =1
— <Slr(a) + Sls(b)>qr+5+t_1 + (terms of degree < r+s+t—2 in q overZ ),

where a = (ay,...,a,), and b= (by,...,bs) .
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Proof : Let a = (ay,...,a,), and b= (by,...,bs). Then

s

¢ =g [[a—a) [J(a— b))
i=1 j=1
:qr+s+t_qt[q_slr r1+z i]x
[ q - Sls S ! + Z ]S]s ]

— qr+s+t . |: qr+s+t . (Slr(a) + Sls<b)) q7"+s+t—1
+ (terms of degree < r+s+t—2 in ¢q over Z )}

- (Slr(a) + Sls(b)>qr+s+t_1 + (terms of degree < r+s+t—2 in ¢ over Z ).

Lemma 2.4. Let a;, b;, and c; be all positive integers. Then

T m m

[Ita—a)]Jta=b)—a"]J(a =)

i=1 j=1
— (Slr(a) + Slm(b/ — cl)> g™t + (terms of degree < r+m—2 in q over Z ),

where a = (ay,...,a,), and b —c = (by —c1,... by — Cm) -

¢m). Then

r

Proof : Let a = (ai,...,a,), b = (by,...,by),and ¢ = (c,...,
[T@—a)[Ja—0) —a [J(a—¢)
i=1 j=1 j=1

_ [qr _Slr(a)qr_l +Z(_1)251T(a)qr—z] > [qm _Slm m 1 +Z ]S]m —j]
=2

::]3

j
— [ rm_ (Slr(a) + Slm(b,)> g™ '+ (terms of degree < r+m —2 in ¢ over Z) ]
¢ — Sim(c)g ™+ (terms of degree < r+m—2 in ¢ over Z) }

q
—(Slr(a) + Sim(D) — Slm(c/)>q’"+"”"1 + (terms of degree < r+m —2 in qover Z )

= —(Slr(a) + Sim (b — c’))q’””m_1 + ( terms of degree < r+m —2 in gover Z ). O
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Lemma 2.5.

UZ_:{ H [q_a(ch_bh>]}x{H(q_adk)_H[q—<(X+1)dk]}
k

a=1 h=m+1 k=1

s—m, t
_ _1\1+i+k Q. G A s—m+t
— [ j ( 1) Sj(s,m)(c b )Skt(d) —(] + ]{?)ujJrk ] q

+ (terms of degree < s—m+t—11in q over Qle] ),

where ¢ —b" = (Cmy1 — b1, ... ¢ —bs), d=(dy,...,dy), SO(S_m)(c” —b) =1, and Q€
1s the polynomial ring in € over () .

Proof : Suppose d = (dy,...,d;), ¢ —b" = (Cmp1 — bmg1,-..,Cs — bs), and let

S

A= 11 la—alen )]

h=m+1

= ¢ = aSim)(c =) 4 D) (1Y Sy (€ =)

t t

B = H(q —ady) = ¢" — aSy(d)g"™t + (—1)kak5kt(d)qt_k,
k=1 k=2
C=]]lale+1)di] =¢" = (a + DSu(d)g™ + Y _(=1)F(a+ 1) Su(d)g" ™" .
k=1 k=2
Then
B-C = —[ a—(a+1) ]Slt(d)qt_l + [ a? — (a+1)3 ]S2t(d)qt_2 —
-H—nﬂat4a+nﬂsM@.
Thus,
lu—1 ly—1
Y AB-C) = {Ua+n—¢wmafww4
[ a+1)2 Sgt(d) +a((a+1)—a)Siemlc ( )Su(d)] et
[ ((a+1)% = a®) Sy (d) +a ((a+ 1) - )&sm@:—b)tu)

+ 052((Oé+1) —Oé)Sgs m) Slt d) qs m+1=3

@)
e (=) [oﬁ‘m ((a+1)" = a') Sgmmys—my(c —b") Stt(d)]

m, t ly—1
= > l< DS (¢ = B)Ska(d) "‘ZW ]
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where Sos_m)(c’ —b") =1, and Wy(a) = o [(Oz +1)F—ak, 0<j<s—m, 1<k<t
Since

Wir(a) = o? [(a 1)k — ak] = ka1 4 Chaith=2 4 ...
it follows that

ly—1 ly—1

L—1
Z Wik(a) =k Z o tEl 4 OF Z AL
a=1 a=1 a=1

k

Sy 177 4 (terms of degree < j+k—1 in [, over Q).
J

Replacing [, with ===, we obtain the following expression

lu—1

k oy j+k o
Zﬂfjk(a): : (q v 6) + (terms of degree <j+k—1 in 1=V 7€ ver Q)
= J+k u W
k A
—(+k) T ¢+ ( terms of degree < j+k—1 in ¢ over Q[e] ),
J U

where @ [€] is the polynomial ring in € over Q.

Now, we have

lu—1 s—m, t
< . - " " k
— 1+j+k s—m-+t
> A(B-C)= [ | (=17 (c = b )Skt(d)m ] q
a=1 7=0, k=1
+ (terms of degree < s—m+t—1 in ¢ over Qe ). O

Lemma 2.6.

"z_:{ H [q_a(ch_bh)_bh]}X{H(q_adk)_n[q_(a+l)dk]}

s—m, t
. - 1 1 k
= [ > ()" (¢ = b )Skt(d)—]
j

= (j+ k) wtk
+ (terms of degree < s—m+t—1 in q over Qlel ),

where ¢ —b" = (Cpg1 — byt - -+ Cs — bg), d = (dy,.
1s the polynomial ring in € over () .

o dy), Sos—my(c’ —=b"):=1, and Q€]
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Proof : Since

S

IT 2 atcn —bu) = bi]

h=m+1
= [ la—alen—ba) - [ b, [ la— cen — b))
h=m++1 m+1 < h; < s h#h1

m+1 < hy < ha < s h # hi, ha

by applying Lemma 2.5, this lemma can be easily proved . 0

Lemma 2.7.

[H(q—@i)H(Q—bj)—qTH(q—cj) X

!/

s—m, t
. - 1" 1 k
— -1 j+k G —b d r4+s+t—1
[j—o k_l( ) Sl(r-i—m)(e )S](s m)(C )Skt( ) ( + ]{?) Witk ] q
<

+ ( terms of degree r+s+t—2 in q overQle] ),
where € = (ay,...,ap, b1 —ci,... by —cm), and So(s,m)(c” — b") =1.

Proof : By applying Lemma 2.4 and Lemma 2.6, this lemma can be proved. U

Lemma 2.8.

{Hq_az Hq_b qTHq—c] } { H [q_lu(ch_bh>_bh]}x

k=1 k

—~

g = (lu + 1)di], } (% %)

1

IA

= terms of degree r+s+t—2 in q over Qle], for ¢> 0.

Proof : We prove this lemma by discussing on u.
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Case 1 : Suppose u = dj, that is, szl lq— (lu+1)d], =0, and [, = % Then the

term (k%) is equal to

{ﬁq_az ﬁq—b qrﬁq—c]} { f[ [q—l(ch—bh —bh} {Hq—ldk}

Jj=1 h=m+1

Replacing [, with —I==, we obtain the following expression for (% s k)
v + € T m m
W{Hq—azﬂq—b HQ—CJ }
i=1 j=1 =1

{ IT [(d1 = (en = bn))g + (v + €)(cn — br) — diby] } X { [T 1(d = di)g + (v + €)d] } a

h=m+1 k=2
which is a polynomial of degree less than r+ s+t —1 in ¢ over Q@ [el.

__ q—v—e
ly =-"7—

Case 2 : Suppose u = ay, that is,
If a; = di, then [],_, [q — (lu+ 1)d], =0, and (x x#x) is equal to

{ﬁq—az (g — b)) q’"ﬁq—c]} {H [q_lu(ch_bh)_bh]}x{H(q_ludk)}-

i=1 j=1 J=1 h=m+1 k=1

,':]s

Similarly, the term (x %%) can be expressed as a polynomial of degree less than r+ s+t —1
in g over Q [e].

If ay > dy, then q— (I, + 1)di > 0 for ¢ > -4=J%

It follows that for ¢ > 0, (* % *x) is equal to

{ﬁq_az ﬁq_b qrﬁq—cj } { ﬁ [q_lu(ch_bh)_bh]}x

{ [ tudr) = [ la = (1 + 1)di] }

q—v—¢

Replacing [, with , we obtain the following expression for (s s %) :

1 T m m
W{H(q_ai)nq_b qrjl;[lq—ca }

i=1 j=1

{ I [(ai = (cn = b))+ (v + €)(en — i) — arby] } X

{ [Tl = d)g+ (v +e)di] = [] (a1 — d)g + (v + € — ar)di] } .

k=1 k=1
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Therefore, the term (x * *%) can be expressed as a polynomial of degree less than r+ s+t —1
in ¢ over Qle], for ¢ > 0.

Case 3 (m #0) : Suppose u = by — ¢y, that is, [, = L= .

b1—cy

If by — ¢y = dy, then [[,_, [q— (L. + 1)di],. =0, and (** %*) is equal to

m

T m s t
{H(q—az‘)H q—b) QTH q—¢ } { H [q—lu(ch—bh)—bh]}X{H(q—ludk)}-
i=1 j=1 j=1 h=m+1 k=1
Similarly, the term (x % #x) can be expressed as a polynomial of degree less than r+ s+t —1
in ¢ over Q[e].

If by —c; > dy, then q— (I, + 1)dy > 0 for ¢ > =12e)de

(b1—c1)—dy
It follows that for ¢ > 0, (% % %%) has the form

{Hq—aqu—b QTH(q—Cj)}X{ 11 [q_lu(ch_bh)_bh]}x

i=1 j=1 j=1 h=m+1
t t
k=1 k:l
Replacing [, with %:f;ﬁ , we obtain the following expression for (x * x) :
! T q—azﬁq—b‘)—qrﬁ(q—c) X
(b1 _ 01) s—m-+t J ] J
=1 7=1 7j=1

{ H [(br — 1 — (en —bn))g + (v + €)(cn — by) — (b — c1)by] } X

=m-+

{ H [(by — 1 —dg)g+ (v + €)dy] — H (b1 — 1 —di)q+ (v+€— (by — ¢1))dy] } .

Therefore, the term (* * #*) can be expressed as a polynomial of degree less than r + s+t — 1
in ¢ over Qle], for ¢ > 0.

q—v—¢
Cm+1_bm+1

If €1 — b1 = dy, then T[h_, [¢ — (L. + 1)di], =0, and (k% +*) is equal to

{H(q_ai)H(q_bj> —QTH((J—CJ‘)} X { IT lg—tulen —bw) _bh]} X {H(q_ludk)}'

=1 J=1 j=1 h=m+1 k=1

Case 4 (m # s) : Suppose U = Cpy1 — b1, that is, 1, =

Similarly, the term (* % *x) can be expressed as a polynomial of degree less than r 4+ s+t —1

in g over Q e
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If Gyt — b1 > dy, then g — (I, + 1)dy > 0 for ¢ > GzatZni)d

It follows that for ¢ > 0, (* * %x) is equal to

{Hq—azH —qTH(q—cj)}X{ 1T [q—lu(ch—bh)—bh]}x

j=1 h=m-+1
t t
{Hq—ldk Hq—l+1dk]}.
k=1 k=1
Replacing [, with ﬁ , we obtain the following expression for (x s %x) :

U+€_bmst1mfl+t {Hq—“%Hq_b qTHq—c] }

(Cmt1 = bmy1) i=1 j=1 j=1

{ H [(emt1 = by — (cn = br))g + (v +€)(ch — bn) — (Cmi1 — biny1)ba] } X { H [(Cmy1—

h=m+2 k=1

t
bm+1 - dk)q + (U + E)dk] - H [(Cm-i-l - bm-i-l - dk)q + (U +tE€—Cny1 + bm+1)dk] } :
k=1

Therefore, the term (x * *%) can be expressed as a polynomial of degree less than r+ s+t —1
in ¢ over Qle], for ¢ > 0. O

Lemma 2.9.

uz:{ H(Q—Ozai)—H[q—(ale)ai]}x{ H lg — a(cn, — bp)] }x

a=1 i=1 =1 h=m+1

vk

r+s—m-+t—1
(i+j+hk—1) wtitht ] 1

- [ (= 1) 9458, (@) S(s—my(c —b")Ski(d)
i=1, j
+ (terms of degree < r+s—m+t—2 in q over Qlel ),

where a = (ay,...,a,), d=(dy,...,d), ¢ =b" = (Coog1 —bms1, - -, Cs—Dy), SO(S,m)(c”—b”) =
1, and Q€] is the polynomial ring in € over Q.
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Proof : Let

A=]Jla—aa)=q —aSi(a)g ™" + > (=1)'a'Si(a)g ™,

b= H [a— (e +1ai] =¢" — (a +1)Su(a)g" + ’ (=1 (a+1)'Si(a)g",

t

C=]J(a—adi) =q¢" - aSuld)g™" + Y (-1’ Su(d)g ™,

D=]]lg~ (a+1Dd] =4 —(a+1)Su(dg" + S (1) (a+ 1) Sp(d)g ",
E= [ la—alcn—1bn)
=" = aSiem(c =)+ . (=1) 0! Sjemmy(c” = 0)g" "
Then
A=B = —[a—(a+1)]Su(a)q "+ [a® = (a +1)* | Sz (a)g"
+H=) " = (a4 1) [Sp(a), and
C—D = —[a—(a+1)]|Siu(d)g ™+ [ a® = (a+1)*]Su(d)g" ™ -
+(=D[ & = (a + 1)" | Su(d).
Therefore,
ly—1
Y (A-B)(C-D)E

_ Z { (—1)HOHSlr(a)Slt(d)qT’Ls_mH_l_O_l . WlOl (a)
a=1

+ [ (_1)1+0+231r(a)S2t(d)q7"+s—m+t—1—0—2 . ng(a)
+ (_1)2+0+1 SQT(a)Slt(d)qursfmﬂfofofl . W201(a)
_‘_(_1)1+1+15«1r(a)51(57m)(c” . b”)Slt(d)qr-l—s—m—i-t—l—l—l . Wlll(a) ]

+-- <_1)r+87m+t5rr(G)S(s—m)(s—m) (CN - b//)Stt(d) : Wr(s—m)t(a) }

s ly—1
B {<—1>”J'+’“sw<a>sj<s-m><c” — 1) Sa(d)g TR Y Wijm)} ’

a=1
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where Sys—my(c’ —0") =1, and Wi(a) =a/[ o’ —(a+ 1) | [ —(a+1)F ], 1<i<r,
0<j<s—m,1<k<Zt.
Since
Wi (@) = af[al=(a+ 1) | [a* = (a+1)"]
= (ka2 (i CE 4k CL) @M ITES
it follows that

ly—1 ly—1 lu—1
> Win(e) =ik Y oL (i Ch+kCH) Y attRE
a=1 a=1 o1

ik

Iy — 1,791 4 (terms of degree < i+ j+k—2 in [, over Q).
i+ —

q—v—¢

Replacing [, with , we obtain the following expression

lu—1

ik N
> Wikla) = —— <q )
gt i+7+k—1 U

+ (termsofdegree <i1+j+k—2 in

q-v—e Q)
_ i+j+k—1
(it k= 1) uitithl

+ ( terms of degree < i+ j+k—2 in ¢q over Qe ),

where @ [€] is the polynomial ring in € over (). Now, we have

lu—1

Y (A= B)E(C - D)

a=1

r, s—m, t i k
— _1)titka, ) " r+s—m+t—1
N [ 4 (FU™ 5 (@)Sje-my (e’ = b7)Skeld) (i 45 +k— 1) yitith-1 ] q
i=1, j=0, k=1
+ ( terms of degree < r+s—m+t—2 in ¢ over Qe ). O

Lemma 2.10.

UZ_{H(Q—OM)— [q—(a+1)ai]}><{ 11 [q—a(ch—bh)—bh]}x

a=1 i=1 7 h=m+1

r, s—m, t .
- _q\ititk Q. , g i k rs—m-i—1

+ (terms of degree < r+s—m+t—2 in q over Q[e]),
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where a = (ay,...,a,), d=(dy,...,d;),c —b" =

= (Cm—i-l _bm-l—la -5 Cs _bs); SO(sfm) (CN _bu) =
1, and Q€] is the polynomial ring in € over Q.

Proof : Since
IT o= atcn —bu) — i)
h=m+1

Il b—atn—bt1— > [

b, H [q — acn — )]
h=m+1 m+1 < h; < s h#h1
+ Z [ bhlth H [q - Oé(ch - bh)] ] -t <_1)87m bm+1 te b57
m+1 < hy < hg <'s h # hi, ho

by applying Lemma 2.9, this lemma can be easily proved

Lemma 2.11.

ly—1 r m r
3 { T e [Tl -

i) — ¢ — H q— (a+1)a; H q— (a+1)(
a=1 \ i=1 j=1

| - ¢) CJ]}
X{ 11 [q_a(ch_bh)_bh]}X{H(q_adk)_n[q_(a+1)dk]}

k=1

r+m, s—m, t .
i+j ! Y 1 k
[ Z (_1)z+j+ksi(7"+m)(e )Sj(s—m)(c —b )Skt(d) ] qr+s+t—1

i=1, j=0, k=1 (i+j4+k—1) witith-1

+ (terms of degree < r+s+t—2 in q over Qe )
where € = (ay,

by =1y by — ), d=(dy, ... dy)
(Cm+1 _bm+1>"'7cs_

; So(sim) (C// . b”) — 17 C// . b//
bs), and Q €] is the polynomial ring in € over Q.

Proof : Since

s

lg —albj —c;j) — ¢ ]

1

<.
I

m

lg—alb;—c)l = > [%H[Q—Oé(bj—cj)]

1<j<m i#i

+ Z [cJ‘lch H [q—a(bj—cj)]]_...+(_1)mcl...cm’

and
1 <41 <j2<m Jj # g1, j2
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s

[q—(a+1)(bj —¢;) —¢j ]

=[Jla— @+l —c)] = > [%H[q—(OHrl)(bj—Cj)]]

j=1 1<ji <m

+ > [ e ] la— @+ 1)1 —¢))

<.
I

1<ji <j2<m J # Ji, J2

by applying Lemma 2.10, this lemma can be proved . 0]
Lemma 2.12.

{ H(q - luaz> H [q - lu(bj - cj) - Cj] - H [q - (lu + 1>ai]+ H [q - (lu + 1)(bj - Cj) - Cj]+}

=1 J=1 i=1 j=1
s t t
X{H [q—lu(ch—bh)—bh]}x{Hq—ldk 1] le— u+1)di 1, } (% * % %)
h=m+1 k=1 k=1

= terms of degree < r+s+t—2 in q over Qle|, for ¢> 0.

Proof : We prove this lemma by discussing on w.

Case 1 : Suppose u = dy, that is, Hk g — (lu+1)dk]+:(), and [, = L+—— .
If dy > ay and d; > by —¢; (m #0), then

q— (I, +1)a; >0 for q>%,i:1,2,...,r and

q— (luy+1)(bj —¢j) —¢; >0 for q>%§f{5§),j:1,2,...,m
It follows that for ¢ > 0, the term (x * % % %) is equal to

T

{H(q—zuai)ﬂ[q—zu(bj—cj)—cj] [le— (u+Dai [ ] lg — (tu+ 1) j>—cj]}><

=1 =1 7=1
s t
{ H lq — lu(ch — D) _bh} {Hq—ldk}
h=m+1 k=1
Replacing [, with qfdvlfe , we obtain the following expression for (x % x *) :

dl’”%tfl { [T1(d = ai)g+ (+e)ai I T](dr = (05 = ¢;))a+ (v + €)(b; — ¢;) — ducy ]

i=1 j=1

—H (dh — ai)g+ (v+e—di)a; | ] [(d Cj))q+(v+€—d1)(bj—Cj)—dlcj]}><

i=1 7=1

{ IT [(di = (cn = b))g + (v + €)(cn — bu) — diby] } X { [ = di)g + (v + €)d] } :

h=m+1 k=2
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Therefore, the term (%% %) can be expressed as a polynomial of degree less than r+s+t—1
in ¢ over Qle], for ¢ > 0.

If dy = ay, then ], [¢— (Iu +1)a;], =0, and (* *** %) is equal to

{H — L) [ ] la— —cj]}x{ 11 [q—lu(ch—bh)—bh]}x{H(q—ludk)}.

i=1 7j=1 h=m++1 k=1

Replacing [, with q_dvl_e , we obtain the following expression for (s % % ) :

%{H[(dl_az)Q"‘ (v+e)a; H ¢i))q+ (v+e)(b; — cj)—dlcj]}x

Jj=1

{ I1 [(dl—(ch—bh>>q+<v+e><ch—bh>—dlbh]}><{H{(dl—dwqﬂwe)dk]}-

h=m+1 k=2

which is a polynomial of degree less than r+ s+t —1 in ¢ over Q@ el.

Ifdy=b—c1 (m#0), then 0L, [q— (lu+1)(bi —¢;j) —c¢;j ], =0, and (x ** * *) is equal to
{H(q—luai)n[q—lu(bj - Cj) _Cj]} X { H [q— lu(ch - bh) - bh]} X {H(q—ludk)}-

Similarly, the term (x % % %) can be expressed as a polynomial of degree less than r +s+¢ —1

in g over @ [e].

Case 2 : Suppose u = ay, thatis, [[;_;[¢— (lu+1)a; ], =0, and [, = 4" .

ai

If a; = dy, then by the argument as above, we are done.
If ay > dy, then q— (I, +1)dy >0 for ¢> -2 k=12 ¢

It follows that for ¢ > 0, the term (x * % % %) is equal to

{H(q—luai)H[q—lu(by‘—Cj)—cj]}X{ 1T lg—tulen—bn) = ba] }X

i=1 j=1 h=m+1
t
{Hq—ldk [Tle- . +1) ]}.

k=1 k=1

Replacing [, with ===, we obtain the following expression for (* x* xx) :

#Jﬁ_l{n[(al—az)q+ v+ €)a; H (bj —¢i))a+ (v+e)(bj —cj) —aicy ] }X

i=2 j=1

{ I [(a1 = (en = bn))g+ (v + €)(en — ) — arby] } X

h=m+1
t

{ [l = dr)g+ (v +e)d] = [] lar — dr)g+ (v + € — ar)di] } .

k=1
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Therefore, the term (% %) can be expressed as a polynomial of degree less than r+s+1¢—1
in ¢ over Qle], for ¢ > 0.

Case 3 (m#0) : Suppose u = by — ¢y, that is, [ [q— (L +1)(b; —¢;)], = 0, and

| — q=v—e
u b1—c1

If by — ¢; = dy, then by the argument as above, we are done.
If by — ¢y > dy, then ¢ — (I, + 1)dy, >0 for q>% k=1,2,...,t.
It follows that for ¢ > 0, the term (% * % % %) is equal to

{H(q—luai)H[q—lu(bj—Cj)—cj]}X{ 1T lg—tulen—bn) = ba] }X

i=1 j=1 h=m+1
¢ ¢
{ [1(a—tudi) = T lg = (lu+ 1)di] } :
k=1 k=1
Replacing [, with ‘gf*e , we obtain the following expression for (s % % ) :

(blv_tf);fit_l { [T 1k e = ada+ (0 + ad [T b1 = 1 = (b = g + (v + (b — ¢;)

S

— (b —c1)gj] } X { LT [ =i = (en = bn))a+ (v + €)(cn — b) — (b1 — c1)ba) } x

h=m+1
t t
{H [(b1 = e1 — di)q + (v + €)dy] — H (b1 — a1 — dk)Q+(U+€—(bl—Cl))dk]}-
b1 Pl

Therefore, the term (k% %) can be expressed as a polynomial of degree less than r+s+1¢—1
in ¢ over Qle], for ¢ > 0.

Case 4 (m # s) : Suppose U = Cpy1 — b1, that is, [, = ﬁ

If ¢rug1 = bing1 > @1, Crmg1 — by > dy, and Cpy1 — by > by — ¢ (m # 0), then

q— (lu+1)a; >0 for ¢g> (Cm+(1;f’fl+jg;z()l_jm“) L 1=1,2,...,1r,
q— (lu+1)dy, >0 for qg> (CT”*(l;rf’:*_lg;f’;)(l_ZZm“) , k=1,2,...,t, and
bi—ci)(emy+1—1—2bmm+1)+ci(Cmt1—bm .
— (L +1)(bj —¢;) —¢; >0 for g > L=l <§;+1_bm+513(bj_(cj)“ ) i =1,2,...,m.

It follows that for ¢ > 0, the term (x % % * %) is equal to

{H lazﬁ ¢j) — ¢ = ﬁ[q—l+1azﬁq—z+1 j>—cj]}><

i=1 7=1 =1 j=1
s t t
{ H [q—l(ch—bh —bh} {Hq—ldk Hq—l—l—ldk]}
h=m+1 k=1 k=1
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q—v—e¢
Cm+1_bm+1

Replacing [, with , we obtain the following expression for (s % % ) :

UV+€— bm 1 ! i
(Cm+1 — bm1) :_+s+t—1 { H [(Cmr1 = b — ai)g + (v + €)ay H Cm+1 ~ bmr = (b = ¢5))a
m—+1 m—+1 i=1 j=1

+(v +€)(b; — ¢j) = (Cmy1 — bmyr)es] — H [(Cmy1 = bmy1 — ai)q + (v + € — (Cmp1 — bmy1))ai]

H Cmt1 = bar — (b = ¢))q + (v + € = (Cmr1 = b)) (b — ¢5) = (Cmr1 — bm+1>cj]} X

=

J
t

{ [(¢mt1 = b1 — (cn — bn))q + (v + €)(ch — bn) — (cmt1 — Ds1)n] } { T [(cmia—

k=1
t
b1 — dk)q + v+ 6 dk H Cmt1 — D1 — dk)q + (U +e— (Cm+1 - bm+1))dk] } .
k=1

Therefore, the term (s x %) can be expressed as a polynomial of degree less than r+s+¢—1
in ¢ over Qle], for ¢ > 0.

If ¢pp1 —bmy1r = a1 and Cppq — by = dy, then [ [¢ — (I + 1)a; ], =0, and

[Tiey [g — (L + 1)dy ]. = 0. Therefore, (x * % x x) is equal to

{H: — 1,a;) )—q@x{ f[m—@m,mm—m}x{ﬂﬁ—@@%.

=1 ]:1 h=m+1 k=1

::]3

Similarly, the term (x * % % %) can be expressed as a polynomial of degree less than r+ s+t — 1
in ¢ over Q[e].

The arguments for the case u = ¢pyi1 — bpy1 = a1 > di, u = ¢y — ber = by — ¢y = dy,
U= Cni1—bmi1 =b1—c1 >di, u=cpi1—bpi1 =dy >ay,and u = ¢y — b1 =dy > b1 —c4

are similar. O

Theorem 2.13. The Hilbert-Kunz function of the hypersurface
Xo L Xoybh by Yezh 2t

v r+s+t—2
n o— A\p (r+s+t—1)n + Z i (n)p kn for n>> 0,

where X\ = Sy,.(a) + Si5(b)+
r+m, s—m, t

Z (_1)i+j+ksi(r+m) (el)Sj(sfm) (CN - b”)Sk‘t(d)

i=2, j=0, k=1

ik
(i+j+Fk— Duititht |’
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a = (ar,...,a,), b= (by,....bs), d = (di,....,d), ¢ —b" = (Cnp1 — bys1,---,Cs — by),
e =(a,...,an,by—c1,...,0m—cn), 0 <m <s, and fi (n) is an eventually periodic function
of n for each k.

Proof : Let ¢ = p™. By Proposition 2.2, HKg(q) can be written as the sum of five terms :

T+S+t —q H q - az H q - bj)v (1)

{A q_a’Hq_bj)_qTH(q—cj)}X{i[ H [q_a(ch_bh)_bh]lx

[Hq—adk —H[C]— o+ dk]]} (2)
{ (q—al)H qTHq_CJ} { H [q—l(h—bh)—bh]}x
11— tudi) =] la— (tu+1)d } (3)

X{ [q—a(Ch—bh)—bh]}><{H(q—adk)—H[q—(a+1)dk]}, (4)

h=m+1 k=1 k=1

{.r (q_luai)H[q—lu(b Hq—l +1 al+H q— (I, +1 cj>—cj]+}

X { 1Tl —tulen —bw) - bh]} X { [Ta—tde)—]]la— .+ 1)dk}+} : ()
h=m+1 k=1 k=1

By applying Lemma 2.3 | Lemma 2.7 , Lemma 2.8 | Lemma 2.11 ; and Lemma 2.12 to the five
terms, we obtain that

HEKgr(q) = A" 4+ A o(€) g2 4o+ Ar(€)g + Dole),

where A = Sy,(a) + S15(b)+

r+m, s—m, t Zk
[ Z ( 1)Z+]+ksz(’r‘+m)( )Sj(s,m)(c —-b )Skt(d) - - — ],

— i+j+k—1
i=2, j=0, k=1 (i+7+k—1)uts
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a = (a1,...,a,), b= (b,...,bs), d = (di,...,dy), ¢ —b" = (Cms1 — bmy1,...,Cs — by),

!

e = (a,...,a,,00 —c1y..., by — ), 0 < m < s, w is the maximal integers among all a;’s,
(bj —¢j)’s, (cn —bp)’s, and di’s, and A,igp2(€), ..., Di(e), Do(e) are polynomials in e
over ().

Let  fr(n) :=AOp(e), k=0,1,2,....;r+s+t—2.

Since € is the remainder of ¢ — v divided by wu, fr(n) is an eventually periodic function of
n for n> 0. O
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