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Chapter  2  

Literature Reviews and Fundamentals  

 

 
 

2.1 Minesweeper Consistency Problem is NP-Complete 

What is Minesweeper Consistency Problem (abbreviated as MCP)? Richard Kaye 

defined this problem. On the FAQ in his Minesweeper site [6] he said: 

“This is a question one can ask about any particular rectangular grid with the squares 
decorated by numbers 0-8, mines, or left blank. It asks: is there a configuration of 
mines in the grid that would result in the pattern of symbols one sees (according to the 
usual Minesweeper rules)?” 

For the example of Figure 4(a), there is one legal configuration of mines as shown in 

Figure 4(b). So we know this Minesweeper board is consistent, where “B” means a 

mine, “?” means an unknown square, which could be a mine or a safe square, and a 

number between 0 and 8 means how many mines are in its surrounding squares. In 

Figure 4(c), there is an inconsistent square on the upper-right corner, for lacking one 

mine adjacent to it. 

 

In Richard Kaye’s article [4], he proved that MCP is NP-complete by reducing the 

circuit satisfiability problem to Minesweeper, and we give a brief sketch of his proof 

here. 
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(c) 

2 3 3 
? B ? 
2 2 2 

Figure 4. (a) A 4×4 Minesweeper board.  (b) One legal configuration of mines for (a).   

       (c) An inconsistent Minesweeper board. 

 

It gives a simple wire carrying either “true” or “false” as shown in Figure 5, and the 

letters x and x’ are uncovered squares which may contain a mine or not. In order to 

precisely define the vale “true” or “false” carried in the wire, we choose a direction for 

the wire which is going from left to right here. There are two possible configurations— 

one is that if all the squares marked x contain a mine and all the squares marked x’ do 

not, the wire carries a “true” value. The other is that if all the squares marked x’ 

contain a mine and all the squares marked x do not, the wire carries a “false” value. 
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Figure 5. A simple wire carries a value which is “true” or “false”. Modified from [4]. 

 

Actually, wires could be bent, split, or terminated as shown in Figure 6. We can 

construct a NOT gate which is an important device for logic circuit as shown in Figure 

7, and we can construct any other gates on a sufficiently large Minesweeper board. 

Figure 8 shows a construction for the AND gate. Since we can build any logic circuit 

using Minesweeper configuration, so we can reduce Minesweeper to the circuit 

satisfiability problem. “Minesweeper is NP-complete” is then proved. 
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Figure 6. Wires can be (a) bent, (b) split, or (c) terminated. Modified from [4]. 
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Figure 7. A Not gate. Modified from [4]. 
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(a) A bent wire. (b) A three-way splitter— split in three other wires, 

X, X, and X’. 
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(c) A left-terminated wire. 
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Figure 8. An AND gate constructed using Minesweeper configuration. Designed by [7]. 

 

2.2 The One-dimensional MCP 

Meredith Kadlac [3] studied the MCP in one dimension rather than two. A 

one-dimensional Minesweeper board is just like a linear array and can be represented 

by a sequence of n symbols. Each symbol represents a square of the board and is an 

alphabet over β={0, 1, 2, B, ?}. For example, we show two one-dimensional 

Minesweeper boards in Figure 9, where “B” means a mine, “?” means an unknown 

square, which could be a mine or a safe square, and a number between 0 and 2 means 

how many mines are in two surrounding squares. 

 

 

(a) 

 

(b) 

Figure 9. (a) and (b) are two one-dimensional Minesweeper configurations. 

 

 

Meredith Kadlac [3] showed that the one-dimensional MCP is easy, unlike the general 

two-dimensional MCP, by exhibiting a DFA which determines the one-dimensional 

B B B B B B B B B B B 
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MCP of any given board in linear time. So we know that one-dimensional MCP is 

tractable.  

 

The DFA is shown in Figure 10. It takes a Minesweeper sequence of length n as input 

and outputs mine strings of length n. The one-dimensional Minesweeper DFA in 

Figure 10 is a septuple <Σ, ΣB, S, s0, ∂, beta, F>, where Σ={0, 1, 2, B, ?} is the input 

alphabet and ΣB={-, B, X} is the output alphabet. S={s0, 0, 10, 1b, 1?, 2, B, ?0, ?b, ??, Er} 

is the set of states, s0 is the start state, and the states besides ‘Er’, ‘10’, ‘2’ states are the 

set of accepting states. ∂ : S×Σ S is the state transition function, and beta: S → ΣB is 

an output function which maps the set of states to a mine string. The state transition 

table is shown in Table 1, and the states of the one-dimension MCP DFA are described 

in Table 2. 

 
Figure 10. The state transition diagram for one-dimensional MCP DFA. Copied from [3]. 

Table 1. The state transition Table for one-dimensional MCP. Modified from [3]. 
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input

state 0 1 2 B ? e 

S0 0 10 Er B ?? Er
0 0 10 Er Er ?0 0 
10 Er Er Er B ?b Er
1b 0 10 Er Er ?0 1b 
1? 0 10 Er B ?? 1? 
2 Er Er Er B ?b Er
B Er 1b 2 B ?? B 
?0 0 10 Er B ?? ?b 
?b Er 1b 2 B ?? ?b 
?? 0 1? 2 B ?? ?? 
Er Er Er Er Er Er Er

 

Table 2. The states of the one-dimension MCP DFA. 

S0 The start state 

0 Input ‘0’ without any subscript means that there is not any mine adjacent to the 
square. 

10 For the input ‘1’, the subscript ‘0’ means that no mine has appeared in this and 
previous columns, so the next input should include only one mine. 

1b For the input ‘1’, the subscript ‘b’ means that a mine has appeared in this and 
previous columns, so the next input should not include any mine. 

1? For the input ‘1’, the subscript ‘?’ means that we don’t know if a mine has 
appeared or not before (including this input), so next input may include one 
mine, two mines, or not. 

2 For the input ‘2’, no subscript means that next input must be a mine after this 
input (not including this input). 

B Information ‘B’ means it is a mine. 

?0 For the input ‘?’, the subscript ‘0’ means that this input alphabet ‘?’ is not a 
mine. 

?b For the input ‘?’, the subscript ‘b’ means that this input alphabet ‘?’ is a mine. 

?? For the input ‘?’, the subscript ‘?’ means that we are not sure if this 
information ‘?’ is a mine or not. 

Er Error state 
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2.3 The 2×n MCP 

Since the general two-dimensional MCP is NP-complete, and Meredith Kadlac [3] had  

proved one-dimensional MCP is tractable, we make an effort to extend 

one-dimensional MCP to two dimensions but with one dimension restricted to 2 in this 

thesis. Here we call this kind of problem as 2×n MCP. 2×n Minesweeper game is a 

simplified version of the general Minesweeper game. However, it is more complex and 

difficult to prove the tractability than the one-dimensional one. There are lots of 

possible input patterns to be dealt with. Fortunately, we find a way to simplify the 

finite automaton to avoid the explosive growth of possible configurations. As a result, 

we are able to show that 2×n MCP is also tractable. 

 

 
Figure 11. A 2×10 Minesweeper board. 

On a 2×n Minesweeper board, there are squares decorated by numbers 0 to 5, mines, or 

‘?’-marked squares (equivalent to covered squares). A configuration of a 2×10 

Minesweeper board is shown in Figure 11, where “B” means a mine, “?” means an 

uncovered square which could be a mine or a safe square, and a number between 0 and 

5 means how many mines are in its surrounding squares.  

 

Of course, we can treat the 2×n and the n×2 Minesweeper boards as the same, for just 

rotating the n×2 Minesweeper board as shown in Figure 12. 

B B B
B

B
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Figure 12. After rotating, a 16×2 Minesweeper board will become a 2×16 Minesweeper board. And 

these two boards are the same. 

 

 
 

Definition 2.1:  Given a 2×n Minesweeper board with numbers and mines, some 

squares being covered, the 2×n Minesweeper consistency problem is to determine if 

there is a configuration of mines in these covered squares that give rise to the number 

seen. That means a 2×n Minesweeper puzzle is consistent if there exists at least one 

correspondence between the information in each square and mines or covered squares. 

Note that a Minesweeper puzzle is solved correctly if each square numbered m is 

surrounded by exactly m mines.  
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