3 Existence of a minimizer of (1.4)

From the above discussion, (1.4) is equivalent to finding @y C € x R such that

E(uQmQO) = _min E(“Q?Q)

QCOXR

where ug is the solution of (2.1) described in § 2. Recall that the vertices A and B of @)
defined in § 2 satisfy the following property

va <2, Ya < yp, (xa—25)°+ (ya — yp)* = 4. (3.1)
Also, it is easy to check that
ro=xp — (Ya — YB), Yo =y + (Ta — ). (3.2)
Note that ) C €2 x R means A, B,C € 2 x R, or equivalently,
zra,xp, 0 € (0,1). (3.3)

Hence we have

Blug,Q) = [ T+ pafids = Gy = g(wa.ya, 25, y0) (3.4)

for (xa,ya,75,y5) € R? such that (3.1) and (3.3) hold. We would like to get an ex-
pression for the function g defined in (3.4). For convenience, for (z4,y4, 75, ys) € R*, we
shall denote g(xa,ya, g, ys) by Ei(xa,ya, x5, yp)if Qisin the Casei, i=1,2,3,4,5,6.

Recall y? = (ya +yc)/2 = (ya +yp + 14 — xp)/2. For different @, the minimum
energy can be computed as follows.

G
Ey(Ta,ya,2B,yB) = 1——yA+yB+xA—:cB (3.5)

Ez(xA,yA,:BB,yB) :/ \/T2dx+/ \/wa
— 4B

yA+yB+$A—$B

/ ?JB
B + IB +<1—Z’B)

Y ?JA +yp + 14— TB). (3.6)

E3($A7yA,JIB,yB) — / \/TQd +/ \/ x i,i 2dl‘
B —




1 G
Jr/ 1+ ( = )2dx — —(ya+yp + 74— TB)
1—1‘3 2
= IAﬂl"‘ yA B_IA \/1‘1‘( B_yA)2
B —TA

1—1’3) 1+

G
— . 3.7
1_1:3 2 yA+yB+£CA I'B) ( )

E4($A7ZJA,90B,ZJB) = 0 \/7dx+/ \/ xB—xc dm
1
/\/—dx——yA+yB+$A—$B)
1—:130
rp — &
- Z‘B\/H‘ﬁ (yp — ya \/1+( 52y
YB — YA

G
5(?/A +yp+2xa—x8). (3.8)

TA T _
Bavnanys) = [ 1+ Dy [ B\/H(M)?d

TA B —TA

zc
+ \/1 (?/c yB 2d:c—|—/ (/1 _ve )2dx
T To — TR 1—xc

(ya+yp +x4 —B)

Yya Y — Ya
_ 14 (242 _ 1 2
a1 (2 + o — ) 14 (2222

I — XA Yo
+yB—y \/1+ 2+ (1—2 1+ 2
(95 4) <?JB—?/A) ( o) (1—$c)

1—1‘0

+

G
—— yA+yB+xA—xB) (3.9)

Es(xa,Y4,%B,YB) :/0 (J1+ yA 2d:c+ (xp —4)
1
+/ 14 ( yB 2d:r——2y,4—|—:17,4—:n3)
1—333
_ Y
= mA”l—I—( )+(JJB—$A)+(1—$B) 1+ ( )
A 1—zp

(2ya + 24 — 7p). (3.10)

MIQ

Let
O = {(xA7yA7$B7yB) € R4 | TA,TB,To € (07 1)axA <ZTp,Ya < yB}7 (311)
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~

O = {(za,ya,28,y5) € R' |24, 25,2¢c € (0,1),24 < xp,ys <yg}, (3.12)

and h(za,ya, 25, ys) = (ta —xp)? + (ya — yp)? — 4r? for all (z4,ya,25,yp) € R:. We
define two surfaces

S = {<anyAa:L‘BayB) € @ | h(anyAawBayB) = 0} <313)

and

S = {(:L‘Avyfth?yB) € 6 | h(mAayAaxBayB) = 0} (314)

Then (1.4) is equivalent to finding

min g('IAayAaxBayB)a <315)

(A, ya, B, YB)ES

i.e., we transform (1.4) into a minimization problem in R* over S C R*.
To study this minimization problem, we first extend g continuously on =, = xp,
x4 =0, xp =1, and xc = 1 respectively as follows. We extend g on x4 = zg by

G
g(xfhyA;xAuyB) = 1 - E(yA + yB) (316)

if yg < 0 and by

9(Ta,ya,24,YyB) = Ta 1+(i—3)2+y3—y,4
\ A

YB
F(1 =24 —yp+ya) 1+ 2
( AT B yA)\/ (1—1’A—?JB+?/A)
G

—5(%4 + yB) (3.17)

if yp > 0 and x4 > 0. We extend g at (0,y4,0,yp) by

b5 2 Gty (3.18)

9(7,%47 7yB) YB yA+( yB+yA)\/ +(1_yB+yA 2

if yg > 0. We extend g at (0,y4,xp,yp) with x5 > 0 by

G
g(07yA7$B7yB>:1_§<yA+yB_xB> (319)

if yg < 0. If yg > 0, then we extend g at (0,y4,zp,yp) with zg > 0 by

G
9(0,ya,2B,yB) = xpy |1+ (y—B)2 +(1—zp)/1+( vs )2 — —(ya +ys —x5)(3.20)
rp 1-— B 2
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ifmm<mﬁandmm<mﬁ;by

g(oayAaxBayB) = yA_l_mB\/l—i_(yB_yA)Q_l_(l_xB) 1+( vs )2
rB 1—1’3
G

_E(yA‘i‘yB —TB), (3.21)

ifmﬁzm@andm@<m@;by

T
90, 44,75, y5) = xB,/1+<—yB>2+<yB—yA>¢1+< e
rp YB — Ya

Y — TB
+(1 -2 —yp+ 14 2
( B —YB yA)\/ (1—$B—y3+yA
G
—5(?/,4 +ys — TB), (3.22)

ifmm<mﬁandmm2mﬁ;by

Ys — Y T
0. namn) = o1+ (I =) 4
LB YB — YA
Yp — B
+(1—oxp—yg+ 14+ 2
( mo yA)\/ <1—IB—yB+yA
G
_5(3/14 +yp — )+ ya, (3.23)

if mps > myp and mps > mpp ; and by

G
9(0,ya,2,y8) =yp + x5+ (1 —2xp),/1+ (1 ngBP — 5(23;3 —xp), (3.24)

if ya = yp.

If xtg =1, then yg = ya. (Otherwise, ¢ = x5 + yp — ya > 1, a contradiction.) In
this case, we extend g at (z4,ya,1,yp) by

G
9(@ayaLys) =1 =5 (Qya+xa—1) (3.25)

if yp <0 and by

G
9(@a,ya, 1,yp) = zay 1+ (5—2)2 +1—24+yp— 5(2yA +x4—1) (3.26)

if yp > 0.
For zc = 1, we extend g at (z4,ya,2p,ys) by (3.5) if yp < 0. If yg > 0, we extend
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g at (xa,ya,rp,yp) with zc = 1 by (3.6), if mgs < myp and mze < mpp ; by (3.7),
if mps > mag and mps < mpp ; by

I — XA
9(za,ya,28,y5) = ﬂUB\/1+(y—B)2+(yB—yA)\/1+(7B )2
T YB —Ya

G
+yp + T4 —Tp — E(yA +yp+ 24— TB), (3.27)

ifm@<mﬁandm@2m@;by

9@y, 25, up) = a 1+<y—A>2+<xB—xAM1+<M>2
LA T —Ta

g — X
+<yB—yA>¢1+<B 4y
Y —Ya
G
+yYp +Ta — T — 5(.%4 +yp+ x4 — wB)a (3-28)

if m% Z mzg and mﬁ Z mgp and by

f G
9(za,ya,2B,yB) = a1+ (i*B)z + T —Ta+Yp— 5(293 +xa4—2B), (3.29)
A

if ya = yg. Note that xp = x¢ = 1 in the last case.
Hence g is well-defined on O and the following theorem can be derived easily.

Theorem 3.1 The energy function g defined above is continuous on
@ = {(xA7yA7$B7yB) € R4 | LA, TB,XC S [07 1],513’A S TB, YA S yB}
Furthermore, we have the following result.

Theorem 3.2 The function g is C* on O.

Proof: Let
O = {(za,ya,vB,yB) € O | yp < 0},
Ys _ YB—Ya  YB TR —TA
02 = {(I‘AvyAavayB)EO|yB>O,7< , <
YB YBs —Ya  YB Tp — TA
O3 = {(ra,ya,28,y8) €O |y >0,— > , <
rp  rp—Ta l—xp  Yp—ya
YB Ys—Ya  YB T —TA
Oy = {(za,ya,78,y5) €O |yp >0,"— < , >
xp  rp—xa l—2xp Yy —ya

— rp —&
Yp _Ys—Ya Yz _ TB Ay

)
Tp Tp—Ta l—xp Yp—ya

Os = {(zra,ya,z5,y8) € O]y >0,

11



We claim that

U(D UaOmaO) O(@Ogﬂ@(’)k)UO(aolﬂaOg))U(ﬁOC’)m).

j=2 k=3 =3 m=2

If (xa,ya,25,y5) € 001 N IO;, then ya = yp = yo = 0 and so x4 = xp which
contradicts to A # B. Hence 00; N 005 is empty. Note that

5
() 00m = {(xa,ya,28,y8) € O | ys >0, (ys/x8) = (ys — Ya)/ (B — TA),
m=2

(yp/1 —xp) = (xp —7a)/(ys — Yya)}-

First, we consider dg/0z 4 in each O;. By computation we have

0F; G
92. 2 (3.30)
0Fs G
o, T T (3.31)
or, _ 1 ! o
Ora 1+ (yajaa? 1+ (s —ya)/ (s —aa)P 2
OE, _ —(zB —4)/(ys — ya) 1 (/1 —xc) G (3.33)
0z 4 \/1 (x5 —xa)/(ys — ya)]? \/1+ (yo/1 —z0)? 2
08, _ 1
Oz 4 \/1 + ZUA/?UA)2 \/1 [(yp —ya)/ (x5 — xa)]?
(za —xB)/(ys — ya) ye/1 —ac _ Q (3.34)
\/1 (x5 —24)/(yp — ya)]? \/1 +(yo/1 —wc)? 2
It is clear that dg/0z 4 is continuous on O;, i = 1,2,...,5. Hence it is enough to show

that dg/0x 4 is continuous across 00; for each i.
If we move the square @) from Oy to Oy, then it is clear that dg/0z 4 is continuous

across 00; N 0Os.
If we pass from O3 to Oy, then we have

ya=1yp — 0.

Then (3.32) converges toward (3.30). Hence 0g/dx 4 is continuous across 00; N 00s.
Similarly, if we move @ from Oy to Oy, then (3.33) converges toward (3.30). Hence
0g/0x 4 is continuous across 00, N JO,.

If we pass from O3z to Os, then we have

YB —Ya YA
g5 JA L JA

ITB — TA T4
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Then (3.32) converges toward (3.31). Hence 0g/dz 4 is continuous across 005 N 0Os.
If we move the square @ from O4 to Oy, then we have
ITp — %A Yo
— :
Yyp—yYa l—xzc
Then (3.33) converges toward (3.31). Hence 0g/0x 4 is continuous across 00y N 00,
If we move the square () from Os to Oz, then we have
T — A Yo
— :
Yy —ya l—-uc
Then (3.34) converges toward (3.32). Hence 0g/0z 4 is continuous across 003 N 0O0s.
If we move the square @ from Os to Oy, then we have

Ys —Ya Yya
JBTI4 _ IA
I — XA TA
Then (3.34) converges toward (3.33). Hence 0g/dz 4 is continuous across 0Dy N 0Os.
If we move the square @ from Os to ﬂfn:Z O,,, then we have

YB — YA YA Tp —TA Yc

= — == and — :

Tp—Ta  Ta Yyp—ya l—uc

Then (3.34) converges toward (3.31). Similarly, if we move @ from O3 (Oy, resp.) to
> 00, then (3.32)((3.33), resp.) converges toward (3.31). Hence we obtain dg/0x 4

is continuous across N2 _, 30,,. Therefore g/dz 4 is continuous on O.

The continuities of dg/0xp, 0g/0ya, 0g/dyp across O; for each i can be derived

similarly. This completes the proof. [
It is easy to show that for Q C 2 x R

1
| @)l =295 for yz > 0. (3.35)
Theorem 3.3 If G > 2, then

inf 9(xa,ya, TB,yp) = —00.
(fEA, YA, TB, ?JB)GS

Proof: If yg > 2r, then ya,yc > 0. Since y4 > yp —2r and —1 < z4 — x5 <0,

1 G
9(Ta,ya,7B,Ys) = /0 V1t ug(z)?dr — §(yA +yp + 1A — TB)
1

, G
< [+ @) — S (ya + g + 24— 70)

! e
< /0 up(@)lde — = (2yp — 2 + 24 — wp) + 1

1 G
< /0 lug (z)|dr — Gyp + Gr + 2t 1

G
= (2_G>yB+GT+§—|—1.
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Since G > 2, the theorem follows. [

Theorem 3.4 If G =2, then inf(,, y, 24, yp)es 9(Ta,ya, T, Yp) exists.

Proof: Suppose that yp < 0. Then g(za,ya,25,y8) =1 — (yp + ya + x4 — x5) > 0.
On the other hand, if we consider the region yg > 0, then

9(za,ya,xB,y8) =

1
/0 1+ ul(x)2de — (ya +yp + x4 — 75)

1
> [ (@)l — 295 = 2y5 — 2y5 = 0.

Hence 0 is a lower bound of g. Therefore the infimum of g on S exists. [l

However, the infimum can not be achieved in §.

Theorem 3.5 If G =2, then g does not attain its minimum on S.

Proof:  Suppose that g attains its minimum, say «, at some (Za,,ya,,ZB,,YB,) € S.

For (QUA’?JAVTB’?JB) S S Wlth A = xA17 rp = J;Bla Yya =

some y > 0, let h;(y) =

ya, Ty, and yp = yp, +y for

Ei(xa,,ya, +y,7p,,ys, +y) for each i. Then we have

pi(0) = —2<0,
1, (0) Yz /5, yp/l=Ts 5
\/1+(y31/$31)2 \/1+ yBl/l_fEBl)Q
1,(0) Yar /Ty ye /1 = —2<0,
\/1 + (ya,/xa,)? \/1 yBl/l—:icBl)2
R0 /e
V1+ (s, /5,)?
(s, +2a —p)/(A—op —ys tya)
%1 ((ym, + 24, —25,) /(L — T, — Yp, +ya,))? ’
B0) = (Y, —ya)/ (2B, — 2a,)
V1+ s —ya)/(@s, — 24,
(Z/Bl + T4, — SCBl)/(l—ﬂiBl “ymtYa)
T (e + o — 2501 — 25, — g0 + )P |
H(0) = Y/ Yo /1~ —2<0.

\/1 yAl/a:Al \/1

yBl/l - xBl)z

Hence g(xa,,ya, + p, By, Ys, + p) < a for any p > 0 small, a contradiction. Therefore,

g does not attain its minimum on § if G = 2. The proof is complete. H
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Lemma 3.6 Let

D = {(xAJJA;fU&yB) Eg | a S YA S UB S b}
where a < b, a,b € R. Then infp g is achieved in S N{a < y4 < yp < b}.

Proof: By Theorem 3.1, g is continuous on D. Since D is a compact subset of R*,
infp g is achieved at some (x4,y4,2p,yp) € D, ie., infpg = minp g. We claim that
infp g is achieved in S N {a < ya < yp < b}. We consider the following cases.

(1) yg <0, x4 = 0. Then we have

g(oayAaxBayB> =1-— Ya +yp — .I'B)

5 (
and moving the square horizontally will not change the energy. Hence we may assume
that infp ¢ is achieved at (x4, ya, 25, yp) € SN{a < ya < yp < b} in this case. Similarly,
if (xa,ya,2p,yp) € D such that g = 1 or ¢ = 1, then we may assume that infp g is
achieved at (z4,y4,25,yp) € SN{a < ys <yp < b} in these cases.

(2) yp > 0, mpy < mup and mzs < mpp. Fix yp and rotate the square (). Since u is
unchanged but yl? increases, it will decrease its energy. Hence infp g cannot be achieved
in this case.

(3) yg > 0, mpy > myp and mpy < mpp. Suppose that ¢ attains its minimum, say a,
at some (0,y4,2p,yp) € D. For z > 0 small, we have

Hi(z) = g(z,ya, 25+ 2,YyB)

\/T \/ yB—yA)

YB G
l—xp— 1+ (——)?2— — —
+(1—zp 1’)\/ +(1_xB_x) 5 (Wa+ys —wp)
By computation we obtain
, 1
H{(0) = < 0. (3.36)

\/1+ (yp/1 —xp)?

Hence g(z,ya,2p + x,yp) < a for z > 0 small, a contradiction. Therefore, we may
assume that infp ¢ is achieved in SN{a < y4 < yp < b} . Similarly, if (za,ya,25,yB) €
D such that z¢ = 1, then we may assume that infp g is achieved at (x4, ya,2p,yp) €
SN{a<ys <yp < b} in this case.

(4) yg > 0, mpg < myp and myg > mpp. Suppose that g attains its minimum, say
a, at some (0,y4,7p,yp) € D. Note that in this case y4 < 0 and hence yp < 2r. For
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x > 0 small, we have

Holw) = ge a5+ 7.y5)
YB B
= (zp+ux)/1+ + — 1+ 2
(o 4o L (2 s = 12
Yp — TB 9

+(1—xB—Jf_yB+yA)\/1+<1—$B_5E—y3+y’4

G
—— Wa+ys —ap).

2
By computation we obtain
, 1 1
H)(0) = — <0, (3.37)
Vit ws/zp)?2 1+ (s — 28)/(1 — 25 — ys +ya)?
since
U5 IBTTE o, (3.38)

rp l—ap—yp+ya

Indeed, the inequality (3.38) follows from

yp(1 —2p —yp +ya) —r(ys — 7B)
=YB — TBYB — yjzg +YaYs — TpYp + x2B
=Yp — 2TpYp — Yp + TH + Yayn

> yp — Th — Y — Yp + TH + yays
=y5(1 —2yp +ya)

=yp[l —ys — (Y — ya)]

> yp(l —4r) >0 since yp < 2r.

Hence g(x,ya, 25 + x,yp) < «a for > 0 small, a contradiction. Therefore, we may
assume that infp g is achieved in SN{a < y4 < yp < b}. Similarly, if (x4, ya,25,yB) €
D such that xc = 1, then we may assume that infp g is achieved at (x4, ya,25,y5) €
SN{a<ys <yp < b} in this case.

(5) yg > 0, mpy > myp and mpzg > mpp. Suppose that ¢ attains its minimum, say a,
at some (0,ya,2p,yp) € D. For z > 0 small, we have

Hs(z) = g(z,ya, x5+ x,yB)

— X
= a1+ (M) —|—x\/ Y5 — YAy, +(yB—yA)\/1+( By
Y — Ya

Yp — Tp , G
— 5 Wa+ys—rB).
1—$B—9E—QB+QA) Q(yA up ~ )

+(1—xB—x—yB+yA)\/1+(
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By computation we obtain

H,(0) = ! <0, (3.39)

—_\/14‘[@3—ilUB)/(l—CEB—ZJBJF?/A)]2

Hence g(x,ya, 25 + x,yp) < « for z > 0 small, a contradiction. Therefore, we may
assume that infp ¢ is achieved in SN{a < y4 < yp < b} . Similarly, if (x4, ya,T5,yB) €
D such that z¢ = 1, then we may assume that infp g is achieved at (z4,ya, 2B, y5) €
SN{a <ys <yp < b} in this case.

(6) ya = yp > 0. Suppose that g attains its minimum, say «, at some (0, y4, g, yp) € D.
For x > 0 small, we have

Hy(x) = g(z,ya, 28 +7,yB)

/ G

By computation we obtain

, _ 1
H4(0) - \/1 + (yB/1 - $B)2

Hence g(x,ya, 25 + x,yg) < « for z > 0 small, a contradiction. Therefore, we may

< 0. (3.40)

assume that infp g is achieved in SN{a < y4 < yp < b} . Similarly, if (x4,y4, x5, yB) €
D such that zp = 1, then we may assume that infp ¢ is achieved at (x4, ya,2p,y5) €
SN{a < ya <yp < b} in this case. Hence infp g = minp g = mingn{a<y,<yz<sy 9- This
completes the proof. [l

Now, we prove the main theorem of the section.

Theorem 3.7 If G < 2, then the problem (1.4) admits a minimizer in S.

Proof: First we claim that the infimum of g on § exists. If yg < 0, then

G
9(xa,ya,z,yg) = 1— i(yA +yp+1x4—TpB)
> 14+Gr
> 0.

On the other hand, if we consider the region yp > 0, then

1 G
9(Ta,ya, B, Ys) = /0 V14 ug(e)?de — 5(3/A +yp+ x4 —7pB)

> [ fuly(a)ldz — Gy
el 0 Q B
= (2 - G)?JB

> 0.
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Hence 0 is a lower bound of g. Therefore, the infimum of g on § exists. Furthermore,
since ¢ is continuous on S, inf g on S also exists.
By (3.15), it is enough to find (z,, Ya,, B,, Ys,) € S such that

g<on7on7$Bo7yBo) = min g(xA?yAVxB’yB)' (341)
($A7 YA, TB, yB)ES

We claim that to find a minimizer in S it suffices to find a minimizer in S such that
2r<ys<yp< M (3.42)

for some constant M = M(G) > 0. Suppose that y4 < —2r. Then yp < 0 and

G
9(xa,ya,xp,yg) = 1— §(yA +yp+xA—TB)

> 1+ Gr
g(x4,0,25,0). (3.43)

Hence g(xa,ya,zp,yp) does not attain its minimum, if y4 < —2r. Therefore, we may
assume that —2r < y4 < yg. On the other hand, if yg > 2r, then y4, yo > 0 and

1 G
— 1+ us(2)2de — = _
9(xa,94,78,YB) /0 Y1+ ug(e)*de — 5 (ya +yp + 24 —2p)
1
> /0 V1 +ug(r)*de — Gyp

1
> [ () dr — Gy
= (2-Gys.
Since G < 2, g(xa,Ya,Tp,Yyp) — +00 as yg — 00. By (3.43), infgg < 1+ Gr. There
exists M = M(G) > 2r such that to find a minimizer on S it suffices to find a minimizer

in S such that (3.42) holds.
Let

Su = {(za,ya,28,y5) €S| —2r <ya <yp < M}.

By the above discussion and Lemma 3.6, we obtain infz g = infg g and infgz g is achieved
at some (za,ya,25,Yp) € SN{=2r <ys <yp < M} CS. Therefore we complete the
proof. [l
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