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The Derivation of Two Parallel Zero-Finding
Algorithms of Polynomials
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In this paper we study the derivation of two famous algorithms for finding all zeros of a giving
polynomial. These two algorithms which are the Weierstrass method and the Aberth method are highly
suited for parallel computing. It is explained that both of the two algorithms can be arrived by the func-
tional iteration analysis. We also show that the the Weierstrass method and the Aberth method can be
derived by the fixed point iteration method and the Newton method, respectively, together with the im-

plicit deflation scheme.
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Introduction

The problem of finding the zeros of a poly-
nomial is a genuine nonlinear problem. It is a fun-
damental problem in mathematics but not solved
perfectly. There are many numerical algorithms
which have been developed for solving this prob-
lem. However, only few implementations are real-
izable and exploited. These algorithms may be clas-
sified as three main methods: determining one zero
at a time, computing the eigenvalues of the com-
panion matrix associated with the polynomial, and
finding the all zeros simultaneously.

Classical algorithms determine one zero at a
time and then use deflation step to remove the cal-
culated zero from the polynomial for determining
the further zeros. Since the calculated zero is an
approximation of a zero, the error will be accumu-
lated during the deflation step.

The power method which applies to the
Frobenius companion matrix associated with the
polynomial is equivalent to the Bernoulli method
for finding the zeros of a polynomial. Instead of
the power method, the most used method for com-

puting directly the eigenvalues is the QR-method.
Although the QR-method may be more stable, it
need much more expensive computer floating
arithmetic operation.

There also exist methods for finding simulta-
neously all the zeros of a giving polynomial. Two
famous algorithms that allow to calculate the zeros
in parallel computing [1] [2] are the Weierstrass
method and the Aberth method. This paper is to
study the derivation of these two parallel algo-
rithms by functional iteration analysis and implicit
deflation scheme.

The outline of this paper is as follows. Section
1 is this introduction. Section 2, we briefly review
the two famous parallel algorithms for finding the
zeros of a given polynomial. In section 3, we study
the functional iteration analysis to construct the
parallel algorithms. And then we show the deriva-
tion of the two algorithms with implicit deflation
scheme in section 4. Finally, we have a conclusion

_in section 5.



Parallel zeros-finding algorithm

Two famous parallel algorithms for finding ze-
ros of polynomials are reviewed in this section.
They are Weierstrass method and Aberth methods.
Let p(z) be a monic polynomial of degree n = 3
with complex coefficients:

p(2)= ,Hl (z-z;)= éﬁockz“, where c, =1.

An algorithm to derive simultaneously the ap-
proximate linear factors (z-x;) for the exact factors
(z-z;), j=1,2,..,n, is introduced by K. Weierstrass
[3]. In proving the fundamental theorem by con-
structive method, Weierstrass proposed the algo-

rithm
p(x{*¥)

Xj(k+1) =xl(k)_ , 1
H (x (k) -X (k))

=1,2,....n. D

where ® denotes the iteration index. This iteration
method for finding simultaneous the approximation
of all zeros of a polynomial was rediscovered by E.
Durand [4] and by I. O. Kerner [5] independently.
K. Dochev [6] has also studied this iteration by ap-
plying the Newton method in the elementary sym-
metric functions of the zeros.

The Weierstrass method (1) is, in effect, the
same as a Newton method. The order of conver-
gence of Weierstrass method will be quadratic [7]
[8] if the zeros of the polynomial are simple and
the starting values x{® are sufficiently close to the

corresponding zeros.

A cubically convergent iteration method in the
case of simple zeros was proposed by O. Aberth [9].
He described the idea of deriving the third order
convergent method by a vector field of unit plus
charges located at the n zeros z,,z,,...,z,. From the
physical approach, Aberth proposed the algorithm:

px)

Xi(k+1) =xi(k) 1
p'(x{¥)-p(x (“)),‘% XOX®

,1=1,2,..n. (2)

Aberth also mentioned this algorithm can be
arrived by a purely algebraic derivation. To illus-
trate the derivation, we let w;(z) be the product of
linear factor
wi@= 1 zx)),

"
and rational function R;(z) be the correction term
of Weierstrass method (1)

Ri(z)= i=1,2,...n.

wi (Z)
Differentiating the rational function R;(z) and
applying the Newton method , we have

R(2) _ p(2) _ p(z)
ROy peid
i=12,..n.

Substituting x; for z, we again obtain the Aberth
algorithm (2).

Functional iteration analysis

In this section, we discuss the derivation for
both of Weierstrass and Aberth methods by func-
tional iteration analysis. We use the notation X as
the vector of approximate zeros X=(x, X;,....X,)
and the exact zeros vector Z=(z,,2,,...,Z, ).

The zeros-finding methods can be constructed
as functional iteration form:
XED =F(X®)=(f, (X®),f,(X®),...f,(XD)).
Taking the idea of Jacobi iteration technique, we
have
2D =f(z®,z2®,..,2.),i=12,...n,
and the Gauss-Seidel-like version
28D =f (2,2, &D 20 2 ®)i=12.. .n.

A monic polynomial p(z) with simple zeros z,

,Z2,...Z5 Can be written as
p@)=1(z-2;)=(z-z)) I (z-2)),
i

then we get the fixed point relation

_,P@
Z; =2 .
I (z-z))
FEi
This relation suggests a way to construct the func-
tional iteration by substituting the zeros z; by ap-

proximation x; and putting z=x;, we have

Applying the Gauss-Seidel-like version, we obtain
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the algorithm

X0 =x 00— p(x i(:))

I (x®-xF) I (x©x®)
In the Jacobi-like version, we have the Weierstrass
algorithm (1).

In order to derive the Aberth method by func-
tional iteration, we consider a vector valued func-
tion of n variables F: R* = R" defined by
F(X)=(f,(X),f2(X),..f. (X)), where
£x)=-RP&) o120

I (xi-x;)

i
In the following theorem, we give the derivation
for the Aberth algorithm by the Jacobi-Newton
construction.

Theorem 1:

(D) Let Z=(z1,22,...,Z,). Then F(Z)=0 if only if
p(z;)=0,j=1,..n.

(2)The Aberth method can be derived by ap-
plying the Newton method to f;(Z)=0, j=1,..,n.

Proof:

It is easy to prove (1) using the definition of

J=12..n

the function F.
Now we consider the Newton method applying
to f;(Z)=0, that is,
@ g0 . LiEE) L
X, X ff(Xi(")) ,1=1,.,n0.
Since f; (x{¥)

1 , .
= fI X‘(k) x(k) p (Xl(k))_p(Xl(k))é Xiik;_xjiki } , We have
s il Y | i

P

p(x{®)

XD =g 0 ! 1
PP S S

,1=1,...n.

We get the Aberth algorithm again. This com-
pletes the proof.

Applying the Newton method to the same
function F(Z) in the Gauss-Seidel-like version, we
have the algorithm

xi(lH»l)

px®)
; R | 2 1
P (X i(k) )'p(x i(k) Xgl X ® -X {K) ,gu X ® -X (] )
i i i i

=x .

Implicit deflation Scheme

Most of the efficient algorithms for solving
nonlinear equations may be used in finding zeros
of polynomials. For a given polynomial, the zeros
can be found using some standard methods, for ex-
ample, Bernoulli’s method, Newton’s method, and
Laguerre’s method. These methods determine one
zero at a time. Once a zero has been found, the
corresponding linear factor has to be divided out
for determining the next zero. This deflating pro-
cess makes the error accumulation since the
roundoff-error and each zero found is just a ap-
proximation of the exact zero. One way to avoid
the error accumulation is that each zero is used in
turn as initial value for the algorithm to the full
undeflated polynomial after all of approximate ze-
ros have been found by the deflation process. But
this method slows down the convergence. We may
use implicit deflation technique to speed up con-
vergence and improve accuracy.

If an approximate zero x; of p(z) has been de-
termined by a zero-finding method, we wish to find
an approximation x,, to the next zero of p(z) by

dividing out the factor z-x,. The basic idea of im-
plicit deflation method is that at the first a relative
function f(z) satisfying f(z)(z-x;)=p(z) is produced
implicitly, and then the same zero-finding method
applies to f(z) for determining the further zero of
p(2).

For a given polynomial p(z) of degree n with
simple zeros z,,z,,...,z,, we consider two algorithms
as discrete dynamic systems:

x®*D =g(x®) = x®-px®), k=0,1,..., @
®
Y A

The rate of convergence of the system (3) with
fixed point iteration operator g(z)=z-p(z) is usually
linear and the fixed point of g(z) is the zero of the
given polynomial p(z). The system (4) with Newton
iteration operator h(z)=z-(*®/ ), as we know, is
quadratic convergent and the zero of the polyno-
mial p(z) is also the fixed point of the Newton it-
eration operator h(z).

Once a zero x; of the polynomial p(z) is de-
termined using algorithm (1), we want to find the
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next zero x, with implicit deflation, that is, to find
the zero of pm(z)="*®/.,. Then, we have pn(xnm)
=P /o), This give a algdrithm
xm(lul) =xm(k) _p(xm(k))/(xm(k) X 1(k))
for determining the next zero x,, of p(z) by fixed
point iteration algorithm (3) with implicit deflation
after a zero x, has been found.

Now SUppOSE X1,X2,ee;X i1 Xis 5rersXn, fOT 1=12,...
n, has been determined, the inmplicit deflation
method is applied to pi(z)=p(z)/ II (zx;), we have

n Fl
pi(xi)=p(x;)/ Il (x;-x;). This give the Weier-

strass algorithm agﬁéin. It is interesting and useful
observation and then we have following results.

Theorem 2:

(1) The Weierstrass method can be derived by
the fixed point iteration algorithm with implicit de-
flation and its order of convergence is increased by
one.

(2) The Aberth method can be derived by the
Newton method with implicit deflation and its or-
der of convergence is increased by one.

Proof:

(1) is already done.

We now prove (2) by a recurrence relation.

In the following discussion, we fixed an index i,
1 € i < n. Let the relative
function f(z) satisfy
p(z)= y_l(z-xm) f(z), and

fi(z)= II(z-xm) f(z), j=1,...,i-1,i+1,..,n

Thus, f (z) p(z), fi;(2)=(zx:1)fis1(2), and
fi(@)=(z-x)f;+1(2), j=1,...,1-2,i+1,..,n.
In order to get the recurrence relation f;(x;)/f; (x:),

#

we consider

f;(@)=(zx))f;.1(2)
=(zx;)[(zx:)2q(@) + (zx)fje1 (x:)+H i (xi)]
Replacing z-x; by (z-x;)+(x;-x;), we have

f;(@)=(zx%;)* Q@) +[(x:x;)fjs1  (xi)+fj1(xi)]

+(Xi‘Xj)fj+1(Xl').
Substituting z by x;, we get

i i f i
fn(e) =228 g =Dl

j=1,..,i-2,i+1,..,n, and
( ) (X an)fxl(&) fllL)
1+1 (X _xll)z
' _ ) x)-f(x)
fi(xi)= (x,%;)°

Lj=1,..,i-2i=1,.,n.

It follows that

f'(x;) =(xi'xn)fr‘| fa(Xi) Xi-Xgy
f(x:) (xiX,)? fa(x:)
B xy 1
T fa(xi) Xi-Xa
- fra(xi) 1 1
far(x;) XiXa XiXp1
_fi(xy) 23 1

Th() D EE

Therefore, the algorithm of the Newton method
with implicit deflation is
X‘(k+l) =x(k) - _fﬂ)_l
1 3 fv(x i(k))
f1(x®)

=x®- :
' (0). ®YS
fi (x®)- f1(x; )EW

This algorithm is just the Aberth algorithm since

f1(z)=p(2).

Conclusion

Two famous parallel zero-finding algorithms of
polynomials are explored. It has been shown that
the Weierstrass algorithm and the Aberth algo-
rithm can be derived from the functional iteration

analysis in Jacobi-like version. We also observe that
these two algorithms can be arrived by performing
the implicit deflation scheme.
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