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Abstract

In this study, we aim to accelerate matrix computations by integrating the power method with a doubling
strategy originally developed in the structure-preserving doubling algorithm (SDA). While SDA was initially
proposed for solving discrete-time algebraic Riccati equations (DAREs), we adapt its iterative framework to ef-
ficiently extract the dominant eigenspace of a given matrix. By applying a variant of the doubling process, we
obtain approximations to the eigenvector corresponding to the dominant eigenvalue. However, convergence is not
guaranteed for arbitrary matrices. To address this issue, we incorporate a normalization strategy inspired by the
power method—scaling the matrix at each iteration by its norm—to enhance convergence behavior. As a result,
we propose a hybrid approach, referred to as the doubling algorithm. Alternatively, by appropriately partitioning
the matrix to preserve the structure responsible for convergence, we introduce a second method: the adaptive par-
tition algorithm. In this approach, we apply the doubling algorithm without normalization, and show that, under
a suitable block-partitioning strategy, the convergence of the iterative process can still be guaranteed. These two
methods provide flexible and efficient strategies for computing dominant eigenspaces and improving the overall
stability of iterative matrix algorithms.

Keywords: Doubling algorithm, standard form, dominant eigenspace, adaptive partitioning algorithm, conver-
gence analysis
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1 Introduction

The computation of dominant eigenspaces is a fundamental problem with wide-ranging applications in control
theory, machine learning, and data science. Among various numerical methods, the structure-preserving doubling
algorithm (SDA) has emerged as a powerful iterative framework—originally designed for solving discrete-time
algebraic Riccati equations (DAREs)—but also offering valuable insights for eigenvalue-related computations due
to its fast convergence and structural stability.

Initially developed for matrix equations possessing specific algebraic structures, SDA has garnered significant
attention for its superior convergence behavior, often requiring far fewer iterations than classical methods such
as the power method. Its effectiveness was first demonstrated in control theory, particularly in solving DAREs.
These problems arise from the Linear Quadratic Regulator (LQR) framework, which is based on concepts such
as controllability and observability [2]. While SDA was initially motivated by control-theoretic formulations, its
iterative structure and stability properties make it a promising candidate for broader eigenvalue computations, such
as dominant eigenspace extraction.

Further theoretical insights into SDA stem from its deep connections to Hamiltonian and symplectic matrices
and their associated matrix pairs, as elaborated in [9]. In particular, this work establishes a foundational link via
the Mobius transformation, a pivotal tool in structure-preserving computations. Building on this framework, [3]
applies Mobius transformations to Hamiltonian matrices to construct symplectic pairs, which are subsequently
brought into the first standard symplectic form (SSF-1). This transformation constitutes the initial step of the
Structured Doubling Algorithm (SDA), marking the beginning of its iterative process and ensuring the preservation
of essential matrix structure.

A detailed analysis of SDA’s iterative process—including matrix squaring, block convergence, and numerical
stability—is provided in [8]. This study demonstrates how SDA systematically preserves matrix structure across
iterations, offering both theoretical convergence guarantees and practical efficiency. Despite these advances, most
prior research has focused on SDA in the context of DARESs, with relatively little attention given to its potential
application to general eigenspace computations.

In this work, we propose a novel framework—the adaptive partitioning algorithm—that generalizes the dou-
bling strategy for computing dominant eigenspaces of arbitrary matrices. Our method constructs a matrix pair
from the target matrix and the identity matrix, and applies a structure-aware partitioning scheme. Through careful
analysis of submatrix convergence behavior during the iterations of the doubling algorithm, we show that this
approach enables efficient extraction of the dominant left and right eigenvectors, thereby capturing the associated
eigenspace.

The main contributions of this thesis are summarized as follows:

* We provide a theoretical analysis showing that the doubling algorithm converges to the dominant left and
right eigenvectors when applied to irreducible and aperiodic stochastic matrices.

* We conduct a comparative study between the doubling algorithm and the power method on irreducible and
aperiodic stochastic matrices, evaluating the number of iterations required to converge, the total computation
time, and the approximation error with respect to the true eigenvectors.

* We extend the theoretical analysis to general (not necessarily stochastic) matrices and establish the conver-
gence of the doubling algorithm to the dominant eigenspace. Furthermore, we derive the practical block-
wise computational complexity associated with the proposed approach.

* We introduce a normalized variant of the doubling algorithm tailored for general matrices, which ensures
convergence of each partitioned submatrix even in the absence of stochastic structure. Through numerical
experiments, we observe and illustrate how the submatrices converge over iterations, providing empirical
support for the effectiveness of the proposed approach.

* We propose the adaptive partitioning algorithm, which dynamically identifies a block configuration that
accelerates convergence of the doubling iterations and reliably recovers the dominant eigenspace.



Organization. The remainder of this thesis is organized as follows. Section 2 introduces the Riccati equation
and the Structure-Preserving Doubling Algorithm (SDA). Section 3 discusses stochastic matrices and the PageR-
ank problem. Section 4 reviews the classical power method. Section 5 presents the doubling algorithm for arbitrary
matrices and provides a convergence analysis of its submatrix components. Section 6 proposes the adaptive parti-
tion algorithm and examines how partition choices affect the approximation of the dominant eigenspace. Section 7
concludes the thesis and outlines future research directions. Appendix A provides MATLAB implementations of
the algorithms and experiments for reproducibility and further reference.



2 Riccati Equation and SDA

In this section, we introduce a fundamental approach from control theory: the solution of the discrete-time
algebraic Riccati equation (DARE). The DARE arises naturally in optimal control problems such as the Linear
Quadratic Regulator (LQR), and its solution is often reformulated using a Hamiltonian matrix. However, numeri-
cal algorithms such as the Structure-Preserving Doubling Algorithm (SDA) operate more effectively on a specific
type of matrix pair known as a symplectic matrix pair.

To bridge this gap, we employ the Mobius transformation, which converts the Hamiltonian matrix into a
symplectic matrix pair while preserving its essential structural and spectral properties. In particular, this transfor-
mation maps eigenvalues located in the open left half-plane into the unit disk while preserving the corresponding
eigenspaces. This facilitates the reduction of the matrix pair to the first standard symplectic form (SSF-1), a canon-
ical configuration that provides a numerically stable and structurally convenient framework for iterative methods
such as the Structure-Preserving Doubling Algorithm (SDA).

In this study, we extend these classical ideas beyond Riccati equations. We focus on a specific class of matrices,
namely irreducible and aperiodic stochastic matrices, whose dominant eigenvalue lies on the unit circle while all
others lie strictly inside it. This structure closely mirrors that of symplectic pairs and enables us to adopt similar
transformation strategies. Consequently, we explore how to transform such stochastic matrices into an analogous
standard form to preserve structural properties conducive to iterative algorithms.

Building on this idea, we adapt the doubling technique—originally developed for squaring symplectic matrix
pairs—to the setting of stochastic matrices. We further extend this approach to general matrices, for which the
absence of stochastic or symplectic structure introduces new theoretical and numerical challenges. Although the
transformation still yields a structurally similar standard form, the convergence of the doubling algorithm is no
longer theoretically guaranteed in such general cases.

To address this issue, we incorporate a normalization strategy inspired by the power method, which stabilizes
the iteration and enhances numerical robustness. The concept of the power method not only informs the design of
the normalization step but also plays a key role in the convergence analysis later in this study.

In summary, this chapter lays the theoretical foundation for the structure-preserving doubling algorithm by
connecting classical control theory with modern numerical techniques. The subsequent chapters build upon this
framework, examining its application to both stochastic and general matrices, presenting the normalization strat-
egy, analyzing convergence behavior in depth, and introducing an adaptive partitioning algorithm tailored to im-
prove computational efficiency.

2.1 Algebraic Riccati Equation (ARE)

In this subsection, we introduce the Algebraic Riccati Equation (ARE), which arises naturally in control
theory, particularly within the framework of the Linear Quadratic Regulator (LQR) problem. When applying a
state-feedback control strategy, both the state and control variables are incorporated into a quadratic cost function
that evaluates the performance of the control system. The primary objective is to minimize this cost function,
which leads to the derivation of the ARE and the corresponding optimal feedback gain.

To begin with, we first discuss the Linear Quadratic Regulator (LQR) problem. In a closed-loop control
system, there are two main components: the controller and the plant. The dynamics of the plant are typically
described by the following state-space equations:

& = Ax + Bu, (2.1
y = Cx + Du. (2.2)

Here, z € R" represents the state vector, v € R™ is the control input, and y € RP is the output. The matrices
AeR™™" BeR™™ C e RP" and D € RP*™ define the system dynamics. For simplicity, we consider the



case where C is the identity matrix, i.e., C' = I, and D is the zero matrix, i.e., D = 0. Under these assumptions,
the equation (2.2) simplifies to y = x. From now on, we restrict our attention to the state equation (2.1).
In the LQR framework, we design a state-feedback control law of the form

u=—Kz, (2.3)

where K € R"*" is the feedback gain matrix. By substituting this control law into the state equation (2.1) yields
the closed-loop system
& =(A— BK)z.

The optimal feedback gain K is obtained by solving the algebraic Riccati equation (ARE), which plays a
crucial role in optimal control. In the following discussion, we explore the derivation of the Riccati equation and
its role in solving the LQR problem. We consider the following cost function:

J = /00 (a:TQx + uTRu) dt, 2.4)
0

subject to the system dynamics described by (2.1), where Q € R"*™ is a symmetric positive semi-definite matrix,
and R € R"™*™ is a symmetric positive definite matrix. Our objective is to determine the optimal control input u
that minimizes the cost function J.

Theorem 2.1 ([2, Sec. 8.4 p. 330-331]). [Algebraic Riccati Equation] Consider the linear system described by
the state equation (2.1). Suppose that there exists a symmetric positive semi-definite matrix P that satisfies the
Algebraic Riccati Equation (ARE):

A"P+PA+Q—-PBR'B'P=0, (2.5)

where () and R are the same as defined earlier.
The optimal state feedback control law that minimizes the quadratic cost function (2.4) is given by the equa-
tion (2.3), where the feedback gain matrix K is defined as

K=R'B'P. (2.6)

Proof. Let P = P be a symmetric matrix. We rewrite the cost function .J defined in equation (2.4) as follows:
J = xOTPxo — xOTPxo + / (mTQx + uTRu) dt. 2.7
0

Since the integral of a total derivative over an infinite time horizon evaluates to the boundary terms, we have

=
/O a(mTPx) dt = [2" Px], =0 — x4 P, (2.8)

where x( represents the state vector at the initial time ¢ = 0. Given that x(¢) asymptotically approaches zero
as t — oo, only the initial condition contributes. As a consequence of equation (2.8), equation (2.7) can be
reformulated as

dt

Next, by incorporating the system dynamics given by equation (2.1), we compute the total time derivative of
x T Pz as follows:

J =z Pxo + / (d(xTPx) +2"Qx+ uTRu> dt. (2.9)
0

%(xTPx) =& Pr+ax' P
= (Az + Bu)' Pz + 2" P(Az + Bu) (2.10)
=2 A"Pz+u"B"Px+ 2" PAx 4 2" PBu

Substituting equation (2.10) into the cost function defined in equation (2.9), we obtain the following expression:

J =z Pxo + / [xTATPa: +u'B"Px+ 2" PAx + 2" PBu+ 2" Qx + uTRu} dt
0

= xOTPxo —|—/ [xT(ATP—FPA—i—Q)x—i—uTRu—I—J;TPBu—I—uTBTPx} dt. (2.11)
0



Subsequently, we analyze the integral by splitting it into two parts, as indicated in equation (2.11). First, we
focus on the terms that depend on the control input u, which form the following expression:

u'Ru+ 2" PBu+u' B' Px.
This can be rewritten in a quadratic form as follows:
(u+R 'B"Pz)"R(u+ R 'B"Pz)—2"P"BR'B' Px. (2.12)

The first term, (u + R~'BT Pz) " R(u+ R~'BT Pz), is always non-negative due to the positive definiteness of
R. Therefore, we consider the second part of the integral, which consists of the remaining terms:

2" (ATP + PA+Q)z.

By combining this with the term —2 " PT BR™' BT Pz obtained from the previous equation (2.12), we obtain the
complete quadratic form
z' (ATP+PA+Q—P'BR'B"P)z. (2.13)

Therefore, our objective is to minimize the cost function. To minimize the cost function, we set both terms of the
derived expression to zero, ensuring that the integrand becomes identically zero.
First, for the term involving u, setting

(u+R'B"Pz)"R(u+ R 'BTPz)=0

implies that
uw=—-R'BT Pz. (2.14)

Since we assume full-state feedback, the control law is given by equation (2.3). By equating equations (2.3)
and (2.14), we obtain equation (2.6). Next, setting the remaining terms in equation (2.13) equal to zero yields
equation (2.5). Hence, the proof is complete. O

Theorem 2.1 involves the Algebraic Riccati Equation (ARE), which plays a fundamental role in optimal control
theory. From the previous result, we obtained the ARE with P as its solution. Our objective is to solve this
equation. To facilitate this, we introduce a new variable X to replace P and reformulate the equation in matrix
form for further analysis. Rewriting the ARE, we express it in the following equivalent form:

O=-XGX+AUX + XA+ H

xSl

where A,G, H € C™*", and G, H are Hermitian matrices, i.e., G¥ = G and H” = H. This transformation
allows us to analyze the structure of the equation in a matrix representation, providing insights into its solvability
and solution properties.

2.2 Hamiltonian and Symplectic Relations

In this subsection, we begin by defining Hamiltonian and symplectic matrices, which play a central role in
the analysis of Riccati equations and structure-preserving algorithms. We then show that the matrix arising from
the algebraic Riccati equation (ARE) is Hamiltonian. In particular, we observe that one such Hamiltonian matrix
corresponds to eigenvalues with positive real parts, while the other corresponds to those with negative real parts.

To construct a Mobius transformation that maps Hamiltonian matrices to symplectic matrices, we require that
the transformation preserves eigenvectors and maps eigenvalues into the unit disk. However, since not all matrices
involved are invertible, we generalize the framework using matrix pairs. This extension allows the M6bius trans-
formation to remain applicable in singular cases and enables further analysis of the corresponding eigenvalues and
eigenvectors.

Finally, we introduce two standard forms of symplectic matrix pairs. These canonical forms are fundamental
to structure-preserving analysis, as they provide a foundation for designing numerical algorithms that maintain
the symmetry and stability of the original system. Preserving such structural properties is essential for ensuring
reliable and accurate numerical computations.

First, we introduce the definitions of Hamiltonian and symplectic matrices. We will present the specific con-
ditions that a matrix must satisfy in order to be classified as Hamiltonian or symplectic.
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Definition 2.1 ([1]). A matrix H € C2"*2" js said to be Hamiltonian if it satisfies

HNE =HT, ie, —-THT=HT, (2.16)
where 0 7
J = {—I 0} '
Similarly, a matrix S € C?"*2" is said to be symplectic if it satisfies

SFSt = 7. (2.17)

From the previous subsection, we obtain the matrix form given in equation (2.15). We now focus on the middle
matrix in this expression. For ease of discussion, we introduce the following notation:

H= {;}4 Aci,] . H= [1‘3 _jH]. (2.18)

However, we need to verify whether these matrices satisfy the condition given in equation (2.16). By performing
direct computation, we obtain
G -A

H H
-A G 0 I -G -A —
H _ _ _ —
O (] K R o s e o s
H H
~ A G 0 I -G A -G A ~
H _ _ _ —
= (la Sl 5 al) = [ - [ a)-me
Since we have assumed that GG a}nd H are Hermitian matrices, i.e., G¥ = G and H¥ = H, it follows from
equation (2.16) that both H and H satisfy the defining property of a Hamiltonian matrix. Hence, we conclude that
they are indeed Hamiltonian. Therefore, we investigate the relationship between the two Hamiltonian matrices H

and H. Since both 7 and H are matrices, we can analyze their eigenvalues and eigenvectors. In the following
theorem, we establish a relationship between these two matrices using their properties.

Theorem 2.2. The eigenvector [?} of the Hamiltonian matrix H with eigenvalue A satisfies the following equiv-
2
alence:
Yi| _ [ MR RE
W1 [5]n o a%]-[%]cn e

Proof. We prove this theorem by direct computation. First, we compute the left-hand side. Since H is defined by
equation (2.18), we have
2 Yi| [-4 G| || _ |-AV1+GY,
Yol | H AR |Yy|  |HY, + AFY, |-
. Y; Y S .
By assumption, H = A, which implies the equations
Yo Yo

—AY; + GY, = V1A, HY; + A"Y, = YA,

Next, we compute the right-hand side. From the definition of 7L, we obtain
7 Yi| |A G Yi| | AY1 - GY,
~Yo| T |H —AH||-Yo|  |HY, + ARY, |-

By using the previous equations, we get

AVi =G ] _[-VA] [ ]y,
HY1 + APY,| 7 | YoA |~ |- Y2 '

The reverse direction follows similarly. Hence, equation (2.19) is verified, and the proof is complete. [

From Theorem 2.2, we observe that the complex plane is partitioned according to the sign of the real parts
of the eigenvalues. This segmentation is preserved under the Mobius transformation, which maps the right and
left half-planes into distinct regions. Since this structural property is crucial to our analysis, we highlight it in the
following remark.



*

Remark. If Col {?*} is the eigenspace of H corresponding to all positive eigenvalues, then Col [ Y;,*
2 —¥3

eigenspace of ‘H corresponding to all negative eigenvalues, and vice versa.

} is the

Now, in the following discussion, we introduce a Mobius transformation for square matrices. Based on the pre-
vious remark, we know that the eigenspace of the Hamiltonian matrix  corresponds to all negative eigenvalues.
By applying this Mobius transformation, these eigenvalues can be mapped into the unit disk.

Definition 2.2. Let v € R with v > 0. The Mobius transformation of a matrix X € C™*"™ is defined as
Y =C(X) = (X —~4I)"HX +41I), (2.20)
provided that X — I is nonsingular.

Therefore, by the definition of the Mobius transformation, we establish in the next two theorems that this
transformation preserves the eigenvectors and maps the eigenvalues into the unit disk. Moreover, the Mobius
transformation has an inverse function.

Theorem 2.3. Let X € C"*" be a matrix with eigenvalue A\ and corresponding eigenvector v. Then, under the
Mobius transformation C(X), we have

Xv=M <<= Yv=C\v. (2.21)

Proof. Suppose Xv = Av. According to the definition of the Mdbius transformation for matrix pairs, as given in
equation (2.20), we have
Yv=0CX)v= (X)X +~D)v.

Expanding the expression inside the parentheses, we obtain
Yo =(X -y (Xv+qv) = (X =9 (o +70) = A+9)(X —y1) "o,

Since (X — v1)v = (A — ¥)w, it follows that

1
(X =AD" UX —A)v=A-NX —~v)"v = (X—-y)tv= P
-7
Therefore, we conclude that
A
Yv= %v =C(Mv.
Conversely, if Yo = C(\)v, we can apply the same steps in reverse order to obtain Xv = Av. Thus, we have
established equation (2.21). O]

Theorem 2.4. Lety > 0, and suppose that X € C"*"™ is diagonalizable with eigenvalue \. Then, for the Mbius
transformation C()\), we have:

* IfRe(A\) <0, then |C(N)| < 1.
* IfRe(A) > 0, then |C(N\)| > 1.
* The inverse transformation is given by

C'Y)=~vY -D)"Y Y + 1. (2.22)

Proof. From the proof of Theorem 2.3, we have

Aty
N=32

Combining the condition v > 0 and Re(\) < 0, we get the inequality

A4+~ <|A=7]
Thus, we conclude the first result
A+
CN|=|—|<1.
cOV| ]A_W\

7



Similarly, for Re(A\) > 0, we obtain |C'(A)| > 1. Finally, using equation (2.20), we compute directly
CHY) =AY -I)" (Y +1)
- —1 _
=y (X =AD" N X+ 1) (X =) " (X +~I) + 1)

=7 (29X =9D)7") 7 (20X =) 7' X)
= X.

Hence, we conclude that the inverse transformation is given by equation (2.22). O

In Theorems 2.3 and 2.4, we established several properties of the Mobius transformation. In the following
theorem, we aim to demonstrate that this Mobius transformation indeed maps Hamiltonian matrices to symplectic
matrices. Furthermore, while the Mobius transformation alters the eigenvalues of the original matrix, it preserves
the associated eigenvectors and invariant subspaces.

Theorem 2.5. The Mobius transformation preserves key structural relationships between Hamiltonian and sym-
plectic matrices, as stated below:

* H is Hamiltonian < C’(?:[) is symplectic.
« Suppose that HV = VA, where V€ C2*™ and A € C™*™. Then

C(H)V =VC(A).
Proof. » When H — ~I is nonsingular,

C(H) is symplectic
H)T

—= CH)ICHT=7g (eq. (2.17))
= H-yD) T H+DIH+DF(H-—AI) T =T (eg. (2.20))
—= H+ADIH+~DE = (H —~D)ITH -~ (reformulate)
= (HT +~1T)HL +~1) = (HT —vT)HT — 1) (expand)
= HIT +TH")=0 (simplify)
— HJT=-JH" (v>0)
<= 7 is Hamiltonian.

* We now show that C(H)V = VC(A):

CH)V = (H D) (H+DV (eq. (2.20))

= (H—~I)"HHV +4V) (expand)

(H—~I)" (VA +4V) (HV = VA)

= (H—~I)"*V(A +~I) (extract V)

= (H—~yD)"'V(A =~1)C(A) (eq. (2:20))

=(H —~I)"H (VA —~V)C(A) (expand)

= (H—~D)"H(HV —qV)C(A) (VA =HV)

=(H )" ' (H—~y)VC(A) (extract V)
=VC(A)

O

In the previous discussion, we reviewed the definitions of Hamiltonian and symplectic matrices, as well as
the concept of the Mobius transformation. This transformation establishes a connection between Hamiltonian and
symplectic structures. It maps eigenvalues from the left half of the complex plane into the unit disk while preserv-
ing the associated eigenvectors. Since not all matrices are invertible, we now extend the Mobius transformation to
matrix pairs. To do so, we first introduce the concept of a matrix pair along with its generalized eigenvalues and
eigenvectors. The following definition formalizes this idea.
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Definition 2.3. Given A, B € C"*", we find \ € C such that there exists a nonzero vector © € C" satisfying
Ax = A\Bzx.

The vector x is called a generalized eigenvector of the matrix pair (A, B) corresponding to the generalized eigen-
value \.

In the following two definitions, we introduce the pair form and the notions of matrix pairs, Hamiltonian pairs,
and symplectic pairs. Since a matrix does not always have an inverse, performing the Mobius transformation on
square matrices can be challenging. To deal with this difficulty, we utilize the pair representation. Additionally,
we examine the relationship between Hamiltonian pairs and symplectic pairs.

Definition 2.4 ([9]). Let v € R with v > 0. The Mobius transformation of a matrix X is defined as
M, L)=C(X) = (X+~I,X —~I), (2.23)
provided that X — ~I is nonsingular. Equivalently, we can express this transformation as
CX) & (X =D (X +9D),1).
Definition 2.5 ([9]). A matrix pair is defined as follows:
* A matrix pair (M, L}) is called a Hamiltonian pair if it satisfies

MRT LY ==L, T M. (2.24)

* A matrix pair (M, L) is called a Symplectic pair if it satisfies

M IMEI =, grH. (2.25)

Based on the definitions, we aim to understand the relationship between Hamiltonian matrices and Hamil-
tonian pairs, as well as between symplectic matrices and symplectic pairs. In particular, we want to see how
these structures are connected. Moreover, we note that the eigenvalues of the matrix pair exhibit characteristic
symmetries. Therefore, we include the following remark to clarify how the matrix form and the pair form are
related.

Remark ([9]). The following statements obtained by the definition of the pair.
o If (M, L) is a Hamiltonian pair and Ly, is invertible, then E,:lj\/lh is Hamiltonian.
o If \ is an eigenvalue of (M, Ly,), then so is —\.

o If (Ms, L) is a symplectic pair and L is invertible, then L1 M is symplectic.
1
o If X is an eigenvalue of (M, L), then so is X

Proof. The proof of the above statement is given below.

* Since (My, L},) is a Hamiltonian pair, it satisfies the identity given in equation (2.24). Assuming Ly, is
invertible, we can multiply both sides on the left by £,:1 and on the right by E;H to obtain

LML = —gME L =~ (L7 M)

Therefore, the matrix E,:lj\/l n satisfies the equation (2.16), and thus is Hamiltonian.

* By equation (2.24), the pair (M, L},) satisfies the Hamiltonian condition. Suppose that ) is a generalized
eigenvalue of the pair (My,, £,), with corresponding left eigenvector v, i.e.,

oMy = ALy,
Taking the Hermitian transpose of both sides yields
M = \cHof

9



Multiplying both sides on the left by £, 7 and applying the Hamiltonian relation gives
Ly IMEHE = XLy T Lo
= — MpJ LI = \g, gLl (eq. (2.24))
=My T L = XL TLivH.

Letting u = JLZvH, we then obtain Mpu = —A\Lju, which shows that —\ is also a generalized eigen-
value of the pair (M, Lp,).

* Since (Mg, L) is a symplectic pair, it satisfies the identity given in equation (2.25). Assuming that L is
invertible, we can multiply both sides on the left by £ ! and on the right by £, to obtain

(LT M)T (LT M) = LTIMIMILTT = 7.
Therefore, the matrix £ 1 M satisfies the symplectic condition (2.17), and is thus symplectic.

By equation (2.25), the pair (Mg, L) satisfies the symplectic condition. Suppose that \ is a generalized
eigenvalue of the pair (M, L), with corresponding left eigenvector v, i.e.,

oMy = MLy
Taking the Hermitian transpose of both sides yields
MEH = \cHyH
Multiplying both sides on the left by M7 and applying the symplectic relation gives
M IMEE = XM T LEH
=L TLHH = XM T L (eq. (2.25))
;»%ﬁsjcfuff = M, TJLEH.

1 1
Lettingu = J Ef vH | we then obtain M,u = jﬁsu, which shows that X is also a generalized eigenvalue
of the pair (M, Ly).
O

In the previous discussion, we showed that the Mobius transformation maps a Hamiltonian matrix to a sym-
plectic matrix while preserving the associated eigenvectors. We now present a theorem that generalizes this result
from the matrix case to symplectic matrix pairs, demonstrating that the transformation retains similar structural
behavior in the pair setting.

Theorem 2.6 ([9]). The following statements hold:
* The matrix H is Hamiltonian if and only if the pair (M, L) = C(H) is symplectic.
o Suppose that HV = VA, where V € R2"™ gnd A € R™*™. Then,
MV =LV C(A),
where C(A) denotes the Mébius transformation of the matrix A, defined by the equation (2.20).

Proof. We first establish the equivalence between the Hamiltonian property of # and the symplecticity of the

matrix pair (M, £) = C(#). Using equation (2.23), we consider the transformation
M=H+~I, L=H—~I,
and verify whether ~ ~ B ~
(H+DITH+ D) = (H DT (H D).
Subtracting the right-hand side from the left, we compute:
(H+~yDITHA+AAD" = (H - D) T(H—~D)?
=(HT +7T)H + 1) = (HT =1 T)(HT =)
=2y(HT + THHY).

10



Since # is Hamiltonian, it satisfies the identity given in equation (2.16), so the difference vanishes and the identity

holds. Hence, we conclude that C(#) is symplectic. The converse direction follows by reversing the implication.
For the second statement, assume HV = V' A. Then,

MV = (H+~V =VA++V = V(A +~I),
LV = (H—~+D)V=VA -~V =V(A—~I).

Hence,
MV =LV (A - 7[)_1(A +~I) = LV C(A),

where C(A) is given by the equation (2.20), which completes the proof. O

We now introduce the standard symplectic forms. In the following discussion, we frequently transform a
matrix into one of these standard forms. There are two types of standard symplectic forms; although we primarily
use the first one in this work, we present both for completeness.

Definition 2.6 ([8]). A symplectic matrix pair (M, L) is said to be in one of the following standard symplectic
forms:

o First standard symplectic form (SSF-1):

A 0 I G
el ) emlo )

where A,G, H € C"*", and both G and H are Hermitian matrices.

 Second standard symplectic form (SSF-2):

A 0 —-P 1
iefg 2] e )

where A, P, € C"*", and both P and ) are Hermitian matrices.

By the definition of the standard symplectic form, we can formulate a theorem stating that certain matrix pairs
preserve the symplectic structure. This structural preservation is essential for ensuring the stability of the system.
Moreover, the converse of the theorem corresponds precisely to the definition of the standard symplectic form. In
the following discussion, we will also use this converse to verify whether a given matrix pair is in the standard
symplectic form.

Theorem 2.7. The following statements hold:

el g el g

* Suppose
“H I 0 B
where A, B,G,H € C"*". If (M, L) is a symplectic pair, then
B=A" G=GH, H=H"

* Suppose
A 0 —-P 1
m-lo 5] =[5 ]
where A, B, P,Q € C™*". If (M, L) is a symplectic pair, then

B=A" Q=Q", pP=pP"

Proof. We prove the statements by direct computation.
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* Suppose that (M, £) is a symplectic pair. By definition, we have the equation (2.25). Compute each side

separately:
- H
g | A 0|0 Il|A O
MIMT = \-H I||-1 0]|-H I
4 o][o 1I][A® -HH
|-H I |-1 0|0 1
[ o A
- _7AH HH _HI|’
and
- H
g _|I G||0 I||I G
LTLT = 0 B||-I 0]|0 B
[ Gl[o I|[1I 0
|0 B||-T O GH pBH
_[-G+GH BH
| -B 0 |-

Equating both sides, we obtain the identities:
-G+GHl =0, A=B", HH —H=q,

which imply that
B=A" G=GH, H=HY

* Suppose that (M, £) is a symplectic pair. By definition, we have the equation (2.25). Compute each side

separately:
g [A 0]Jo 1[4 o]"
mam=lo G5 oo Y
_[A o]0 I][AH QF
Q@ —~I)|-I oj[0 —I
~To —A
- _AH QH _Q ’
and
w_ [-p 1[0 1[-Pp 1"
e A I E
_[-pP I]]O I|[-PH BH
B 0] |-T 0 1 0
[P —-p -—BH
| B 0

Equating both sides, we obtain the identities:
pr—p=0, A=B" Q"-Q=0,

which imply that
B=A" p=pPH Q=0".
[

Before presenting the next theorem, we introduce the concept of left equivalence. This definition is crucial, as
it is frequently used throughout this thesis to transform a given matrix into a desired form.

Definition 2.7 (Left Equivalence). Let T be a nonsingular matrix, and let (M, L) be a matrix pair. The matrix
pair (T M, TL), obtained by left-multiplying both matrices by T, is said to be left-equivalent fo (M, L).
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The following theorem is the most important result in this subsection. It describes the process of transform-
ing a Hamiltonian matrix into a symplectic pair via the Mobius transformation. We then further transform the
resulting symplectic pair into the standard symplectic form. This proof is particularly significant, as it verifies key
conditions needed to preserve structural stability. Moreover, the same procedure frequently appears in subsequent
transformations to the standard symplectic form.

Theorem 2.8 ([3]). Let the Hamiltonian matrix be
~ A G
"= [H —AH} !
where A,G, H € C"*", with G = GH, H = HY. Define the Mébius transformation for matrix pair by

_[A+Ar G _[A—~1 G
M{ H —AH+7I]’ 'C[ H —AH—WI}’

for some scalar -y € R with v > 0. Then, the pair (M, L) is left-equivalent to the first standard symplectic form:

A0 I &
e [4, 0 et 8] 22

where the matrices A',G', H' € C"*™ gre given by

A ::I+27W;H,
G = —2yW GAT, (2.27)
H' :==2yA7HHW

with Ay := A — I, and W, := Al + HAJ'G. These matrices satisfy the structural conditions G' = G'*,
H' = H'" and the (1,1)-block of M' equals the Hermitian transpose of the (2, 2)-block of L', i.e.,

(A/)H il A/H.

Proof. Let Ay, = A—~I, W, = Aff—i—HA;lG

[ A+~I G A—~yI G
| H A4l H AP 4]
_ [ A, +2¢1 G | A, G
| H AP H AT 2yl
T [ A, +291 G A, G
| —AJPH 1| -AJFH T429A0H
@ [ A, +27[j—HGA;HH 0]A, +CZ1[;HH —27GA{;II }
i —AZHH I| —AHH 4244
[ WHEs21 0 WH —2yGATH
T CAJHH 1| -AJPH T4+ 29A07
@ [ T+2yW 70 I —2yW HGAZH
T —AHE T -ASHH T4 24AH
o [ T+2WoH 0T W HGALH
—
| 2VASHHW S T 0 T+29A7H —29yAZHHW HGAZH

where the transformation matrices are given by

I o I -G WoH 0 I 0
W _ 2 _ @ _ [Wy @ _
e R e A N P

By applying the Mobius transformation and reducing to the standard symplectic form, we obtain a result that,
when compared with equation (2.26), yields equation (2.27).
We now show that H' := —2y A" HW_~* is Hermitian. Observe that
Hr-14H\" ! _ 4—H ~H _ -l 4-1
(W'y H Av) =ATHW, 7 =W, HAZ,
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which holds if and only if
WHH AN = A H'W,,.

We now verify this identity. Since W, = Af + HAS L@, we compute:
WHIH'AN = (A, + GAJPH)H ' A = A H ' AN + G,
A HT'W, = A\ H (Al + HAZ'G) = A H ' A + G.
In both cases, we obtain the same result A, H _1A§I + G. Hence, we conclude that
-H —H _ (4—H —m\H
ASTHW S = (Av HWS ) J

which implies that H' is Hermitian.
Next, we show that G’ := —29W H GAZ H js Hermitian. To prove this, we aim to show that

—HAp—-H _ —HAag-H\H _ 41 -1
W, GAS™ = (W7 GA, ) =A, GW, .
This equality can be derived by taking the matrix inverse on both sides, which leads to the condition
HA—117H -
AllG='Wi =W, G A,
We now verify this identity. Using the definition W, = A,IY{ +HAZ L@, we expand both sides:
Hr—1yH _ AHA-1 ~Hip) _ AHA1
ATGT W = AJG (AW+GAW H) =AJG A, + H,
W,G A, = (Al + HAJ'G) G™'A, = AIGT'A, + H.
We find that both sides simplify to A,IY{ G~'A, + H. Thus, the identity holds, and we conclude that
—HAp—-H _ —Hn p-H\H
W, GAS™ = (WV GA, ) ,

which proves that G’ is Hermitian.
Finally, we verify the Hermitian relation between the (1, 1)-block of M’ and the (2, 2)-block of £’, that is,

(A/)H _ A/H.
Here, the matrix A’ € C"*" is defined by
/. —H
Al =T+ 29W T,

which arises as the upper-left block of M after transformation. On the other hand, the (2, 2)-block of £’ is given
explicitly as
1H _ —H —H —HA—-H
AT =T+ 279A0" = 29ATHW P GALY.

‘We now show that these two expressions are indeed Hermitian conjugates, we compute the Hermitian transpose
of A’
ANV = (T +2yW T =T+ 29w

Hence, it suffices to prove that
I+ 29Wit =1+ 29A7" —2yATTHW P GASH,

which is equivalent to
—1 _ 4—H —H —Hpyg—H
W, =A" —APHW "GAY.

We verify this identity by left-multiplying both sides by W, :
—H -H —Hpg—H
I =W, (A7 — Av HW,Y GA,Y )

_(AH -1 —H -H —Hvg—H

_(A7 + HAV G)(AW - A7 HW7 GA7 )

_ -1 —H —Hp v g—H —1vg—H —Hpg—H

7I+HA7 GA,Y fHV[AY GAV fHAW GA,Y HV[AY GAV .
Thus, to conclude the identity, it suffices to show that

- -H —Hp 4—H —1vp—H —Hp 4—H
HAJ'GASH = HW;HGASH v HAT GA W oA,
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To verify this, we use the identity
-1 _ y—H -1 —H _H
Av = Wv +A7 GA,Y HW7 ,
which can be rewritten as

-1 —1 —-H —-H
AV = (I + A\ GAS T EYW
- - —-H —H
= (AJ'A, + AT\ GA T HYW;
= AN A+ GATHYW T

Since W, = Af{{ + HAZ'G, we have Wf =A, + GA;HH, and thus
—1 _ sg—1y Hy—H
ATl = ATYWHWC

Therefore, the identity holds. This confirms the Hermitian relation between the (1, 1)-block of M’ and the (2, 2)-
block of £’, that is,
( A/)H — A/H

O

This transformation ensures that the resulting pair (M’, £’) retains the symplectic structure, with blockwise
Hermitian properties:
G = G/H, H = HIH’ (A/)H —_ AIH.

Such structure preservation is crucial for maintaining numerical stability in the following computations, especially
in structure-preserving algorithms such as the doubling algorithm or other symplectic iterations. By working
within this structured form, we avoid numerical artifacts that could arise from symmetry loss, and ensure better
convergence behavior in iteration methods.

2.3 SDA: Numerical Methods for Solving DAREs Efficiently

In this subsection, we aim to explore how the structure-preserving doubling algorithm can be derived and
applied efficiently. The key idea is based on the spectral property that if an eigenvalue lies strictly within the unit
circle, repeated multiplication will drive it toward zero. This decay property plays an important role in analyzing
the stability and structure of the system. To achieve this, we begin by considering the square of a matrix pair.
Through this construction, we ensure that eigenvalues within the unit circle decay to zero under iteration. By
further analyzing the resulting matrix form, we derive the structure-preserving doubling algorithm, which enables
efficient computation while preserving the system’s symplectic structure.

First, we introduce the definition of the square of a matrix pair. This concept allows eigenvalues whose absolute
values are less than one to converge quickly to zero, which is important for efficient computation.

Definition 2.8. We define a matrix pair (/T/l\ , EA) to be a square of (M, L) if, whenever an eigenpair (Y, \) satisfies
MY = LY AN (equivalenily, MY A = LY ),

then it follows that
MY = LYA? (equivalently, MY A?> = LY).

We begin with a matrix pair that is already a square of another pair. Before transforming it into the first
standard symplectic form, we note that left multiplication by a nonsingular matrix preserves the square structure.
This is stated in the following remark.

o~ o~

Remark. Let L be a nonsingular matrix. If the pair (M, L) is a square of (M, L), then the transformed pair
(LM, LL) is also a square of (M, L).

In the next theorem, we introduce the concept of the square of a matrix pair. This theorem requires that both
M and L are nonsingular. However, we know that not all matrices have this property. Therefore, after presenting
the theorem, we will discuss how to construct appropriate matrices M, and L, to overcome this limitation.
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Theorem 2.9 ([8]). The matrix pair (M\ , E), given by
M=MM, L=L.L, (2.28)

constitutes a square of the pair (M, L) via the matrices M. and L., provided that M and L are both nonsingular,
and
M, =CL™t, Ly :=CM™1, (2.29)

for some invertible matrix C.

Proof. Suppose that (M, £) is a matrix pair, and that both M and £ are nonsingular. Let (Y, A) be a general-
ized eigenpair of (M, L£). Starting from the defining equation, we obtain the following sequence of equivalent
expressions:

MY =LYA= (LTPM)Y =YA
= (L7'M)?Y = Y A?
= (LTIM)Y = (MTIL)Y A%

Now define - R
M:=C(L*M), L:=CM L),
which can be rewritten as

M=MM, L=L.L,

where M, := CL~ ! and L, := CM~!, with C being any invertible matrix. Substituting the identity above, we
obtain

MY = C(L7IM)Y = C(M™LL)YA? = LY A2,
Therefore, by definition, the matrix pair (M\ ,L) is a square of (M, L). O

Now, we consider the case where either M or L is singular. In general, either matrix in the pair may be
singular, so we need to find an alternative approach to handle this case. From equation (2.29), we observe the
following identity:

ML=LM = ML-LM=0 — [M, L] {_ﬁ/& =0.

L
Ml
Therefore, when either M or L is singular, we may still determine appropriate matrices M. and L. by solving
the associated homogeneous linear system.

In the next theorem, we encounter a situation in which the computation can be significantly simplified by
applying a well-known identity. To facilitate this, we introduce the Sherman—-Morrison—Woodbury formula—a
classical result in linear algebra that provides an efficient way to compute the inverse of a matrix subject to a
low-rank update. This identity, derived from basic linear algebra techniques, will play a crucial role in improving
the efficiency of later computations.

Theorem 2.10 (Sherman—Morrison—Woodbury Identity: Special Case). Let U,V € C"*", and let [ € C"*"
denote the identity matrix. Assume that I + V'U is invertible. Then the following identity holds:

(I+UV) ' =1-U(I+VU)"'W. (2.30)

This means that the block row vector [M* £*] lies in the left null space of the block column matrix

Proof. We verify the identity by direct computation:
(I+UVYI-UI+VU)V)

=I-U{I+VU)"'V+UV-UVU(I+VU)"'V
=[-U(I+VU)'V+UI-VUI+VU)"HV
=I-UI+VU)"'V+UT+VO)I+VU)' —VUI+VU) YV
=I-UI+VU)"'V+U(I+VU)"'V

=I.

Therefore, (I + UV )(I — U (I + VU)~'V) = I, which shows that
(I+UV)t=1-U(I+VU)"'V.
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We now state the following theorem and again assume that both M and £ are nonsingular. We apply a left
multiplication by the matrix
LM — ML,
so that the resulting matrix pair is transformed into the first standard symplectic form. Then, by using equa-
tion (2.28), we obtain a square of the original matrix pair. Finally, we verify whether this square form preserves
the symplectic structure.

— o~

Theorem 2.11 ([8]). Based on equation (2.26), the matrix pair (M, L) is given by:
G

-~

AH

A 0
—H T

~

M= , L=

)

o

where the matrices 121\, @, H € C™ ™ gre given by
A=A(I +GH) A,
G =G+ AG(I + HG) 'AH, (2.31)
H=H+A"(I+ HG)'HA.

Moreover, both H and G are Hermitian matrices, and the upper-left block of M is the Hermitian transpose of the
lower-right block of L, i.e.,
(M)11 = A, (L)y = A",

Proof. We begin with the matrix pair given in equation (2.26), and factor each matrix as follows:
A o[ I o0 4 [T o]fA™t o] _[At 0
M‘{o IH—H I} - M _[H IHO I]_LLJA—1 1)

I | P |

We now compute the block matrix [£~|M~!] and apply a sequence of elementary transformations.

[I -GA 2| A7 0
—1Af-1] —
[L: |M ]__0 A H HA-! I]
G [ 1 —GA™H ATt 0
| 0 I AFHA-Y AH
T [ 0| (I+GH)A™' G
|0 I | AHpA™Y  AH
ﬂ AT +GH)™' 0 1 A(I+GH)™'G
| 0 I|APHA! A
ﬂ [ AUl +GH)! 0117 A(I+GH)'G
i ~APH(I+GH)™Y 1|0 AH(I-H(I+GH)™'G)
~ ML)
where the transformation matrices are given by
I 0 I GA™H AI+GH)™t 0 I 0
1 — (2 — 3 = ) —
r _{0 AH]’T _{0 1}’T _{ 0 1 T = carmar |

‘We then proceed to compute M and L.

- [ AU+GHT 0[A 0
M=MM=1 w1y gy I} {—H I}
[ AU+GH)'A 0
= |CATH(I+GH) A—H T
e |1 AUrcH)G I G
=LL=10 AnI-mI+GH)G) | |0 At

I G+A(I+GH)'GAH
0 AP(I-H(I+GH)'G)AH

I G+A(I+GH)'GAH

0 AY(I+HG) A
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The last equality follows from the identity
(I-H(I+GH)™'G)=(I+HG)™,

which can be derived using the matrix inversion lemma or verified directly. This identity is applied to simplify
the structure-preserving transformation given in equation (2.30) of Theorem 2.10. From the final expressions, we
identify the result stated in equation (2.31).

Now, we aim to prove that the matrices A(I + GH)™*A and A¥ (I + HG)~ ' AH are Hermitian, and that the
matrices —AZYH(I + GH)"*A — H and G + A(I + GH) 'G A are also Hermitian.

We begin by showing that (A(I + GH )_1A)H = AH(I + HG)~'AH | Taking the Hermitian transpose, we
obtain
(AU +GH)T A)" = A (1 + GH) ™A = AT(1 4+ HG) ' A"

The second equality holds because (I +GH)? = I+ HYGH = I + HG, assuming that G = G and H = H.
Next, we aim to prove that the matrix — A" H(I+GH)~! A— H is Hermitian. Taking the Hermitian transpose,
we compute:

(—A"H(I + GH) ' A~ H)" = —A"(I + GH) ™ H" A - H" = ~A"(I + HG)"'HA — H.

This follows from the assumptions G = G and H = H*, which imply (I + GH)? = I + HG, and thus
(I + GH)™™ = (I + HG)~!. Since the Hermitian transpose of the matrix equals itself, the matrix is Hermitian.
To justify the identity H(I + GH)~! = (I + HG)~'H, we verify that:
HI+GH)'=(I+HG) 'H << (I+HG)H = H(I +GH)
& ([I+HG)H=H+ HGH=H(I+GH),
which confirms the desired equality.

Finally, we aim to prove that the matrix G+ A(I+GH )G A is Hermitian. Taking the Hermitian transpose,

we compute:
(G+ AT +GH)'GA™)" = G" + AG™ (I + GH) " A" = G + AG(I + HG) A",

This follows from the assumptions G = G and H = HH, which imply (I + GH)? = I + HG, and thus
(I+GH) ™ = (I + HG) ™. Therefore, the Hermitian transpose of the matrix equals itself, which confirms that
the matrix is Hermitian. To further justify the equality, we verify the identity (I + GH)~'G = G(I + HG)™! as
follows:
(I+GH)'G=GUI+HG)™ <G+ HG)=(I+GH)G
< G+GHG =G+ GHG,

which confirms the desired equality. This completes the proof of the theorem. O

By the recurrence relations in equation (2.31), the structure-preserving doubling algorithm (SDA) updates the

matrices as follows: .
Apr1 = Ar(I + G Hy) ™ Ay,

Gry1 = Gy + ApGrL(I + HyGy) P AH
Hyp1=Hp + Ag(I-F Hka)_lﬂkAk.

In the final part of this section, we illustrate how the structure-preserving doubling algorithm can be efficiently
used to compute the stabilizing solution of the discrete algebraic Riccati equation (DARE). The following theorem
provides a theoretical justification.

Theorem 2.12. Let X* be the stabilizing solution of the discrete-time algebraic Riccati equation. Then,

H-I-z[I]A,

_X*_ X*
Mo | ] = 2o [ v

where H is the Hamiltonian matrix and (M, Ly,) are the transformed matrix pairs at the k-th iteration.
Suppose the sequences { Ay}, {Hy}, and {G}} generated by the algorithm are convergent. Then:
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e A — 0ask — oo;
e H, > X*as k — .

Proof. Suppose A, — A*, H, — H*, and G, — G* as k — oo. Consider the identity

4 A0 e

Taking the limit on both sides as k¥ — oo, and using the assumption that (A’ )2’c — 0, we obtain:

-l [ oo

e ]

A" IT+0-X*=0,
—H* - I+1-X*=0,

Hence,

Expanding this equation gives:

which implies:

A* =0,
H* =X
Therefore, we conclude that Ay, — 0 and Hy — X*, completing the proof. O

This result demonstrates that the Structure-Preserving Doubling Algorithm (SDA) achieves quadratic conver-
gence toward the stabilizing solution X *, while preserving the underlying structure of the problem. Under mild
assumptions, the method guarantees both efficiency and numerical stability.

In this section, we have introduced the complete structure of the Structure-Preserving Doubling Algorithm
(SDA). Starting from the Linear Quadratic Regulator (LQR) problem, we derived the Algebraic Riccati Equation
(ARE), which can be rewritten in matrix form to obtain the associated Hamiltonian matrix. Applying a Mdbius
transformation, the Hamiltonian matrix is converted into a symplectic matrix pair, which is then further reduced
to the first standard symplectic form (SSF-1). By iteratively squaring the matrix pair in this form, the algorithm
generates a sequence of matrix pairs, and it can be shown that the resulting solution corresponds to the stabilizing
solution of the original ARE. This entire procedure constitutes the core of the doubling process.

In the following chapters, we shift our attention to a special class of matrices—irreducible and aperiodic
stochastic matrices—whose dominant eigenvalue lies on the unit circle. These matrices serve as an important test
case for evaluating the behavior of the doubling algorithm. We will investigate how the doubling process behaves
when applied to such matrices and observe how convergence manifests in this context.

To further support the analysis, we introduce the power method as a conceptual benchmark. It is not only
used for numerical comparison with the doubling algorithm (DA), but its iterative structure also provides valuable
insights into the convergence behavior of DA. In particular, the conceptual parallels between the power method
and DA help motivate certain interpretations and guide the theoretical understanding developed later in this thesis.

In the subsequent sections, we will first review the spectral properties of irreducible and aperiodic stochastic
matrices, followed by an introduction to the concept of the power method as a foundational iterative approach. We
then present a detailed examination of how these matrices behave under the doubling process. This framework
ultimately allows us to extend the doubling algorithm to general matrices.
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3 Stochastic matrices and Pageranks

In this section, we examine some properties of stochastic matrices. If a stochastic matrix is irreducible and
aperiodic, then its eigenspace corresponding to the eigenvalue 1 is one-dimensional, and all other eigenvalues
have absolute values strictly less than 1. In fact, there is exactly one eigenvalue on the unit circle, while all other
eigenvalues lie strictly inside the unit circle. This property is very similar to how the Mobius transformation turns
a Hamiltonian matrix into a symplectic matrix with all eigenvalues inside the unit disk. Inspired by this, we apply
a similar idea using the Doubling Algorithm (DA) to explore its effectiveness for stochastic matrices.

Since the Doubling Algorithm (DA) aims to compute the dominant eigenspace, its convergence behavior—
especially with respect to the dominant eigenvector—is of particular interest. To better understand and validate its
effectiveness, we compare it with the classical power method, which also targets the dominant eigenvector through
a simple iterative scheme.

Given that all eigenvalues of an irreducible and aperiodic stochastic matrix, except for the leading eigenvalue
1, lie strictly inside the unit circle, repeated matrix multiplication in the power method leads to convergence
toward the corresponding eigenspace. This spectral property aligns closely with the convergence mechanism of
the doubling algorithm.

Therefore, we conduct numerical experiments on irreducible and aperiodic stochastic matrices, applying both
methods under the same settings. By observing the number of iterations required for convergence and the accuracy
of the resulting eigenvectors, we are able to assess the comparative performance of the two methods. This provides
not only empirical evidence for the reliability of the doubling algorithm but also insights into its behavior in
relation to more traditional approaches.

To make the discussion more rigorous, we proceed by formally defining the notion of convergence for a matrix
sequence.

Definition 3.1 ([4, Sec. 5.3 Definition p. 284]). Suppose L, A1, As, ... are n X p matrices with complex entries.
We say that the sequence A1, Ao, . .. converges to the matrix L, referred to as the limit of the sequence, if

m— o0

holds for every 1 < i <nand1 < j < p. In this case, we denote the convergence by

lim A,, = L.
m— o0

Now, we introduce two lemmas related to the Jordan canonical form. Since not every matrix is diagonalizable,
it is important to consider more general cases. In particular, when the algebraic multiplicity of an eigenvalue does
not equal its geometric multiplicity, the matrix cannot be diagonalized but instead admits a Jordan canonical form.
Therefore, we need to extend our discussion to include Jordan forms so that our results apply to all matrices.

The following two lemmas present key properties related to Jordan canonical forms and Jordan blocks. The
first lemma provides fundamental results about the Jordan canonical form and the diagonalizability of matrices. It
shows that the difference between the Jordan form and its diagonal part is nilpotent, that the difference commutes
with the diagonal part, and that the powers of the Jordan canonical form can be expanded by applying the binomial
theorem. The second lemma focuses specifically on Jordan blocks. It first establishes that the difference between
a Jordan block and a scalar multiple of the identity matrix is nilpotent. Furthermore, it describes the explicit
structure of the powers of a Jordan block. Moreover, it characterizes precisely when the sequence of powers of a
Jordan block converges. These lemmas provide essential technical tools that will be employed in the subsequent
theoretical developments and analyses.

Lemma 3.1 ([4, Sec. 7.2 Exercise 18. P. 513-514]). Let T be a linear operator on a finite-dimensional vector
space V', and let J be the Jordan canonical form of T. Let D be the diagonal matrix whose diagonal entries are
the diagonal entries of J, and let M = J — D. We have the following results.
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(a) M is nilpotent.
(b) MD=DM.
(c) If p is the smallest positive integer for which MP = O, then, for any positive integer r < p,

-1
JT=D" +rD" M + %D’"*QMQ DM 4 M7, 3.1)
and, for any positive integer v > p,

J=prtrp—n s " ey
51
r 3.2)

Tt Do)

DrPE P

Proof.  (a) Denote Dj, as the diagonal consisting of all (4, j)-entries such that j — ¢ = k. In particular, Dy is
the main diagonal. Suppose that M is an upper triangular matrix with all zeros on Dy, then for any positive
integer p, the entries of M? in Dy, are all zero for 0 < k& < p. This implies that for sufficiently large p, all
entries of MP become zero, so M is nilpotent.

(b) Since D is the diagonal matrix whose diagonal entries are the same as those of .J, we can write D = dI for
some scalar d. Then we have

MD = M(dl)=dM = (dI)M = DM.
Thus, M and D commute, which completes the proof.

(c) Since M and D commute, we expand J" using the binomial theorem:

T

J=(M+D)y =Y <;) M* DT,

k=0

If r < p, then equation (3.1) follows directly. If » > p, observing that M* = O for all k > p, the summation

reduces appropriately, leading to equation (3.2) and completing the proof.
O

Lemma 3.2 ([4, Sec. 7.2 Exercise 19. P. 514]). Let

A 10 0
0 A 1 0
0 0 A 0
J =

000 - 1
00 0 - A

be the m x m Jordan block associated with the eigenvalue \. Define N = J — \l,,,. Then, we have the following
results.

(a) N™ =0, andforl <r <m,

NZT _ 1, ifg=i+r,
J 0, otherwise.

(b) For any integer r > m,

r r—1 T(T B 1) r—2 .. 7q( ) o ( r—m-1
Xt B2 - A
0 A" rAT—1L . T(T— 1)~-~(r—m+3))\rim+2
Jr= (m —2)! (3.3)
0 0 AT 0
0 0 0 AT ]
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(c) li_>m J7 exists if and only if one of the following holds:

(i) [N <1
(ii) A=1and m = 1.
Proof. (a) Since N = J—AI,,, multiplying N on the right shifts all columns one position to the right. Formally,
for any power r, the entries of V" satisfy the above condition. This follows from the structure of N, where

each multiplication shifts nonzero entries to the right until they reach the last column or disappear. Thus,
we complete this proof.

(b) Since N = J — Al,,,, we have J = N + Al,,. By applying Lemma 3.1 (c) with M = N and D = A\[,,,
and in view of the preceding discussion, we arrive at equation (3.3).

(c) If |A\] < 1, then the limit is the zero matrix. If A = 1 and m = 1, then the limit is the identity matrix of
dimension 1. Conversely, if |A| > 1 but A # 1, then the diagonal entries do not converge. If A = 1 but

m > 1, the (1, 2)-entry will diverge.
O

In the following theorem, we apply the result of Lemma 3.2(c) to easily derive the desired conclusion. This
theorem defines the unit disk and establishes two important properties: first, that eigenvalues lying within the unit
disk will converge to zero, and second, that the eigenvalue 1 has algebraic multiplicity one. These properties are
concerned with whether the powers of the matrix converge as the exponent tends to infinity. Therefore, we need
to verify whether the two required conditions are satisfied.

Theorem 3.3 ([4, Sec. 5.3 Theorem 5.13. P. 285]). Let A be a square matrix with complex entries. Then lim A™
m— o0
exists if and only if both of the following conditions hold.

(a) Every eigenvalue of A is contained in S, where
S={AeC:|A<lorX=1}
(b) If 1 is an eigenvalue of A, then the dimension of the eigenspace corresponding to 1 equals the multiplicity
of 1 as an eigenvalue of A.

Proof. To study the convergence of a matrix power sequence, we begin by relating a matrix A € C™*" to its
Jordan canonical form. Specifically, there exists an invertible matrix ) such that

A=QJQ™,
where J is the Jordan form of A. This implies
A™M — QJmel’

so the limit lim A" exists if and only if lim J™ exists.
m—r 00

m—r 00
Now, since J is a direct sum of Jordan blocks J;, that is,
J= 7

we have

T =

Therefore, lim J" exists if and only if lim J;" exists for every ¢. Hence, by applying Lemma 3.2 (c), the
m—00 m— 00

desired result is established. O

Before proceeding, we introduce the notions of row sum and column sum, which will be used repeatedly in the
following statements. For clarity and completeness, we state these definitions explicitly here.
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Definition 3.2 ([4, Sec. 5.3 Definitions. P. 295]). Let A € M, (C). For each 1 < i,j < n, define 7;,(A) as the
sum of the absolute values of the entries in the ith row of A, and define v;(A) as the sum of the absolute values of
the entries in the jth column of A. That is,

7i(A) = Z |A;;| fori=1,2,...,n,
j=1

and
n

vi(A) = Z|Aij| forj=1,2,...,n.

i=1
The row sum of A, denoted by T(A), and the column sum of A, denoted by v(A), are defined respectively as
T(A) = max{7;(4):1<i<n} and v(A)=max{y;(4):1<j<n}

The following lemma presents a fundamental property in linear algebra, describing the relationship between a
matrix and its transpose. This result will play an important role in the proof of the subsequent corollary.

Lemma 3.4 ([4, Sec. 5.1 Exercise 14 p. 2591). For any square matrix A, the transpose A" has the same charac-
teristic polynomial as A. Consequently, A and A" have identical eigenvalues.

Proof. Ttis known that det(A) = det(AT) for any square matrix A. Consider the characteristic polynomial of A,
given by det(A — AI). Taking the transpose on both sides, we obtain

(A=XD)T=AT - AT =AT - )L
Since the determinant of a matrix remains unchanged under transposition, we have
det(A — XI) =det((A - XI)T) =det(A" — ).
which shows that A and A" have the same characteristic polynomial. O

In the following, we introduce the concept of the Gerschgorin disk and the associated theorem. The Ger-
schgorin disk can be regarded as an analogue of the unit disk; however, it is defined by using the row sums of a
matrix minus its corresponding diagonal entries. The associated theorem, known as the Gerschgorin disk theorem,
asserts that all eigenvalues of a matrix lie within the union of its Gerschgorin disks.

Definition 3.3 ([4, Sec. 5.3 p. 296]). (Gerschgorin Disk) Given an n X n matrix A, the ith Gerschgorin disk C;
is defined as the set of complex numbers z satisfying

‘Z — A“‘ <7,

where the center of the disk is A;;, and the radius is given by r; = 7;(A) — |Ai;|, with 7;,(A) denoting the sum of

the absolute values of the entries in the ith row of A. Thus,
CZ‘:{ZE(CZ |Z—A”| <7“Z‘}.

Theorem 3.5 ([4, Sec. 5.3 Theorem 5.16. P. 296-297]). (Gerschgorin’s Disk Theorem) Let A € M,,«,(C). Then
every eigenvalue of A lies within at least one of the Gerschgorin disks associated with A.

Proof. Let \ be an eigenvalue of A € R™*™, and let v = [vy,v2,...,v,] " be a corresponding eigenvector such
that Av = Av. Since v # 0, at least one entry of v is nonzero. Let & € {1,2,...,n} be an index such that
|vg| = max |v|.
1<i<n

Then v, # 0, and by examining the k-th entry of the equation Av = Av, we obtain

n
E Akj’l)j = /\’Uk-.
Jj=1
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This scalar equation will be useful for estimating or bounding the eigenvalue A using the entries of A and the
relative magnitudes of v;. Fori = k,

n
|AkaAkkvk|: E Akjvijkkvk = E Akjvj
j=1

J#k
<Y AR vl <Y 1Akg okl
ik ik
= |okl Y [Akj| = [oxlrs
J#k

Thus

[ok [N — Agk| < [vglre;
so

A= A < 7g

because |vg| > 0. This completes the proof of Theorem 3.5. O

The next three corollaries are all consequences of the Gerschgorin Disk Theorem, with the third being the
most significant. Specifically, they establish that all eigenvalues of a stochastic matrix have absolute value less
than or equal to 1. This fact will play a crucial role in the subsequent analysis.

Corollary 3.1 ([4, Sec. 5.3 Corollary 1. P. 297]). Let X be an eigenvalue of A € M,,«n(C). Then the modulus of
X is bounded above by the row sum of A; that is, |\| < 7(A).

Proof. By Gerschgorin’s disk theorem, |A — Ayg| < 7y for some k. Hence
Al = [(A = Agr) + Apr| < I — Apre| + |Agk]
<rp 4 |Ark| = (A4) < 7(A).
O

Corollary 3.2 ([4, Sec. 5.3 Corollary 2. P.297]). Let A € M« (C), and let X be any eigenvalue of A. Then the
modulus of \ satisfies
A < min{7(A),v(A)}, 3.4)

where 7(A) and v(A) denote the maximum absolute row sum and column sum of A, respectively.

Proof. Since || < 7(A) by Corollary 3.1, if we can show that |A\| < v(A), the proof is complete. By Lemma 3.4,
we know that ) is also an eigenvalue of A”'. Using a similar argument and applying Corollary 3.1, we have

Al <7(AT) = v(A).
Therefore, |A| < v(A). Combining this with the earlier result, we obtain the equation (3.4). O
Corollary 3.3 ([4, Sec. 5.3 Corollary 3. P. 298]). If \ is an eigenvalue of a stochastic matrix, then |A| < 1.

Proof. By Corollary 3.2, we have the equation (3.4). Noting that the column sum v(A) is defined as the maximum
of the column sums of A, and that each column sum of a stochastic matrix is 1, it follows that v(A) = 1. Thus,
we obtain |A| < min{7(A),1}. If 7(A) > 1, then |A| < 1 follows immediately. On the other hand, if 7(A4) < 1,
then |\| < 7(A4) < 1, and in particular |A| < 1 also holds. Therefore, in both cases, we conclude that [A\| < 1. O

In the previous corollary, we established that all eigenvalues of a stochastic matrix have absolute value less
than or equal to 1. The next lemma ensures that 1 is indeed an eigenvalue of a stochastic matrix. In particular, this
implies that the spectral radius of a stochastic matrix is 1.

Lemma 3.6 ([4, Sec. 5.3 Theorem 5.17. P. 298]). Every stochastic matrix has 1 as an eigenvalue.

Proof. Let A be an n X n stochastic matrix, and let u € R"™ be the column vector where each coordinate is 1. By the
properties of stochastic matrices, we have ATw = 1u. This shows that  is an eigenvector of AT corresponding to
the eigenvalue 1. Furthermore, by Lemma 3.4, which states that A and AT share the same eigenvalues, it follows
that 1 is also an eigenvalue of A. Therefore, the proof of Lemma 3.6 is complete. O
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In the following discussion, we introduce several fundamental properties of the inner product. While linear
algebra generally considers vector spaces over arbitrary fields, in this context we specialize to the complex field
C. First, we introduce some basic definitions related to the inner product.

Definition 3.4 ([4, Sec. 6.1 Definition. P. 329-330]). Let V be a vector space over C. An inner product on'V is
a function that assigns, to every ordered pair of vectors x and y in'V, a scalar in F, denoted (x,y), such that for
all z, y, and z in V and all ¢ in C, the following hold:

(a) (x+2y) = (2,9) + (2,9).

(b) (cx,y) = clz,y).

(c) W = (y, x), where the bar denotes complex conjugation.
(d) (x,z) > 0ifx #£0.

Based on the definitions, we can derive some additional properties. Thus, we present the following lemma to
state these results. Although the proofs are elementary, the properties will be useful in the subsequent discussion.
In particular, the proofs frequently utilize the conjugate symmetry of the inner product.

Lemma 3.7 ([4, Sec. 6.1 Theorem 6.1. P. 333]). Let V' be an inner product space. Then for all x,y,z € V and
c € C the following statements are true.

(@) (z,y+2) = (2,y) + (2, 2).

(b) (x,cy) = &(z,y).

(¢) (x,0) = (0,z) =0.

(d) {(x,x) =0ifandonly if x = 0.

(e) If (x,y) = (x,2) forallz € V, then y = z.

Proof. We now prove each statement as follows.

@ (z,y+2) =(y+2,2) =(y,7) + (2,2) = (2,y) + (z,2).

(b) (z,cy) = {cy, x) = cly, ) = &y, x) = &, y).
(¢) {(x,0) =0and (0,z) = 0, since the inner product with the zero vector is always zero.

(d) If z = 0, then by the previous rule, we have (0,0) = 0. If z # 0, then (z, z) # 0 by the properties of the
inner product.

(e) If (x,y) = (x,2) forall x € V, then we have (x,y — z) = 0 for all z € V. By the properties of the inner
product, this implies that (y — z,y — z) = 0. Using the previous rule, it follows that y — z = 0. Hence,
Y=z

O

In the next definition, we introduce the notion of the norm, or length, induced by the inner product, which is a
crucial concept in the theory of inner product spaces.

Definition 3.5 ([4, Sec. 6.1 Definition. P. 333]). Let V' be an inner product space. For x € V, we define the norm

orlength of « by ||z|| = /(z, z).

In the following lemma, we state results related to the norm, or length, induced by the inner product. In
particular, we focus on the proofs of the Cauchy—Schwarz Inequality and the triangle inequality, both of which
will be needed in the subsequent discussion.

Lemma 3.8 ([4, Sec. 6.1 Theorem 6.2. P. 333-334]). Let V' be an inner product space over C. Then for all
x,y € V and c € C the following statements hold.

(@) |[cx| = lef - [|].

(b) ||z|| = 0 ifand only if x = 0. In any case,

z|| > 0.

(c) (Cauchy-Schwarz Inequality) |(z, y)| < ||z| - ||y|.
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(d) (Triangle Inequality) ||z + y|| < ||z|| + ||y]/-
Proof. The proofs of the following results are presented below.
@ |lez|| = {cx,cx)? = (ce(w,x))2 = || - |-

(b) This follows from the definition ||| = (z, z)2 and, by Lemma 3.7 (d), we obtain that ||z| = 0 if and only
ifz=0.

(c) If y = 0, then the result obtain immediate. Assume that y # 0. For any ¢ € C, we have

0< |z —cyl® =(z —cy,x — cy) = (w2 — cy) — c(y,x — cy)
= (v,2) — &z, y) — c(y, ) + ey, y).

In particular, if we let

oo By
(v, y)
the inequality becomes
[(z, y)[? [z, y)[?
0<(z,z) - = |l=ll* - 5
(v ) lyll

Hence, we deduce that |(z,y)|?> < ||z||?||y||?, and therefore we obtain the Cauchy—Schwarz inequality
[z, p)| < izl - llyll.

(d) We have
2+ ylI*> = (z +y,2 +y)
= (z,2) + (¥, %) + (z,9) + (y,9)
= [|lz|1* + 2 Re(z, y) + [ly[I®
< l=lI® + 2z, )| + Nyl
<l + 20zl - Nyl + llyl?
= ([l + llul)*.

Here, Re(x, y) denotes the real part of the complex number (x, y). Taking the square root on both sides, we
obtain the Triangle Inequality:
= +yll < llzfl + [yl

O

In the following lemma, we discuss the conditions under which equality holds in the Cauchy—Schwarz In-
equality. In addition, we observe when equality occurs in the triangle inequality and in its generalized form.

Lemma 3.9 ([4, Sec. 6.1 Exercise 15. P. 337-338]). Let V be an inner product space.

(a) Prove that |{z,y)| = ||| - ||y|| if and only if one of the vectors x or y is a scalar multiple of the other.

(b) Derive a similar result for the equality ||z + y|| = ||z|| + ||y||, and generalize this result to the case of n

vectors.
Proof. The following statements will be proved as follows.

(a) First, we need to prove that if one of the vectors x or y is a multiple of the other, then |(z,y)| = ||z - ||y]|-
If one of x or y is zero, say y = 0 - = O or x = 0 - y = 0, the equality clearly holds. Now, consider the
case where y # 0 and x = cy for some scalar ¢. Then we have

o, )] = ey, 9] = lel - [ly]]?

and

]l iyl = lleyll - Iyl = lel - lyll*.
Thus, the equality holds, and we complete the proof of the first statement. Therefore, we need to prove
that if [(z,y)| = ||lz| - ||y||, then one of the vectors x or y is a multiple of the other. By the proof of
Lemma 3.8 (c), the equality holds if and only if ||z — cy|| = 0 for some scalar c. Since the norm of a vector
is zero only when the vector itself is zero, this simplifies to x = cy, completing the proof.
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(b) By the proof of Lemma 3.8 (d), we have the equality Re(z, y) = [(x,y)| = ||z||||y||- The case where y = 0
is trivial. Now, assume y # 0 and that = = cy for some scalar ¢ € C. Then we have

Re(c)[lyll* = Re{ey, y) = [{cy, )| = le] - ly]1%,

and so Re(c) = |¢|. This implies that ¢ is a nonnegative real number. If z = cy for some nonnegative real
number ¢, then
[z +yll = le+ 1] - [lyll = (¢ + Dyl

and
2]l + lyll = lel - lyll + llyll = (¢ + D)yl

Hence, we obtain the equality ||z + y|| = ||z|| + ||y||, completing the proof. Finally, we extend the equality
lz1 4+ x2 + -+ an|| = [|z1]| + ||z2]] + - - - + ||xn |- This equality holds if and only if there exists a vector
among {x1, s, ..., Ty} such that all other vectors are nonnegative real multiples of that vector.

O

In the next theorem, we discuss a crucial property. The statement asserts that if the absolute value of an
eigenvalue equals the row sum, then the eigenvalue itself equals the row sum, and then its geometric eigenspace
is one-dimensional and is spanned by the vector u. This theorem is a powerful tool for determining the geomet-
ric multiplicity of a stochastic matrix. Furthermore, combining this result with information about the algebraic
multiplicity enables us to obtain a deeper understanding of the structure of stochastic matrices.

Theorem 3.10 ([4, Sec. 5.3 Theorem 5.18. P. 298-299)). Let A € M,,«»(C) be a matrix in which each entry is
positive, and let \ be an eigenvalue of A such that |\| = 7(A). Then A\ = 7(A) and {u} is a basis of E, where
u € C™ is the column vector in which each coordinate equals 1.

Proof. Let v be an eigenvector of A corresponding to the eigenvalue A, with coordinates v1, va, . . ., v,. Suppose
that vy, is the coordinate of v with the largest absolute value, and let b = |vy|. Then

Ao = Mokl = [huk] = D Argoj| < | Awjv]
— ! 3.5)

= > [Aijllogl < 31 Awilb = 7(4)b < T(A)b.
j=1 j=1
Since || = 7(A), the three inequalities from equation (3.5) become equalities; that is,

@) | > Agjvj| = > |Arjvsl,
j=1 j=1

() > [Ajllvil = > |Ak;|b, and
j=1 j=1

(©) 7(A) = T(A).

By the equalities given in Lemma 3.9 (b) and in item (a) established earlier, we obtain an important result, all the

terms Ay v; for j = 1,2,...,n are nonnegative multiples of some nonzero complex number z. Without loss of
generality, we assume that |z| = 1. Thus, there exist nonnegative real numbers ¢y, ca, . . ., ¢, such that
Ak’jvj =Cjz. (36)

By the equality in (b) and the assumption that A; # O for all k£ and j, we have

lvjl=0b forj=1,2,...,n. (3.7)
Combining (3.6) and (3.7), we obtain
cj cj
b=l|v;| = ]z’ =—L forj=1,2,...,n,
sl ‘Akj Ak ’
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and therefore by (3.6), we have v; = bz for all j. So

v bz
V2 bz

v = = = bzu,
Uy, bz

Thus, {u} is a basis for the eigenspace E). Finally, according to the given condition, A is a matrix in which each
entry is positive, and u is a column vector with all positive entries. Since we know that Au = Au, it follows that
A must be positive. Therefore, we have A = [A\| = 7(A). O

In the following two corollaries, we connect the crucial theorem with the properties of stochastic matrices.
In particular, we establish that if a stochastic matrix has all positive entries, then the eigenvalue 1 has geometric
multiplicity one.

Corollary 3.4 ([4, Sec. 5.3 Corollary 1. P. 299]). Let A € M, «,(C) be a matrix with all entries positive,
and let \ be an eigenvalue of A such that |\| = v(A). Then it follows that A = v(A), and the eigenspace E)
corresponding to \ is one-dimensional.

Proof. Applying Theorem 3.10 to the matrix A" and using Lemma 3.4, we know that A and AT have the same
eigenvalues. Consequently, A = v/(A), and the dimension of the eigenspace of AT corresponding to X is 1. O

Corollary 3.5 ([4, Sec. 5.3 Corollary 2. P. 299]). Let A € M, x,(C) be a stochastic matrix with all entries
positive. Then every eigenvalue \ of A other than 1 satisfies |\| < 1. Furthermore, the eigenspace associated
with the eigenvalue 1 is one-dimensional.

Proof. Since A is a stochastic matrix, we know that v(A) = 1. If A # 1, then by Corollary 3.3 and Corollary 3.4,
we have || < 1. Moreover, the eigenspace corresponding to the eigenvalue 1 has dimension 1 by Corollary 3.4.
O

Before presenting the formal definitions, we briefly highlight the significance of several fundamental concepts
related to stochastic matrices—namely, irreducibility, aperiodicity, and primitivity. These properties play a crucial
role in determining the long-term behavior of stochastic processes and are central to many convergence results in
matrix analysis.

Definition 3.6 ([10]). Let A € R™*™ be a stochastic matrix. Then:

o A s called irreducible if, for all indices i, j, there exists a positive integer k such that (Ak)ij > 0. In other
words, every state is reachable from every other state in some finite number of steps.

s A is called aperiodic if, for each index i, the greatest common divisor of the set {k € N | (AF);; > 0} is
equal to 1. That is, the system can return to any given state at irregular time intervals.

* A s called primitive if there exists a positive integer m such that A™ > 0, i.e., all entries of A™ are strictly
positive.

In the following lemma, we introduce the relationship between irreducibility, aperiodicity, and primitivity.
This connection is essential because the next theorem assumes that the matrix is nonnegative, irreducible, and
aperiodic, and under these conditions, the matrix is equivalent to being primitive. The lemma below formally
establishes this equivalence.

Lemma 3.11 ([5]). Let A € R™*" be a nonnegative matrix. Then A is primitive if and only if A is irreducible
and aperiodic.

Proof. We prove both directions of the equivalence. First, we prove the direction from primitivity to irreducibility
and aperiodicity. Suppose A is primitive. Then there exists a positive integer s such that A®* > 0, meaning
that all entries of A® are strictly positive. This implies that for every pair of indices 4, j, we have (A%);; > 0,
so there exists a path of length s from state 4 to state j. Hence, A is irreducible. Moreover, for each index i,
we have (A%);; > 0, and since A**1 = A®A > 0, it follows that (A5T1);; > 0 as well. Therefore, the set
{k € N | (A¥);; > 0} contains two consecutive integers s and s + 1, and hence has greatest common divisor
equal to 1. Thus, every state has period 1, and A is aperiodic.

Second, we prove the direction from irreducibility and aperiodicity to primitivity. Since A is irreducible, for
any pair of indices 4, j, there exists a positive integer k;; such that (Akis )i; > 0. In other words, each state is
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reachable from every other state in some number of steps. Moreover, since A is aperiodic, for each index 4, the
set {k € N | (4%);; > 0} has greatest common divisor equal to 1. By a classical result in number theory, this
implies that there exists an integer NV; such that for all m > N, we have (A™),;; > 0. Now fix any pair ¢, j. By
irreducibility, choose kg such that (Ako)ij > 0, and by aperiodicity, there exists a sufficiently large m such that
(Amiko)jj > (. Then,

(A™)ij = (AF0)55 - (A™F0)j5 > 0.

Since 7, j are arbitrary and m can be chosen large enough to satisfy all such combinations, there exists a common
integer my such that A™° > (. Therefore, A is primitive. This completes the proof of Lemma 3.11. O

In the next theorem, we extend the result of Corollary 3.5. We relax the condition by requiring only that the
stochastic matrix is irreducible and aperiodic, without assuming that all entries are initially positive. We establish
that an irreducible and aperiodic stochastic matrix also possesses the same property.

Theorem 3.12 ([4, Sec. 5.3 Theorem 5.19. P. 300]). Let A be an irreducible and aperiodic stochastic matrix, and
let \ be any eigenvalue of A. Then:

(a) |\ <1

(b) If |\| = 1, then \ = 1, and the eigenspace corresponding to X is one-dimensional; that is, dim(E)) = 1.
Proof. We now provide the proof of the following statements.

(a) Since A is a stochastic matrix, the statement follows directly from Corollary 3.3.

(b) Since A is irreducible and aperiodic, it follows from Lemma 3.11 that there exists a positive integer s such
that A® has all entries strictly positive. Since A is a stochastic matrix and the entries of A® are positive, it
follows that the entries of A1 = A% A are also positive. Now, suppose that |\| = 1. Then, A\* and \**1
are eigenvalues of A° and AT, respectively, both having absolute value 1. By Corollary 3.5, we obtain
A = A1 = 1, which implies A = 1. Let E and E;\ denote the eigenspaces of A and A®, respectively,
corresponding to A = 1. We want to show that F C Ej\ Indeed, if v € E}, then by definition, we have
Av = v. Applying A® to v, we get

AS’U: (As—1A>,U:As—1(A,U) :As—l,U: R

Thus, v € E;\, which proves that E, C E:\ By Corollary 3.5, we have dim(E:\) = 1. Hence, it follows
that
Ex=FE, and dim(E)) = 1.

O

In the following discussion, we focus on the algebraic multiplicity of stochastic matrices. Although we previ-
ously established that the eigenvalue 1 of a stochastic matrix has geometric multiplicity one, this condition alone
is not sufficient to guarantee the convergence of the powers of the matrix as the exponent tends to infinity. Thus,
we must further verify that the eigenvalue 1 also has algebraic multiplicity one. To this end, we first introduce the
definition of the matrix norm and then present a lemma to state some fundamental properties of matrix norms.

Definition 3.7 ([4, Sec. 7.2 Definition. P. 515]). For any A € M,,«,(C), define the norm of A by
[|A|| = max{|A;;| : 1 < 1,5 <n}.
Lemma 3.13 ([4, Sec. 7.2 Exercise 20. P. 515]). Let A, B € M, x(C). The following properties are satisfied.
(a) ||A]| > 0and ||A|| =0 ifand only if A = O.
(b) ||cAl|l = |¢| - ||A]| for any scalar c.
(c) [|[A+ Bl < [[All +[|B]|.
(d) [[AB]| < n|A[||B].
Proof. We now present the proof of the following statements.

(a) The norm ||A]| > 0 since |A;;| > 0 for all ¢ and j. Moreover, ||A|| = 0 if and only if | A;;| = 0 for all ¢ and
j. Therefore, we conclude that ||A|| = 0 if and only if A = O.

29



(b) Compute
lleAll = max{|eAy;[} = [¢] max{|Ai;[} = |[[|All

(c) By the triangle inequality, we have
‘Aij + B¢j| < |Azj| + |Bz’j|a for all ¢ and j
Taking the maximum on both sides, we obtain

A+ B[ < [lA] +[IB]I.

(d) Compute

Z Air By

k=1

[AB|| = max{|(AB);|} = max{ }

n

> lAllBI

k=1

< max{ } = n|A||B].

O

The next lemma establishes that the eigenvalue 1 of a stochastic matrix has algebraic multiplicity one. This is
a crucial result in the study of stochastic matrices, and it will be used to demonstrate that the powers of the matrix
converge as the exponent tends to infinity.

Lemma 3.14 ([4, Sec. 7.2 Exercise 21. P. 515]). Let A € M, x,(C) be a stochastic matrix. Since C is an
algebraically closed field, A is similar to its Jordan canonical form J; that is, there exists an invertible matrix P
such that P~* AP = J. The following results hold:

(a) ||A™]|| < 1 for every positive integer m.
(b) There exists a constant ¢ > 0 such that ||J™|| < ¢ for all positive integers m.
(c) Every Jordan block of J corresponding to the eigenvalue A\ = 1 is of size 1 x 1.

(d) The limit lim A™ exists if and only if 1 is the only eigenvalue of A with modulus equal to 1.
m—00

Proof. We proceed to prove the following statements.

(a) Since A is a stochastic matrix, then A™ is also a stochastic matrix for every positive integer m. By the
definition of norm and the properties of stochastic matrices, all entries of A™ are less than or equal to 1.
Hence, we have

|[A™] <1, forevery positive integer m.

(b) By applying Lemma 3.13 (d) and the previous result, we obtain
[ = [|1P=TA™P| < n?||[PTH|A™[|P] < n?| P7H][|P]-

Letting ¢ = n?||P~1||| P

, we complete the proof.

(c) By the previous argument, the norm ||J™|| is bounded. Suppose that J; is a Jordan block corresponding
to the eigenvalue 1, and its size is greater than 1. Then, the (1,2)-entry of J{™ grows unbounded as m
increases, which contradicts the previous argument. Therefore, each Jordan block of .J corresponding to the
eigenvalue A = 1 must be a 1 x 1 matrix.

(d) By Theorem 3.12 (b), we have dim(E;) = 1. Combining this with the item (c), it follows that Ky = Fj.
Consequently, the multiplicity of the eigenvalue 1 is given by dim(K;) = dim(E;) = 1. This completes
the proof.

O

30



In this section, we establish that the eigenvalue 1 of an irreducible and aperiodic stochastic matrix has both
algebraic and geometric multiplicities equal to one. In the final theorem of this section, we summarize several
important properties of irreducible and aperiodic stochastic matrices, which have been obtained through the pre-
ceding results. These properties will later be utilized, in a subsequent section, to apply the doubling algorithm for
further investigating the behavior of stochastic matrices.

Theorem 3.15 ([4, Sec. 5.3 Theorem 5.20. P. 300-301]). Let A be ann X n irreducible and aperiodic stochastic
matrix. Then the following statements hold:

(a) The eigenvalue 1 has algebraic multiplicity 1, and its eigenspace is one-dimensional.
(b) The limit lim A™ exists.
m— o0
(c) The matrix L = lim A™ is itself a stochastic matrix.
m—ro0
(d) The matrix L is invariant under multiplication by A; that is, AL = LA = L.

(e) All columns of L are identical. Specifically, each column equals the unique probability vector v such that
Av = .

(f) For any probability vector w, the sequence A™w converges to v; that is, lim A™w = v.
m—0o0

Proof. We provide the following proofs.
(a) By Lemma 3.14 (d), we have this statement.
(b) By Lemma 3.14 (d), Theorem 3.12, and Theorem 3.3, we have this statement.

(c) Let u be the column vector in which each coordinate equals 1. We want to show that u'L =u'. Since A
is the stochastic matrix, we have u' A = . Thus,

w'L=u" lim A" = lim «'A" = lim u' =u',
m— o0 m—o0 m—0o0

which implies that L is a stochastic matrix.

(d) We compute
AL=A lim A™ = lim AA™ = lim A™"! =1L,

m—r o0 m—r oo m—r o0

Similarly, LA = L.

(e) Since AL = L by (d), each column of L is an eigenvector of A corresponding to the eigenvalue 1. Moreover,
by (c), each column of L is a probability vector. Thus, by (a), each column of L must be equal to the unique
probability vector v corresponding to the eigenvalue 1 of A.

(f) Let w be any probability vector, and set y = lim A™w = Lw. Then y is a probability vector, and by (d),
m—00
we have
Ay =ALw = Lw =y.
Hence, y is an eigenvector of A corresponding to the eigenvalue 1. By (e), we conclude that y = v.

This completes the proof of Theorem 3.15. O

In this section, we introduce the concept of an irreducible and aperiodic stochastic matrix. In Theorem 3.15, we
establish a stability property of the associated vector sequence, which serves as a foundation for the development
of the PageRank algorithm. This algorithm is closely related to irreducible and aperiodic stochastic matrices.
Before formally introducing PageRank, we first present the definition of the random walk model, which serves as
a probabilistic framework underlying the computation of stationary distributions in Markov chains.

Definition 3.8 ([6]). Let v1,...,v, be the vertices of a directed graph with edge set E, and let e_i; denote the
directed edge from vertex v; to vertex vj. Assume that the stochastic matrix induced by the graph assigns equal
probability to each out-neighbor of a vertex. Then the associated row-stochastic matrix M = [m;;] € R™*™ is
defined by

1 o=
ms; = deg™ (vi)’ ifeij € B,
0, otherwise,

where deg™ (v;) denotes the out-degree of vertex v;.
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Let G be a strongly connected and aperiodic directed graph, and let M be the associated stochastic matrix.
Consider a random walk on G, and let r¢ denote the initial probability distribution over the vertices. Then the
probability distributions at times 0, 1, ...,¢,... evolve as

2 t
Io, I'1=MI‘0, r2:M Io, ey 1‘15:]\41‘()7
Since M is irreducible and aperiodic, the sequence { M'ry} converges to a unique stationary distribution
lim M'rg =r,
t—o00

where r satisfies Mr = r. This stationary distribution r is referred to as the PageRank of the directed graph
associated with M. It corresponds to the result established in part (f) of Theorem 3.15.

In this section, we have examined irreducible and aperiodic stochastic matrices, which exhibit a well-understood
eigenvalue structure. Such matrices have a unique eigenvalue A = 1 with multiplicity one, and all other eigenval-
ues have absolute values strictly less than one. As the matrix is repeatedly applied, the influence of the smaller
eigenvalues gradually diminishes, and the behavior of the system converges toward the eigenvector associated
with A = 1, also known as the steady-state distribution.

The doubling algorithm leverages this property: with each iteration, the components corresponding to non-
dominant eigenvalues decay toward zero, while the part associated with A\ = 1 remains unchanged. This enables
the algorithm to efficiently isolate the dominant eigenvector.

To evaluate the performance and behavior of the doubling algorithm, we now compare it with a classical
iterative method—namely, the power method. Although both methods share the same goal of identifying the
dominant eigenvector, they approach the problem in fundamentally different ways. In the following section, we
provide a detailed explanation of the power method and analyze its effectiveness when applied to irreducible and
aperiodic stochastic matrices.
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4 Power method

In this section, we begin by reviewing a fundamental technique in matrix computation, namely the power
method. This classical algorithm is widely used to compute the dominant eigenvalue and its corresponding eigen-
vector of a matrix. The power method serves as a foundation for our subsequent discussion, as its convergence
behavior, normalization strategy, and theoretical analysis share strong similarities with the doubling algorithm de-
veloped later in this work. For this reason, we introduce it here as a point of reference. To begin with, we formally
define the notion of the dominant eigenvalue of a matrix, along with its corresponding eigenvector.

Definition 4.1. If the distinct eigenvalues of a matrix A are M1, Aa,. .., A\, and if |\1| is larger than |X\a|,. . .| Ak,
then \ is called a dominant eigenvalue of A. Any eigenvector corresponding to a dominant eigenvalue is called a
dominant eigenvector of A.

In the following introduction, we outline the key idea behind the power method. Assuming that the matrix
is diagonalizable, it can be expressed in terms of its eigenvalues and eigenvectors. Under this condition, re-
peated multiplication by the matrix amplifies the component associated with the dominant eigenvalue, while the
contributions from the remaining eigenvalues, whose magnitudes are strictly less than that of the dominant one,
decay geometrically. As the iteration count k& — oo, these smaller components vanish, allowing the method to
recover the eigenvector corresponding to the dominant eigenvalue. This fundamental mechanism also appears in
our doubling algorithm, which motivates the introduction of this concept as a conceptual foundation. Let A be a
diagonalizable matrix, Az; = A\z;, i =1,2,...,n

Ar; = Nz, fori=1,...,n

with
Al > A2l = > Al 4.1)

and let ug # 0 be a given vector. From the expansion
n
up =Y (4.2)
i=1

follows that .
n n n A
k,, Ak k. _\k . i )
A%ug = ZE:l q; A%z = ;Zl AT = A {alxl + ZE:Z «; ()\1> xl} 4.3)

Thus, the sequence /\fk AFg converges to a multiple of ;. We consider two possible normalizations: one based
on the two-norm of a given vector and one based on a linear functional.

In the following discussion, we introduce two variants of the power method, each presented in its own sub-
section. The first variant is based on normalization using the two-norm of the iterated vector, while the second
employs a linear functional to perform normalization. These methods differ in how they adjust the vector at each
iteration, and this adjustment mechanism closely resembles that used in our doubling algorithm. For both variants,
we present the corresponding algorithm and state a theorem that establishes convergence to the dominant eigen-
value and its associated eigenvector. Since the underlying proof techniques are highly analogous to those used in
our doubling framework, particular attention is given to the reasoning of these proofs.
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4.1 Two-norm of a given vector

We consider the classical power method, in which the normalization at each step is performed using the
Euclidean norm (two-norm). The iteration proceeds as follows:

For £k =0,1,2,---:
Vg4+1 = Auk;
He4+1 = ||Uk+1||27 4.4)

Vk+41 e
Upy1 = 1 with initial Up.

Hk+1
End

Theorem 4.1 ([7]). Under the assumption (4.1) and the condition oy # 0 in (4.2), the equation defined by (4.4)
satisfies the following.

lim pg = |1,
k—o0

A
lim efuy = ££7 where € = Q
ko0 [ESR RS A1
Proof. Based on the definition of (4.4), it follows that
AkUO ||Ak’LLO||
Uk = 71 Mk = T 1 7
[4Fuo]l* = TAFTuo]

By the results from equation (4.3), we obtain )\kakuo — «ap21. By mathematical induction, we derive two
equations.

Ar| A o]l — Jas|[lall,

Al T AR o) — faa ]l ],
by dividing the two equations, we obtain the following equation

A~ A uo |

_ —1
[T 1l

Therefore, we conclude that
lim py = A1)
k—oo

From the results of equation (4.3) and under the condition k£ — oo, we obtain the following equation

n )\ k
Q1T + Z Q; <l) T

Py, = € A _ i=2 A1
[ A*uol| n A\
||Oél$tl‘1 + Z (677 )\7 ,TZH
i=2 1
Q121 - r1 O1
leaza|l N2l feal”
Hence, we arrive at the following result
A
lim efuy, = 7 ﬁ, where € = Q
k—o0 Hl’lu |041‘ )\1
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4.2 Linear functional

Let £: R™ — R be a linear functional. A more general form of the iteration replaces the two-norm with /,
allowing for greater flexibility in normalization strategies:

For £k =0,1,2,---:
Vg1 = Auy,
prt1 =L (Vk41) 4.5)

Vk+1 cy e e
Upy1 = + with initial ug.
Hk+1

End

Theorem 4.2 ([7]). Under the assumption of Theorem 4.1, consider the method defined by (4.5) and suppose that
l(vg) #0, fork=1,2,...,and {(x1) # 0. Then it holds

. o . . n
o =X and - Jim = e s
Proof. From the definition in equation (4.5), it is clear that
AkUO 12 (Ak’u,o>

= (Arug)” M T DA )

By analogy with the above theorem and using the results of equations (4.3) and (4.5), we arrive at a similar
equation \; "I (A*ug) — a1€(z1). As k — oo, the following two equations hold.

)\Ikg (AkUO) — ol (1’1) 3
AT (AR ug) — anl (21),
Dividing the two equations above, we obtain the following equation:

)\;16 (Akuo)

p— N
K(Akfluo) - >‘1 e — 17
which leads to the result
lim pp = Ap.
k—o0

Similarly, using the results from equation (4.3) and taking the limit as k¥ — oo, we obtain the following equation:

n )‘j k
a1xr1 + o; | — X5
AFug ]gz ’ <)\1> ’
Uk = =

0 Y4 (alxl + Z Qa; (/\J> .’L‘j)
j=2 A1

Q17 a1T1 T

Clonxy)  onl(zy) L)

Therefore, we deduce that

k= e

O

At the end of this section, we provide a complete description of the power method algorithm. Our goal is
to use it as a reference when comparing with the doubling algorithm in later sections, in order to evaluate their
differences in experimental results and convergence properties.
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Algorithm 1 Power Method for Dominant Eigenvector

Input: A square matrix A € R™*", initial vector 2 # 0, tolerance € > 0, maximum iteration number Ny, .«
Output: Approximate dominant eigenvector z:(*)
1: Normalize the initial vector: 2 + z(©) /||z()||,

2: Setk+ 0

3: repeat

4: y < Ax

5: Tnew y/”yH2

6: k«k+1

7: if ||Zhew — 2|2 < € then
8: break

9: end if

10: T 4 Tpew

11: until £ > Npyax
12: return z

In this section, we have presented a complete overview of the power method. Its iterative strategy, particu-
larly the use of normalization and the analysis of convergence, provides valuable insights that will influence our
approach to the doubling algorithm. In particular, we include the power method in our numerical experiments to
compare its performance with that of the doubling algorithm on irreducible and aperiodic stochastic matrices.

Moreover, for matrices that are not irreducible or aperiodic, the standard convergence guarantees may no
longer hold. In such cases, incorporating normalization techniques inspired by the power method can help ensure
convergence and improve numerical stability. The analysis of convergence order, as used in the power method,
also serves as a foundation for establishing theoretical results in our upcoming discussion.

In the next section, we begin the central focus of this thesis—the Doubling Algorithm (DA). We will explore
its structure, analyze its behavior, and compare it with traditional approaches such as the power method.
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S Doubling Algorithm for Arbitrary Matrices

In this section, we investigate the application of the structure-preserving doubling algorithm (SDA) to general
matrices using a specific partitioning strategy. In particular, we consider an arbitrary matrix paired with the
identity matrix to form a matrix pair. The doubling algorithm is then applied by performing structured updates
on the matrices M and L. We partition both M and L into four blocks of sizes (n — 1) x (n — 1), (n — 1) x 1,
1x(n—1),and 1 x 1. Our observation is that the 1 x (n — 1) block of M tends to converge to the left eigenvector
associated with the dominant eigenvalue, while the (n — 1) x 1 block of L converges to the corresponding right
eigenvector. However, since the remaining blocks of M and L do not converge, an adjustment is required at
each iteration to ensure stability and accuracy. This iterative process defines what we refer to as the Doubling
Algorithm (DA). Notably, the number of iterations required by this algorithm is typically fewer than that needed
by the power method.

To begin with, we recall that the structure-preserving doubling algorithm operates on matrices expressed in
a standard symplectic form. In the previous section, we verified that the Hermitian property is preserved, which
is a key aspect of the structure-preserving framework. In this section, we introduce an alternative representation
referred to as the standard form. While it shares similarities with the standard symplectic form, it provides
greater flexibility due to adjustable matrix partitioning. This increased degree of freedom enables more adaptable
formulations in subsequent analysis. The following discussion will formally define the standard form.

Definition 5.1 (Standard Form). Letr n € N and let p € {1,2,...,n—1} be an index that specifies a block
partitioning of an n X n matrix pair into four blocks. A matrix pair (M, L) is said to be in standard form if it takes
the following block structure

A 0|1y, C

B I, 0 D |’

where A € R=P)x(n=p) B ¢ Rpx(n=p) O ¢ R(=P)XP D ¢ RPXP,

In this section, we focus on the special case where the partition index is set to p = 1. This case is particularly
important because the associated dominant eigenspace corresponds directly to the left and right eigenvectors.

We begin our analysis by considering an irreducible and aperiodic stochastic matrix and applying the doubling
algorithm to it. We examine the convergence behavior of the matrix blocks under iteration and provide a formal
proof of convergence in this specific setting.

After establishing the convergence result for the case of an irreducible and aperiodic stochastic matrix, we
extend our discussion to more general matrices that are not necessarily stochastic. We analyze the convergence
behavior of the doubling algorithm in this broader context and provide a theoretical justification for the observed
convergence.

In particular, we examine how the block structure evolves across iterations, gradually eliminating the influence
of non-dominant components while isolating the dominant eigenspace in a stable block form. Furthermore, we
investigate the asymptotic order of each block during the iteration, which reveals how rapidly different submatrices
converge and contributes to a deeper understanding of the numerical stability and efficiency of the algorithm.

To facilitate the analysis, we begin by considering the case in which a matrix is diagonal. This setting allows
us to introduce a key linear algebraic tool—namely, the rank-one decomposition of diagonalizable matrices. This
decomposition enables us to express the matrix as a sum of rank-one terms and plays a central role in proving the
main convergence theorem that follows.

Theorem 5.1 ([11, Sec. 1.2 p. 10-12]). [Rank-1 Decomposition of Diagonalizable Matrices] Let A € C"*™ be a

diagonalizable matrix. Suppose there exists an invertible matrix P whose columns vy, va, . . . , v, are eigenvectors
of A corresponding to eigenvalues i, \a, . . ., \n, respectively. Let P~ have rows w] ,ws , ..., w,, where each
w;! is viewed as a dual vector to v;. Then A admits the decomposition

A= Nvw, (5.1)
=1
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T

where each v;w; is a rank-1 matrix.

Proof. Since A is a diagonalizable matrix, there exists an invertible matrix P such that

A=PDP!,
where D = diag(A1, Ag, ..., \,) is a diagonal matrix whose diagonal entries are the eigenvalues of A. Writing
w{
wy
P = [Ul U2 Un]a P_l = . s
w,y
we have
)\1 0 0 wlT
0 X 0| |wy
A= [1}1 Vg ’Un} :
0 0 Aol [w)
wy
wy
=[Mvr Aova oo A |
w,y
= Z )\iviw;r,
i=1
which is exactly the decomposition given in equation (5.1). O

In the following discussion, we examine whether the assumptions used in the proof are satisfied. In the first
step of the proof, we combine a power of the matrix and the identity matrix to form a pair, and then transform this
pair into a standard form. During this process, we need to ensure that the matrix is invertible before proceeding,
which imposes certain conditions that must be satisfied. Initially, we might hope that the entire n X n matrix is
invertible. However, it turns out that it is sufficient to verify the invertibility of a smaller matrix instead. In the
next theorem, we formally investigate this requirement.

Theorem 5.2. Let A € C"*™ be any matrix. Form a matrix pair by combining A and the identity matrix I,,.
Suppose that we partition A and I, into blocks according to integers n. — p and p, so that

Ay Age L; 0
A= y In = ;
{Am Az 0 I
where Ay € C=P)xX(n=p) A, e C=P)XP Ay € CPX("=P) and Ayy € CP*P. Initially, we might want to
check the invertibility of the matrix
B— [Au 111]

AQQ 0

However, since 117 is an identity matrix and 151 = 0, it suffices to verify the invertibility of the submatrix Ass.
Moreover, if p = 1, then Aso becomes a scalar, and the condition reduces to requiring that Aso # 0.

Proof. We first observe that the invertibility of the matrix B is equivalent to rank(B) = n. The block I;; is a
(n — p) x (n — p) identity matrix, so rank(I11) = n — p. Since I3; = 0, the contribution to the rank from the
lower left block comes entirely from Agg. Thus, to achieve rank(B) = n, it is necessary and sufficient that Aoy
contributes the remaining p rank. This means that Ao must be invertible. Moreover, when p = 1, the block A
becomes a scalar. In this case, requiring Aso to be invertible simply reduces to the condition Asg # 0. O

5.1 Doubling Algorithm for Irreducible and Aperiodic Stochastic Matri-
ces

In the next theorem, we start with an irreducible and aperiodic stochastic matrix. It is well known that such a
matrix has a simple eigenvalue equal to 1, while all other eigenvalues lie strictly inside the unit circle. This spectral

property resembles the behavior observed in the efficient solution of discrete-time algebraic Riccati equations
(DARES). Motivated by this similarity, we are led to consider a doubling-type algorithm in our setting.
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Theorem 5.3. Let S € R™*" be an irreducible and aperiodic stochastic matrix. By pairing S with the identity
matrix I, to form a matrix pair and applying the doubling procedure, we observe that the iterates reveal the
dominant eigenvector in a structured block form. Specifically, we partition S and I, into four blocks according to
n=1)x(n—-1),(n—1)x1 1x (n—1), and 1 x 1 submatrices. Then, as k — o, the iterated form satisfies

k Le. Mll 0|1 L12
|wf e o 2z

where the row vector
[Mgl 1] 5.2)

converges to a left eigenvector, and the column vector
L
[_ﬂ (5.3)

converges to a right eigenvector corresponding to the maximal eigenvalue \ = 1. Moreover, the block M1,
converges to the zero matrix as k — oo.

Proof. According to Theorem 5.1, the stochastic matrix S € R™*"™ admits the representation given in equa-
tion (5.1), where A\; € R are the eigenvalues of S, and v;, w; € R™ are the corresponding right and left eigenvec-
tors, respectively. Then, for each positive integer &, we have

n
k_ koo T
S —E A vjw;
i=1

Since S is an irreducible and aperiodic stochastic matrix, all its eigenvalues satisfy |\;| < 1, and the dominant
eigenvalue A\; = 1 has both algebraic and geometric multiplicity equal to one. Therefore, as k — oo, all terms
associated with eigenvalues |A;| < 1 vanish, and the limit becomes

lim S* = vjwy,
k—o0
and we now proceed to examine the structure of this limiting matrix. By explicitly writing out the outer product

of the dominant right and left eigenvectors, we obtain

lim S* = ’U1U)1T
k—o00
V1,1
V2,1
= : [wl,l Wiz o Wip-—1 wl,n]
Un—1,1
L Un,1
U1,1W1,1 V1,1W1,2 V1,1W1,n—-1 V1,1W1,n
V2,1W1,1 V2,1W1,2 V2 1W1,n—1 V2,1W1,n
Un—1,1W1,1 VUn—-11W12 - Un—-1,1Win-1 Un—11Win
L Un,1W11 Un,1W1,2 ce Un,1W1,n—1 Un,1W1n

We partition the matrix S € R™*" into four blocks according to the dimensions (n—1) x (n—1), (n—1) x 1,
1x (n—1),and 1 x 1, namely

S11 € Rn—1x(n=1)
S1p € RP=1)x1
Sar € RIX(1),
Sog € RIXT,

S = |:Sll Sl?

, Wwhere
So1 522]

We then form the matrix pair (S, I) by combining .S with the identity matrix I,,. Since S is an irreducible and
aperiodic stochastic matrix, there exists an integer & € N such that S* has all positive entries, which in particular
implies that the (2,2) block Sao contains a strictly positive entry. Therefore, the conditions required to apply
Theorem 5.2 are satisfied, and the matrix pair can be transformed into the standard form accordingly. To illustrate
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this transformation, we apply a sequence of structure-preserving similarity transformations, denoted by 7*) and

T, to the matrix pair [S* | I,,], where S¥ — vjw] as k — oo. The resulting form is given below

V1,1W1,1 U1,1W1,2 V1 1Wip-1 | V11W1,, | 10---0]0
Vg 1Wi,1  U2,1W1,2 V2 1Wip—1 | VoW1, |01---0/0
Up—1,1W1,1 Up—1,1W1,2 *** Vn—1,1W1,n—1|Vpn—1,1W1,n | 0 0 --- 1|0
Up,1W1,1  Up,1W1,2 Up1Win-1 | UnaWiyn |00 ---0]1]
V1,1W1,1 U1,1W1,2 V1 1Win-1 | V11Wi1, | 10---0
Vo W1,1  V2,1W12 V2 1Wip—1 | V21Wi,, |[01---0
71
—
Up—1,1W1,1 Un—1,1W1,2 *** Un—1,1W1,n—1|Un-1,1W1,n | 00 ---1 0
w11 w12 W1,p—1 !
o Baill = 1 00--- 0 ————
L W1,n W1,n W1,n Un,1W1,n J
0 0 0 10---0 —1}171/1}71,1
0 0 0 0 1--- 0 71}271/1}7,,71
7(2)
—
0 0 0 00---1 7’Un_171/’l}n71
w11 Wi,2 W1,n—1 1
1l00.--0 ——
L Wi,n Win W1,n Un,1W1,n p
Miq 01 Lqo
Ms1 1|0 Log
where the transformations 7'") and 7 are given by
i\ Y0 0 —V1,1W1n
In—l 0 0 1 0 —V2,1W1n
T(l) — ]. T(2) = . . .
0 ’ o .o
Un,1W1,n oo --- 1 —Up—1,1W1i,n
0 0 0 1

Hence, we observe that M7, — 0, as a consequence of the properties of an irreducible and aperiodic stochastic

matrix. We proceed by analyzing the row vector [Mgl 1] and the column vector {L_lﬂ , both of which admits

the following explicit representations

[wi11 w12 W1,n—1
My 1] = ’ : 1
[ ] _wl n W1,n W1,n
1
= [w1,1 wi,2 Wi,n—1 wl,n]
W1,n
—U1,1/Vn,1 V1,1
—v2,1/Vn1 2,1
|:L12:| - T
-1 : Un 1
_’Un—l,l/vn,l Un—1,1
-1 Un,1

Therefore, by the above representation, the row vector in equation (5.2) is identified as a left eigenvector cor-
responding to the dominant eigenvalue 1, and the column vector in equation (5.3) is the corresponding right
eigenvector. This completes the proof.

O

Moreover, by Theorem 5.3, we know that the doubling algorithm converges when applied to an irreducible
and aperiodic stochastic matrix. Building on this result, our goal is to construct a structure-preserving version of
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the algorithm that operates more efficiently by focusing on carefully selected submatrices at each iteration. This
blockwise update strategy leverages key stochastic properties—such as nonnegativity and row-normalization—to
ensure stable convergence toward the dominant eigenvector. The following theorem presents a tailored doubling
scheme for this matrix class, whose update mechanism also extends naturally to general matrices by applying the
same blockwise iteration process.

Theorem 5.4. Let S € R"*" be an irreducible and aperiodic stochastic matrix. Consider the matrix pair (S, I,),
where I, is the identity matrix. Partition both S and I, into four blocks according to the sizes (n—1) x (n—1),
(n—1)x1,1x(n—1),and 1 x1. Suppose this matrix pair is transformed into the standard form, yielding matrices

M and L. Define the updated matrices M and T via the doubling algorithm. Then the resulting iterates take the

form
= My 0 L= I L12
M21 1 0 L22

where e
My = Myy (I — LigMay) ' My,

My, = Log Moy (I — LyiasMay) ™ Myy + Moy,
Lig=Lis+ Mi1(I — L1gMa1) *Lia Lo,
Log = Lao(1 — Ma1L12) ™ Lao.

(5.4)

Proof. To begin with, we consider the matrix pair (S, I,,), where S is a stochastic matrix. Both S and I,, are
partitioned into four blocks with sizes (n—1) x (n—1), (n—1) x 1, 1 x (n—1), and 1 x 1, respectively. After
applying a structure-preserving transformation, the matrix pair is transformed into the standard form

My O|IT L
[Sh]-—+[A4L]:[Aé1 ! Lg}.

Next, we consider the inverses of the matrices M and L, which admit convenient factorizations due to their
block structure.

B 0 9

_M21 1 0 1 ]\421 1
o[ o] M7t o] [ M 0
= MU= 1 0 1) T Sy 1)
L_'I Lip| [T 01[I Ly
|0 Ly |0 Lapj |0 1]
(1 —L I 0 I —LqioLoy
-1 __ 12 _ 12499
RO }k La}{o Ly ]'

We now consider the pair (L=, M '), and apply a sequence of left multiplications that transform it into the
standard form. As a result, we obtain the updated matrices M, and L. as follows

I —LipL3} Mt 0
L~V M1 ] = 127422 i ]
[ | ) [ 0 Ly —My Mt 1
7 [T —LigLyy Mt 0 ]
— _
1 0 1 —LogMoyy M}' Lo
7 [ I 0 (I — ngMgl)Mﬁl L12 :|
- _
| 0 1| —LooMyyM;y' Lo
7@ [ Myy(I — L1iaM2)™' 0 1 Mi1(I — L1aMay) 'Ly }
L 0 _L22M21Mi1 Loo
7@ My (I — LiaMay) ™t 0|1 M1 (I — LiaMay) ' Lo }
| LogMay (I — L1aMay)™" 1|0 LaaMoy (I — LigMay) ' Lyg + Lo
:[ M, ‘ L, }
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where

-1
W [T o @ [I LiaLy
0= ) o=l ],
T(g): Mll([—ngMgl)_l 0 T(4): I 0
0 1]’ LooMy M4 1 |

We then proceed to compute Mand L.
— [ My (I — LiaMyy)~t 0| |Mq O
M=M.M = _
| LooMoy (I — LipMpy)™ ' 1 | [ My 1
[ M1 (I — LiaMay) My, 0
| Loo Moy (I — LigMay) *Myy + My 1]
[ 1 M1 (I — LiaMay) ' Lo } {I L12]
0 LooMoi(I — L1aMoy) 'Lio+ Lo | |0 Lo
Lia + My (I — L12M21)71L12L22
Loo(I + Moy (I — LiaMay) ™ L12)Lao
_ Lyo + My1(I — LiaMo1) "' LygLos
Loo(1 — Moy Ly2) ' Loo '

=yl

=

The final equality follows from the Sherman—Morrison—Woodbury identity, as given in equation (2.30) of Theo-
rem 2.10. Comparing the resulting expression with equation (5.4), we obtain the desired result. This completes
the proof. O

By Theorem 5.4, the computation involves inverting two key expressions: the matrix I — L15M»; and the
scalar 1 — Mo Ly5. To ensure that the algorithm is well-defined at each iteration, it is essential to establish the
nonsingularity of these terms. The following theorem provides a sufficient condition under which I — Li3 Mo,
is nonsingular. This condition not only guarantees the existence of the required inverse but also implies that
1 — M1 L4 is nonzero. In fact, the nonsingularity of these two expressions is mathematically equivalent in the
context of the algorithm. Once this condition is satisfied, the doubling algorithm can be constructed and executed
successfully.

Theorem 5.5. Let [ € R™ "™ be the identity matrix, and let u,v € R™ be column vectors. Then the following
identity holds
det(I —uv")=1—v"u. (5.5)

Proof. Consider the matrix identity

I 0| [I—w' w|[I 0] [I u
—’ 1 0 1 {oT 1| [0 1—vTul|"
Taking determinants on both sides, and noting that the outer matrices are invertible with determinant one, we
obtain equation (5.5), which completes the proof. O

From Theorem 5.5, we know that the invertibility of the matrix I — L2 M>; depends on the inner product
between the first n—1 entries of the left and right eigenvectors. In particular, if this inner product equals one, the
matrix becomes singular and the inverse does not exist. However, in our construction, the eigenvectors are not
normalized, and thus the inner product is generically not equal to one. In fact, this value is typically far from
one, which ensures the invertibility of the matrix in practice. If, in a rare case, the inner product does equal one,
one may replace the use of the inverse with a nullspace-based formulation to maintain structure preservation.
Nevertheless, such a nullspace approach no longer yields a form suitable for the doubling algorithm. Therefore,
we begin by introducing a doubling algorithm that adopts the inverse-based formulation, specifically designed for
irreducible and aperiodic stochastic matrices. We now present two algorithms.

The first algorithm transforms a given matrix, combined with the identity matrix to form a matrix pair, into
the standard form through a structure-preserving transformation. The second algorithm is the main doubling
algorithm, which is specifically tailored for irreducible and aperiodic stochastic matrices. This algorithm fully
characterizes the iterative procedure, and each step is constructed directly from the block expressions derived in
equation (5.4). In particular, the updates of the subblocks of M and L are explicitly obtained through algebraic
manipulations based on the structure-preserving framework developed earlier. According to Theorem 5.4, as the
iteration proceeds, the block M;; converges to zero. This convergence guarantees that both the left and right
eigenvectors associated with the dominant eigenvalue simultaneously converge. Hence, the algorithm not only
preserves the underlying structure but also reliably yields the dominant eigenspace.
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Algorithm 2 Transform Matrix Pair (.5, I,,) into Standard Form

Input: An irreducible and aperiodic stochastic matrix S € R™*"™
Output: A matrix pair (M, L) in standard form

1: Partition S into four blocks
g_ S11 Si2 I — I,-1 O

2: Define the first transformation

I, 0
T(l)_[7ll _:|
0 Sy

3: Define the second transformation

@ _ [In-1 =512
=

4: Compute
(M| L] =TOTW[S | 1)

Algorithm 3 Doubling Algorithm for Irreducible and Aperiodic Stochastic Matrices

Input: An irreducible and aperiodic stochastic matrix S € R™*"™

Output: A left eigenvector and a right eigenvector corresponding to the dominant eigenvalue
1: Obtain (M, L) from Algorithm 2 (standard form transformation)

2: Setk + 1

3: while || My]| > 1071° do

4: Q <+ (I — L1agMyp)~t # Using the Sherman—Morrison—Woodbury identity
5: My < M11QMy,y

6: Moy < Loo Moy Q My + Moy

7 Lig <= Lig + M11QL12Loo

8 Log ¢ Loo(1 — Moy Ly2) ' Loo

9: k< k+1

10: end while

11: return The dominant left eigenvector from []\/fgl 1} and right eigenvector from [1;112 }

In the first experiment, we compare the performance of the power method and the doubling algorithm for
computing the dominant eigenvector of a stochastic matrix. To ensure that the eigenvalues and eigenvectors are
real, we generate a random real matrix R € R"*", and construct a symmetric matrix A by setting

A:%@+RU.

Since A is symmetric, all of its eigenvalues are guaranteed to be real. We then normalize each row of A to trans-
form it into an irreducible and aperiodic stochastic matrix. This guarantees a well-defined dominant eigenvalue
at 1, with real-valued left and right eigenvectors, and allows us to evaluate both algorithms under a consistent
stochastic setting.

In this experiment, we apply Algorithm 1 and Algorithm 3 to evaluate their performance on matrices of varying
sizes. For each method, we record the following metrics:

e computation time,
* number of iterations until convergence,
* approximation error of the dominant eigenvector.

The results are presented in the table below.

In this experiment, we observe that the power method generally requires less computation time compared
to the doubling algorithm. Although the Sherman—Morrison—Woodbury identity is employed to avoid explicit
matrix inversion, the need to perform multiple matrix multiplications across four blocks still increases the overall
computational cost.

However, in terms of iteration count, the doubling algorithm converges significantly faster than the power
method. This is due to the recursive nature of the doubling scheme, which accelerates convergence through
repeated squaring.
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Table 1: Comparison of the Power Method and Doubling Algorithm for Computing the Dominant Eigenvector of
Irreducible and Aperiodic Stochastic Matrices.

Power method Doubling Algorithm
Size Time(s) | Iter. ev err Time(s) | Iter. | Leverr. | reverr.
500 x 500 0.0003 10 | 2.30e-14 | 0.0140 4 1.24e-11 | 1.37e-11
1000 x 1000 0.0009 2.50e-14 | 0.0978 4.31e-13 | 4.56e-13
3000 x 3000 0.0088 3.97e-14 | 14754 2.76e-11 | 2.58e-11
5000 x 5000 0.0323 2.06e-13 | 4.3894 2.23e-10 | 3.01e-10
8000 x 8000 0.0776 4.49e-13 | 16.2023 7.98e-12 | 7.69e-12
10000 x 10000 | 0.1243 4.15e-13 | 46.3557 2.87e-10 | 2.76e-10

0| 00| OO oo \O
W] W[ W W[

Regarding accuracy, the doubling algorithm does not necessarily yield more precise results in terms of numer-
ical error. Nevertheless, unlike the power method—which only approximates the dominant right eigenvector—the
doubling algorithm simultaneously approximates both the left and right eigenvectors.

In summary, although the doubling algorithm incurs a higher computational cost per iteration, it achieves
convergence in significantly fewer iterations, making it a more robust and efficient method for computing the
dominant eigenspace of stochastic matrices.

Beyond performance comparison, this experiment also serves to validate the theoretical results established ear-
lier. In particular, the observed convergence behavior of the matrix blocks—especially the simultaneous approxi-
mation of both eigenvectors—aligns well with the convergence guarantees stated in Theorem 5.3, thus providing
empirical confirmation of the theoretical analysis.

5.2 Extension to General Matrices and Convergence Adjustment

In the following subsection, we extend our investigation from irreducible and aperiodic stochastic matrices
to more general matrices. Our objective is to examine whether the dominant eigenvector can still be extracted
through the doubling process under these broader conditions.

However, we observe that convergence is no longer guaranteed in all matrix blocks. In particular, the (1, 1)-
block of M and the (2,2)-block of L may fail to converge. Despite this, the computation of the dominant
eigenspace remains valid, since the left and right eigenvectors are associated with the (2, 1)-block of M and
the (1, 2)-block of L, respectively.

Nevertheless, to gain a deeper understanding of the algorithm’s behavior, we aim to analyze how and why the
divergent blocks evolve. In particular, we analyze the convergence order of the matrix blocks Mj; and Los to
better understand their asymptotic behavior under the doubling process. Rather than simply observing whether
these blocks converge, we perform a block-wise quantitative analysis by tracking how their norms evolve across
iterations. This allows us to determine how fast or slow these blocks decay, or whether they diverge.

Such analysis is crucial, especially in the context of general matrices where convergence is not guaranteed.
Even though the dominant eigenvectors are extracted from the (2, 1)-block of M and the (1, 2)-block of L, ob-
serving the behavior of M7, and Los still plays an important role in understanding the overall numerical stability
of the algorithm.

Furthermore, monitoring the evolution of these blocks provides valuable practical insights. For example,
identifying slow decay or divergence in M7, or Lso can serve as a diagnostic tool for adapting the algorithm dy-
namically. This could involve introducing regularization, adjusting iteration strategies, or switching to a stabilized
scheme when instability is detected. Therefore, the convergence order of these blocks is not only of theoretical
interest but also contributes directly to the design of more robust and adaptive variants of the doubling algorithm.

In the following theorem, we extend the doubling algorithm to arbitrary matrices, without requiring the matrix
to be stochastic. Compared to Theorem 5.3, the conclusion is weaker in that it no longer includes the convergence
of the (1, 1)-block My, to zero.

Instead, this result focuses on the convergence of the (2, 1)-block of M and the (1,2)-block of L to the left
and right eigenvectors associated with the dominant eigenvalue. These two properties are sufficient for recovering
the dominant eigenspace, even though full convergence of all matrix blocks is not guaranteed.

Theorem 5.6. Let A € R™*" be an arbitrary matrix such that the (n,n)-entry of A* is nonzero for some k € N.
By pairing A with the identity matrix I,, to form a matrix pair and applying the doubling procedure, the iterates
converge to the dominant eigenvector associated with the dominant eigenvalue. Specifically, we partition both A
and I, into four blocks according to submatrix sizes (n—1) x (n—1), (n—1) x 1, 1 X (n—1), and 1 x 1. Then,
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as k — oo, the iterated form satisfies

My 0O

k Le. I L12
CRTAR B

0 Lo

where the vectors in equations (5.2) and (5.3) converge to the left and right eigenvectors corresponding to the
dominant eigenvalue, respectively.

Proof. The argument is similar to that of Theorem 5.3, except that the irreducible and aperiodic stochastic as-
sumption is not required. We demonstrate the proof as follows. According to Theorem 5.1, any matrix A € R™*"
that is diagonalizable admits the spectral representation given in equation (5.1), where A\; € R are the eigenvalues
of A, and v;, w; € R™ are the corresponding right and left eigenvectors, respectively. Then, for each positive
integer k, we have

V1,i
kNS kTN gk | V2
A¥ = E Aviw,; = E Ao [wm Wi - wm]
i=1 i=1 :
Un,i
U1,iWi 1 V1,iW;,2 s V1,iWin—1 V1,i Wi n
n V2,;Wi,1 V2, ;Wi 2 ce V2,iWin—1 V2, iWin
_ k
,E b
—
' Un—1,iWi1 Un—1,W;2 *° Upn—-1iWin—-1 Un—1,iWin
Un,iWi,1 Un,iWi,2 ce Un,iWin—1 Un,iWin
k k k k
AP U1,Wi 1 AfU1iWi2 o ATV Win—1 AP U1, Wi p,
k k k k
n )\i V2,iW;i,1 )\i V2,iW;,2 Y 4 >\i V2,iWin—1 )\i V2, iWin
i=1 k k k k
AfUn—1,;Wi1 AJUp—1:Wi2 AjUp—1,iWin—1 AiUpn_1,Win
k k k k
Af U W5 1 AfUniWia o0 AU W o1 AU i Wi g,

We partition the matrix A € R™*"™ into four blocks according to the dimensions (n—1) x (n—1), (n—1) x 1,
1x (n—1),and 1 x 1, namely

Apy € RO-Dx(n=1),
Ap € R(n—l)xl’
Ayy € RIx(n=1),
Agy € RIXL

A Ap
A= [Am Aﬁ} ,  where

We then form the matrix pair (A4, I) by combining A with the identity matrix I,,. Since the (n,n)-entry of A*
is nonzero for some k € N, this ensures that the (2,2)-block Ay, contains a strictly positive entry. Therefore,
the conditions required to apply Theorem 5.2 are satisfied, and the matrix pair can be transformed into the stan-
dard form accordingly. To illustrate this transformation, we apply a sequence of structure-preserving similarity
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transformations, denoted by 7(*) and T, to the matrix pair [A* | I,,]. The resulting form is given below.

1
k k k k
AFULiWi 1 AU Wie o ATULWin—1 | ATU1iWin -~ 0---0]0
Py Py Py P\ 0 ! 0|0
U2 W41 TU2Wi2 o ATU2 Wi n—1 $02,iW; o
n
i=1 .
k k k k
AfUn—1,iWi 1 AfVn—1,Wi2 -+ AfUn—1,iWin—1|AjVUn—1,iWipn | 0 0 --- - 0
Py Py P P\ 00 0 !
i Un,iWi,1 i Un,iW;2 i Un,iWin—1 i Un,iWin : E
PV PV AF AF ! 0 0 0
V1w PV Wi ATUL Wi -1 FU1,iWs —~ 0
Ak Ak by by 1
+ U2, W; 1 FU2Wio e AfU2 Wi 1 i U2, Wi n 0 o 0 0
71
-—
i=1 )
k k k k
AfUn—1,/Wi1 AfUn—1,:Wi2 =+ AfUp_1,iWin—1|A;Un—1,iWipn | 0 O --- - 0
% % % %
AfUn Wil AU Wi 2 AU iWin—1 | A7Un iWinp 00 0 1
L Mp,n Mp,n Mp,n Mp,n - Mnpn |
_ . _
1 )‘i V1,iWin
mi 1 mi2 o Mip-1 0 -0 0] ———
n Mpn
k
1 )‘i V2,iWin
ma 1 Moo -+ Map_1 0 0O —---0| ———
n Mp,n
n
7@ . . . A . .o . .
—>§ : : P : : o T : (5.6)
=1
k
1| ANvp—1,Win
Mp—1,1 Mp—1,2 *** Mp_1np-1 0 00 - —|————"7
n Moy,
% Iz % %
AfUn iWi 1 AJUp W5 2 AfUn i Wi p—1 | AU iWi 00 0 1
L mn,n Mp,n Mp.n Mp,n n- mn,n 4
My1 0|1 Lqo
where the transformations 71) and 7'®) are given by
- n k =
10 --- 0 - Z )‘z V1,iWin
i=1
n
I 0 I, 1 (1) o1 --- 0 - Z A§02,iwi,n
1 2) =1
71 — 0 1 =] 0 ——o - ., TO =
mn,n Z )‘7 'Un,iwi,n ’ : : n ’
izl k
00 - 1 - Z )\1 Un—1,iWin
i=1
0 0 --- 0 1 ]

We now consider the (2, 1)-block of M and the (1,2)-block of L. We begin with the (2, 1)-block of M, and
without loss of generality, focus on the (n, 1)-entry. The following identity holds

n & n & n >\1 k
2 Aivngwin 2 AN Ungwin 3 -] Unatia
i=1 =1

_i=1
== = -
Mnp,n k s D Ai
2 ATV iWin S (20 g, g,
i=1 — A
i=1 1

Up,1Wi1 Wi
Sl el = 0 ask — oo,
Un,1W1,n W1,n

46



From the limiting structure of the matrix M, we observe that the last row, given by [Mgl 1], corresponds to a
left eigenvector associated with the dominant eigenvalue. In particular, we have

wi,1 w1,2 W1n—-1
]\4’21 1] = —_— —Z - 1
[ ] W1,n W1,n W1,n
1
= [w1,1 w12 - Win-1 wl,n} s
W1,n
T

which is a scaled version of the left eigenvector w; .
In a similar manner, we now consider the (1,2)-block of L, and without loss of generality, focus on the
(1, n)-entry. The following identity holds

_ =1 _ =1
= — = .
Mnn k n by
' Z A Un,iWi,n Z 22} 0piWin
i=1 =1 )\1 ’ ’
V1,1W1,n V1,1
——— =——- ask — o0.
Un,1W1,n Un,1

S . . L
From the limiting structure of the matrix L, we observe that the last column, given by [_112} , corresponds to a

right eigenvector associated with the dominant eigenvalue. In particular, we have

- U1 A
Un,1
, v
V91 1,1
4 V2,1
{Lm] Yy \ \..J /
= . = ,
-1 : Un,1
Un—1,1 Un—1,1
Un,1 Un,1
L -1 ]

which is a scaled version of the right eigenvector v;. Consequently, the vectors given in equations (5.2) and (5.3)
respectively converge to the left and right eigenvectors associated with the dominant eigenvalue. This completes
the proof. O

In this theorem, it is clearly shown that the (2, 1)-block of M and the (1, 2)-block of L converge to the left
and right eigenvectors associated with the dominant eigenvalue, respectively. Notably, this result does not require
the (1, 1)-block of M or the (2,2)-block of L to converge. However, from a numerical perspective, divergence
of these matrix blocks is undesirable, as it may affect the overall stability of the algorithm. Therefore, in the
following discussion, we investigate the convergence behavior of the (1, 1)-block of M and the (2, 2)-block of L
in greater detail. In particular, we analyze their convergence order using the representation given in equation (5.6).
This analysis provides deeper insight into the growth or decay rates of the divergent components, and serves as
the foundation for the next theorem.

Theorem 5.7. Let A € R™™™ be a diagonalizable matrix whose eigenvalues satisfy |A\1| > |Aa| > -+ > |\,
Then, as k — oo, the matrix pair [A¥ | I,] asymptotically satisfies

L]~ o0 0| r om, T,

{Ak o) 1]0 o)

under a block partitioning conforming to (n—1) x (n—1), (n—1) x 1, 1 X (n—1), and 1 x 1 submatrices.

Proof. By equation (5.6), we obtain explicit expressions for the (1, 1)-block of M and the (2, 2)-block of L. We
begin by analyzing the (1, 1)-block of M. Since this block is of size (n—1) x (n—1), we may, without loss of
generality, focus on the (1, 1)-entry of M. This leads to the following identity
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L k
> AU, iwi

=1
Mpn

n n
_ k k
\ml,l E )\i V1,iWi1 — E >\1- U1,iWin *
i=1 i=1

n n n
k k k
(Z A; vl,iwi,l) My n, — <Z Ai vl,iwz:n> (Z A; Un,iwi.i)
i=1 i=1 i=1

|mn,n|

n n n n
k k k k
( )\i vl,iwi,l) ( )\i Un,iwi,n> - <Z )\i vl,iwi,n) (Z )\i Un,iwi,1>’
i=1 i=1 i=1 i=1

L k
)‘i Un,iWin
i=1

kK
;. AFAT (V1,404,105 jWj 0 — V1,iWi 0 Un, jW;,1)
i#]

- k
)\i Un,iWi,n
=1

(2

kiy (k
c1 - |A T A
LBl _ o), ask s oc,
¢ - A
where c1, co > 0 are constants depending on the eigenvectors. The fourth equality follows from the fact that all
terms with ¢ = j cancel out, since

V1,4W;i,1Vn,iWi,n — V1,iWinUn,iW;1 = 0.

Thus, only the cross terms with 4 # j remain. The inequality in the final line holds because for any i # j, we have
IAiA;j| < [A1)2], and therefore |AF /\;“| < |A1]¥|A2|*. In contrast, the denominator is asymptotically dominated by
the term involving | A1 |¥, and hence remains bounded away from zero as k — occ. As a result, the entire expression
decays at a rate of O(|\2|¥). Each entry of the (1,1)-block M;; decays at a rate of O(|\2|¥), as can be shown
using similar reasoning applied to other positions in the block. Next, we turn our attention to the (2, 2)-block of
L, which is a scalar entry. In this case, the asymptotic behavior can be computed directly.
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In the final inequality, we observe that the dominant contribution to the sum in the denominator comes from the
term associated with \;. Since all other terms involve |\;/\;|¥ with |\;| < |A{|, they decay exponentially as
k — oo. The leading term corresponding to ¢ = 1 remains bounded away from zero, so the entire summation is
bounded below by a constant ¢ > 0, which ensures the inequality holds. Moreover, the (2, 1)-block of M and the
(1,2)-block of L converge to the left and right eigenvectors, respectively, with convergence order O(1). Hence,
the proof is complete. O

In the following discussion, based on Theorem 5.7, we observe that the (1, 1)-block of M and the (2, 2)-block
of L may fail to converge. This behavior poses a challenge in numerical computation, as unbounded growth in
these blocks can compromise stability and accuracy. To address this issue, we propose an adjustment strategy
inspired by the power method. At each iteration, we measure the maximum absolute entry in the (1, 1)-block of
M or the (2, 2)-block of L, and apply rescaling to control their growth. This normalization step ensures that these
blocks remain numerically well-conditioned throughout the iteration process.

Before presenting the main doubling algorithm, we introduce a preprocessing procedure that transforms a
given matrix pair into the standard form. This is achieved by extracting the relevant block structure, aligning
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identity submatrices, and constructing a permutation matrix to reorder the rows and columns. The transformation
is then performed via the solution of linear systems. The resulting matrix pair satisfies the standard form required
for applying the doubling algorithm. We summarize this procedure and incorporate the adjustment strategy into
the iterative process to form the complete doubling algorithm, as described in the following steps.

Algorithm 4 Transform Matrix Pair (A, B) into Standard Form

Input: Matrices A, B € R™"*"

Output: A matrix pair (M, L) in standard form
1: Form matrix C' < [A(:,n) | B(:, 1:n—1)]
2: Construct permutation matrix

K« O(n—l)xl I, 4
1 O1x(n-1)
3: Solve linear systems X4 <~ C\A4, Xp <+ C\B
4: Compute M < K - X4
5: Compute L + K - Xp
6: return M, L

Algorithm 5 Normalized Doubling Algorithm with Tracking of Submatrices and Eigenvectors

Input: A matrix A € R™*", maximum iteration count MaxStep

Output: Norm sequences || M. 1(? II, HLSQ ||; eigenvector sequences v*), w (T final eigenvectors
1: Obtain (M, L) by applying the standard form transformation to (A4, I,,) using Algorithm 4
2: Initialize sequences:

1 1
M| [|M(1n—1, Ln-1)], LS|+ |L(n,n)]

NP {L(L"_—ll’ ”)} , wT — [M(n, 1:n—1) 1]

3: for t = 2to MaxStep do

& 0oL, )l

5: Normalize by the infinity norm: L < L /¢

6: Compute null space tmp < null([L", —M"])

7 Obtain L; < (tmp(1:n,:))T, My + (tmp(n+1:2n,:))T"

8 Update (M ®), L(®)) by transforming (L M, My L) via Algorithm 4
9

Record
¢ t
M| 1M O (1:n-1, 1m-1)], IS |29 (n, m)]
(11—

v® [L (lfl L n)] , w®T [M(t)(n, 1:in—1) 1]
10: end for
11: Set final eigenvectors

v ,U(MaxStep), ,wT « w(MaxStep)T

12: return sequences {|[ M|}, (I}, {v®}, {w® T}, and final v, wT

In the second experiment, we collect the sequences ||Mﬁ) || and HLSQ ||, the eigenvector sequences v(*) and
w®T, and the final vectors v and w ', which approximate the left and right eigenvectors corresponding to the
dominant eigenvalue. The goal of this experiment is to verify Theorem 5.6, which asserts that

w! = [Mgl 1], V= {Iff]

converge to the left and right eigenvectors, respectively. We therefore examine whether the errors between the
approximated and true eigenvectors decrease as the number of iterations increases. Moreover, according to Theo-
rem 5.7, the submatrices M7, and Lo5 may not converge numerically. We investigate whether appropriate adjust-
ments can lead to their convergence. By observing the sequences || M- 1(? || and ||Lg2) |I, we aim to determine whether
their magnitudes tend to stabilize or at least do not diverge as iterations progress. In particular, we also monitor
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the convergence trend by checking whether the difference between sequential terms, such as || M- SH) -M 1(? I,
decreases over time.

In this experiment, we follow a procedure similar to that of the first experiment. To ensure that the eigenvalues
and eigenvectors are real, we generate a real matrix R € R™*", and construct a symmetric positive semidefinite

matrix A by setting
A=R'R.

Since A is symmetric, all of its eigenvalues and eigenvectors are guaranteed to be real. Moreover, because A
is positive semidefinite, all of its eigenvalues are nonnegative. We then apply Algorithm 5 to the matrix A, and
evaluate the following aspects:

* whether the errors between the computed left and right eigenvectors and the true eigenvectors decrease and
converge to zero as the iteration proceeds,

» whether the norms of the submatrices M;; and Ly, converge under the normalization scheme,
* whether the variation in submatrix norms between sequential iterations gradually decreases.

In this experiment, we fix the maximum number of iterations to 20 in order to observe the convergence behavior
within a predefined computational cost. To better illustrate the results, we use plots to visualize the variation of
the eigenvectors and the norms of the submatrices throughout the iterations.
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Figure 1: Convergence of the right eigenvector approximation v(*) relative to the true eigenvector for different
matrix sizes

In Figure 1, we compare the true right eigenvector with the sequence of approximated right eigenvectors v(*),
It can be observed that the sequence eventually converges to the true eigenvector, although the convergence is
not monotonic at the beginning. In most cases, the approximation remains relatively unstable during the initial
iterations and only starts to decrease significantly after around ten steps. Nevertheless, the overall trend confirms
that the computed eigenvectors converge to the true right eigenvector.
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Convergence of Left Eigenvector w (n = 300)

Convergence of Left Eigenvector wl (n =500)

Convergence of Left Eigenvector wl® (n =800)
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Figure 2: Convergence of the left eigenvector approximation w(*) relative to the true eigenvector for different

matrix sizes

Figure 2 illustrates the convergence behavior of the approximated left eigenvectors w®) toward the true left
eigenvector. While the approximations ultimately converge, the convergence process is not smooth in the early
stages. In the early iterations, the error changes irregularly and only begins to decrease steadily after around ten
steps. Despite this initial instability, the results indicate that the sequence of approximations reliably converges to

the correct left eigenvector over time.
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Figure 3: Evolution of || M 1(1) || over iterations for various matrix sizes

Figure 3 shows the behavior of the norm of M,

(t)
1

. Initially, the norm increases rather than decreases, and

reaches a peak before starting to decline toward zero. The purpose of this experiment is to examine whether the
normalization using ¢ can effectively control the growth of M;,. From the plots of different matrix sizes, we
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observe that the control mechanism remains stable once a sufficient number of iterations is reached. Moreover, it
prevents numerical divergence during the computation process.
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Figure 4: Evolution of ||Lg2) || over iterations for various matrix sizes

Figure 4 shows the behavior of the norm of L( ). The norm reaches its maximum at the second iteration,
forming a peak in the graph, and then decreases steadily as the iteration count increases. From this figure, we
observe that the convergence curves are smooth and consistent across different matrix sizes. This indicates that
the adjustment mechanism successfully stabilizes the evolution of Lo, regardless of the matrix size.
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Figure 5: Log-scale tracking of || M}, (b1 (? || for various matrix sizes

In Figure 5, the use of a log-scale makes it difficult to observe noticeable differences during the first ten
iterations. However, as the number of iterations increases, the difference between consecutive values decreases
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rapidly. This trend provides clear evidence of the convergence of the norm of M. ﬁ . The nearly linear decay

observed in the log-scale plot suggests that the convergence of || M 1(? || is exponential.
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Figure 6: Log-scale tracking of ||L(2t2+1) - Létz) || for various matrix sizes

In Figure 6, the convergence behavior of ||L§t2+1) - L(2t2) || is less regular compared to that of || M. 1(?1) -M 1(? I

in the log-scale plot. Although the differences do not decrease monotonically, the overall trend is still downward as
the iteration count increases. This suggests that, despite some fluctuations, the adjustment mechanism effectively
stabilizes the iteration process, allowing the matrix sequence to converge.

From Figures 1 to 6, we can summarize the results of this experiment as follows. It is evident that the nor-
malization factor ¢ plays a crucial role in controlling the convergence behavior of the matrix sequence. Among all
components, Lo is the first to exhibit convergence, forming a near-perfect decreasing curve starting from iteration
2. However, not all terms converge simultaneously. This is due to the structure of the doubling algorithm, which
involves solving a null space and multiplying matrices in each iteration. When we normalize L by ¢ = || Lo2||, the
matrix M is effectively scaled by ¢ as well. As a result, although Loy decreases quickly, the corresponding effect
on My is delayed. In fact, M;; may initially grow in magnitude before eventually stabilizing. Once Los becomes
sufficiently small and approaches convergence, the influence of £ on M7, decreases, allowing M;q to begin its
own convergence process. This explains why most other components start to converge around the 10th iteration.
Finally, we observe that the convergence of M1 is not only stable but also exhibits quadratic convergence. In the
following discussion, we will apply numerical techniques to demonstrate the quadratic convergence behavior of
My, . To verify the quadratic convergence of M1, we establish the following convergence rate estimation.

Theorem 5.8 (Convergence Rate Estimation). Suppose the sequence {|| M 1(? I} +en converges to zero, and satisfies
the asymptotic relation

1M1 = el 17+ o (1aD117)  ast = oo, (57)
for some constants ¢ > 0 and q > 0. Then, for sufficiently large t, the convergence order p can be approximated
by

 log | M1V — log | MY |

~ Ll (5.8)
log | M| - log [ M3V

Proof. By the approximation assumption in equation (5.7), we have

t+1 t t t—1
M) = el M), MY = el MGV)e.
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Dividing the first equation by the second, we obtain

t4+1 t q
ML (P
t t—1
I NI
Taking the natural logarithm of both sides yields
t+1 t
125V _ M7
log @ = qlog =)
[ My ]| My
Solving for g gives the convergence rate estimate stated in equation (5.8). O

Thus, in the following verification, we use equation (5.8) to confirm the correctness of the convergence rate
estimation. To demonstrate this verification, we present a figure that illustrates the computed convergence rate q at
each iteration. The results support our hypothesis that M7, exhibits quadratic convergence. The observed values
of ¢ consistently approach 2 as the iterations proceed, indicating second-order convergence. The experimental
setup is the same as in the second experiment. We begin the analysis from n = 3, due to the requirements of
the convergence rate formula, which involves three consecutive iterations. The figure also records the values of
|| ML 1(? || for different matrix sizes and illustrates how the estimated convergence rate varies over iterations. In this

analysis, we restrict our attention to the range ¢ € [0, 4], as it captures the behavior for assessing the convergence
order.
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Figure 7: Estimated Convergence Order of M, for Different Matrix Sizes

In Figure 7, we observe that the convergence order of M;; increases rapidly. Although the convergence is
not evident during the initial iterations, it becomes apparent around iteration 10. From that point onward, the
estimated order remains close to 2, confirming the second-order convergence behavior of M.

To conclude this section, we provide a remark that will be relevant to the subsequent discussion in the next
section on the Adaptive Partition Algorithm. This remark is motivated by the convergence analysis in Theorem 5.7,
and its proof follows a similar approach.

Remark. Let A € R"*™ be a diagonalizable matrix whose eigenvalues satisfy
Ml = Aol = = A > PApga] = - = |Anl.

Then, as k — oo, the matrix pair [A* | I,,] asymptotically satisfies

]n} ~ { O(Ap1l®) 0 | Lo,  O(1)

{Ak o) " 1,| 0 o |
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under a block partitioning conforming to submatrices of sizes (n—p) X (n—p), (n—p) X p, p X (n—p), and p X p,
respectively.

In this section, we have introduced the doubling algorithm by first presenting the standard form and specifying
the conditions under which a given matrix pair can be transformed into it. We then applied the doubling algorithm
to irreducible and aperiodic stochastic matrices. By partitioning the matrix pair into (n —1) x (n—1), (n—1) x 1,
1x (n—1),and 1 x 1 blocks, we observed that the (1, 1)-block of M converges to zero, while the (2, 1)-block of
M and the (1, 2)-block of L converge to the left and right eigenvectors, respectively. These updates are performed
in a blockwise manner, and the same iteration strategy can be naturally extended to general matrices beyond the
stochastic case.

To further validate the algorithm, we conducted a numerical comparison with the power method. This com-
parison focused on computation time, the number of iterations required for convergence, and the approximation
error of the dominant eigenvalue.

Following this, we extended the analysis to general matrices and observed similar convergence behavior in
the (2,1) and (1,2) blocks. We then analyzed the convergence order of the partitioned matrix pair. In a second
experiment, we tracked the evolution of the left and right eigenvectors, the norms of submatrices, and their dif-
ferences across sequential iterations. These observations suggested that the (1, 1)-block of M exhibits quadratic
convergence. To confirm this, we performed a convergence rate estimation for M;; and verified its quadratic
convergence behavior.

Finally, we conclude with an external remark, which will serve as a foundation for the discussion in the next
section.
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6 Adaptive Partition Algorithm

In this section, we present a modified version of the doubling algorithm that incorporates an adaptive block
partitioning strategy aimed at improving convergence. Unlike the method described in the previous section, this
approach dynamically adjusts the partition based on the observed behavior of the (1,1)-block of M and the
(2,2)-block of L, particularly in response to potential divergence. The primary goal remains the extraction of
the dominant eigenspace; however, the key innovation lies in monitoring the evolution of selected matrix blocks
during the iteration process and applying structural adjustments whenever instability is detected.

This design is inspired by the observation in the previous section, which emphasized the importance of tracking
the convergence behavior of submatrices such as M7 and Los. Building on that insight, we develop a two-part
algorithmic framework.

The first component is a transformation routine that, given any matrix pair and a specified partition index,
converts the pair into an extended standard form. This form ensures compatibility with the doubling iteration
while preserving the underlying structural properties necessary for convergence.

The second component governs the adaptive adjustment of the partition index based on the behavior of the
iteration. When the norm of the selected matrix blocks becomes excessively large—indicating potential numerical
divergence—the algorithm increases the partition index and recomputes the extended standard form accordingly.

If the error remains moderate, meaning it is neither diverging nor yet converged, the algorithm proceeds with
the doubling iteration as usual, while continuing to monitor the behavior in subsequent steps. This allows for
progressive refinement without premature termination or unnecessary structural changes.

Finally, if the monitored error falls below a predefined threshold, the iteration is deemed to have converged.
At this point, the process terminates, and the current partition index is retained as the final configuration.

Through this adaptive mechanism, the algorithm becomes more robust and effective across a wider range of
input matrices. It maintains structural consistency while dynamically responding to instability during the iterative
process.

Algorithm 6 Transform Matrix Pair (A4, B, p) into Standard Form

Input: Matrices A, B € R™*"™, and a partition index p
Output: A matrix pair (M, L) in extended standard form
1: Letn < size(A,1)
2: Construct matrix C <— [A(:, n—p+1:n) | B(:, L:in—p)]
3: Construct permutation matrix
K« {0 I”p]

I, 0

Solve linear systems X4 <+— C\A, Xp <+ C\B
Compute M < K - X4

Compute L < K - Xp

return (M, L)

Nk

Algorithm 7 Adaptive Partition Algorithm with Norm Tracking

Input: A matrix A € R"*"
Output: Norm sequences || M. 1(? II, HLétz) ||, partition indices p(*), and total iteration count
1: Set parameters: tOlsp, t0lgrow, max_iter
2: Initialize: p < 1, max, < n — 1, Iter <— 0, converged <« false
3: Compute initial matrix pair (M, L) via Algorithm 6 with input (A, I,,, p)
4: Compute initial norms: ||Mu1]|, | Loz||
5: while Iter < max_iter do
6 Record current norms and partition index
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if || M1 < tolgep and || Lozl < tolgep then
converged < true, break
else if || V/11]| > tolgow OF || Laa|| > tolgroy then

10: if p > max,, then

11: Terminate with warning: maximum partition index reached
12: else

13: Update: p < p+1

14: Recompute (M, L) via Algorithm 6 with updated p

15: Compute norms from current M, L

16: end if

17: else

18: Iter < Tter + 1

19: Compute null space tmp < null([LT, —M T])

20: Obtain L; < (tmp(1:n,:))", M + (tmp(n+1:2n,:))"

21: My < L1M, Lo+« ML

22: Compute updated pair (M, L) via Algorithm 6 with input (Ms, Lo, p)
23: Compute norms from current M, L

24: end if

25: end while

26: if not converged then

27: Warn: maximum iterations reached
28: end if

Based on Algorithm 7 and the remark presented in the previous section, we observe that the eigenvalue A = 1
plays a critical role in the partitioning strategy. When the eigenvalues are ordered such that |\,| < 1 < |Ap41],
placing the eigenvalue exactly at the boundary defined by the partitioning of the matrix allows both the (1, 1)-block
of M and the (2, 2)-block of L to converge to zero during the doubling process.

This observation motivates the design of our third experiment. We construct two test cases to investigate the
relationship between the partition index and the convergence behavior:

* The first case involves a diagonalizable matrix of size 7, with four eigenvalues strictly inside the unit disk
and three outside.

» The second case uses a diagonalizable matrix of size 10, with three eigenvalues inside the unit disk and
seven outside.

For each possible partition index p = 1,2,...,n — 1, we apply the adaptive doubling algorithm (Algorithm 7)
with the following parameters: tol_stop = 107!, tol_grow = 10%, and max_iter = 200. During each run,
we record the following:

* the partition index used,
* the number of iterations required to reach convergence,
* the norm sequences of the submatrices M7 and Loy over all iterations.

This setup enables us to evaluate the effectiveness of each partition index and to analyze how the leading and
trailing subblocks evolve under the doubling process. The results for the first case are presented in the following
figure, which shows the evolution of || M1 || and || L2z || over the adaptive iteration process. At each step, the algo-
rithm performs either a doubling update or an adjustment of the partition index, depending on the observed norm
behavior. This setup allows us to visualize how the algorithm progresses toward convergence under dynamically
changing structural configurations.
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10 Norm Evolution of Submatrices with Adaptive p (Final p = 3)
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Figure 8: Trajectories of || M71]| and || L2z || over the adaptive iteration process. Different colors indicate intervals
during which the partition index p remains constant. The final partition index reached is p = 3.

As shown in Figure 8, when the partition index is set to p = 1, the norm of M;; exhibits a divergent trend,
while the norm of Lys appears to converge. After six doubling iterations, the norm of M7, exceeds the predefined
growth tolerance, which in this experiment is set to 10%. This threshold is adjustable depending on the desired
sensitivity to divergence.

Once the norm exceeds the growth threshold, the algorithm increments the partition index by one and reconfig-
ures the matrix pair into the standard form accordingly. It then reevaluates the norm under the new configuration.
If the updated norm falls below the threshold, the algorithm proceeds with the doubling iteration; otherwise, the
partition is adjusted again. This cycle of norm evaluation, partition adjustment, and conditional continuation is
repeated whenever the norm of M7, becomes excessively large.

Eventually, when the partition index reaches p = 3, both || M| and || L22|| demonstrate simultaneous con-
vergence. This behavior confirms the earlier observation: with four eigenvalues strictly inside the unit disk and
three outside, the optimal partition occurs at p = 3, effectively separating the spectrum and promoting conver-
gence. This experiment thus supports both the theoretical intuition and the practical effectiveness of the adaptive
partitioning strategy.

It is important to note that the iteration steps in the adaptive process do not directly correspond to the number
of doubling iterations performed. Each adaptive step involves a check of the submatrix norms and may result
either in a doubling update or in an adjustment of the partition index. Therefore, not all adaptive steps represent
an actual doubling operation.

In fact, the total number of true doubling steps can be determined by subtracting the number of partition
adjustments from the total number of adaptive iterations. That is,

Doubling Steps = Adaptive Steps — p,

where p is the final partition index used. This distinction is crucial when analyzing convergence behavior, as it
allows us to more accurately assess the efficiency of the doubling procedure itself.

The results for the second case are presented in the following figure, which illustrates the norm evolution of
|| M71]] and || Logo|| across the adaptive iteration. This example further validates the effectiveness of the algorithm
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under a more unbalanced spectral distribution, where the majority of eigenvalues lie outside the unit disk. Com-
pared to the first case, the norm trajectories in this setting are more irregular due to the dominance of eigenvalues
outside the unit circle.

10 Norm Evolution of Submatrices with Adaptive p (Final p = 7)
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Figure 9: Trajectories of || M7 and || Loz || over the adaptive iteration process. Different colors indicate intervals
during which the partition index p remains constant. The final partition index reached is p = 7.

In Figure 9, we observe results that are consistent with those of Case 1, further confirming the validity of the
proposed partitioning strategy. During iteration steps 5 through 9, the partition index is incrementally adjusted,
indicating that the initial choices were suboptimal and required correction. This adjustment process demonstrates
the algorithm’s ability to detect and respond to improper partitions dynamically. In contrast, if the partition index is
poorly chosen and remains unchanged, it may result in only one of the subblocks—either M7, or Lys—converging
while the other diverges. Therefore, the identification of a structurally stable partition is central to the success of
the adaptive doubling approach presented in this section.

In the following discussion of this thesis, we shift our focus to the analysis of the dominant eigenspace.
Specifically, we aim to understand how the iterative process of the doubling algorithm reveals the structure of this
eigenspace through the convergence behavior of certain matrix blocks.

In particular, we observe that when the (1, 1)-block of M and the (2,2)-block of L converge to zero, the
remaining nonzero blocks isolate the dominant left and right eigenspaces. This observation forms the basis for
characterizing the limiting behavior of the algorithm. We begin by presenting the main theorem that formalizes
this relationship and underpins our subsequent analysis of the dominant eigenspace.

Theorem 6.1. Let (A, I) be a matrix pair, and suppose an adaptive partition index p is identified such that
Apl > 1> [Apsal,

where {\; } are the eigenvalues of A. Then, under the standard form associated with this partition, the system can
be represented as

My I,

My 0
0 Loo

In—p L12 :l
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As the doubling iteration proceeds, the convergence condition implied by the partition ensures that M|, — 0 and
L35 — 0. Consequently, the system asymptotically reduces to:

In—p Liy
5" } 6.1)

[ 0 0
M3, 1
From the structure of (6.1) and the theory of generalized eigenvalues and eigenvectors, we conclude that the
dominant eigenspaces can be explicitly characterized as follows. The matrix

L,
~I,

spans the dominant right eigenspace, while the matrix
(M3 1]
spans the dominant left eigenspace.

Proof. By equation (6.1), and using the theory of generalized eigenvalues and eigenvectors, we derive the follow-

ing relation
0 0 |Vi Wi _ |[In—p ol (Vi Wil A1 0
Mz, L |Va Wa| | O 0 Vo Wal |0 As|’
0 o][vi WAl ATt 0] [Lnop Li] [Vi WAl [Lh—p O
My Iy Vo Ws 0 I, | O 0 Vo Wsy 0 A’
where A; contains the eigenvalues with modulus greater than one, and A5 contains those with modulus less than

one. As the iteration proceeds, A1_1 — 0 and Ay — 0, implying that the dominant and non-dominant components
decay in a complementary manner under the transformation. So the equation could be

0 0|0 Wi| [Lh—p Lis| Vi O
My I, |0 Wa| | O 0] (Ve O]
By computing the (1, 1)-block of the matrix identity, we obtain the following equations

.1V
[In—p Li] [Vj =0

L3,
~I,

spans the dominant right eigenspace. Similarly, by observing the (2, 2)-block of the matrix identity, we obtain

These relations imply that

N W-
(M3, 1) {Wﬂ =0,
which implies that
(M3, L]
spans the dominant left eigenspace. O

In this section, we have presented the complete formulation of the adaptive partition algorithm and designed
two representative matrix cases to evaluate its effectiveness. The key idea is to identify an optimal partition such
that the (1, 1)-block of M and the (2, 2)-block of L both converge to zero. This is achieved by monitoring the
norms of these subblocks during each iteration. Depending on their behavior, the algorithm either adjusts the
partition index or proceeds with the doubling process, continuing this cycle until convergence is observed in both
blocks. Once this condition is met, the resulting matrix pair becomes stable and structure-revealing, allowing us
to extract the dominant eigenspace corresponding to the set of eigenvalues with maximal modulus. This outcome
aligns precisely with the central objective of our thesis.

In the next section, we summarize the main findings of this work and outline potential directions for future
research, thereby bringing the thesis to its conclusion.
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7 Conclusion and Future Work

In this section, we summarize the key contributions of this thesis and outline directions for future research.

This thesis investigated the doubling algorithm and its application to the computation of dominant eigenspaces.
We began by introducing the standard form for matrix pairs and provided conditions for its existence through a
transformation into this form.

The first case we considered was that of an irreducible and aperiodic stochastic matrix. We applied the dou-
bling process to this class of matrices and presented a theorem stating that the (1, 1)-block of M converges to zero,
the (2, 1)-block of M combines with the scalar 1 to form a convergent row vector, and the (1, 2)-block of L com-
bines with —1 to form a convergent column vector. This structural result provides a precise characterization of the
limiting behavior of the algorithm. These block formulations significantly improve computational efficiency and
enable faster implementation in practical settings. By leveraging this structure, we provided a complete descrip-
tion of the doubling algorithm specifically tailored to irreducible and aperiodic stochastic matrices. Furthermore,
we compared the performance of the doubling algorithm against the classical power method. Numerical experi-
ments were conducted to validate the theoretical results, demonstrating both the correctness and the computational
advantages of our proposed approach.

In the second case, we extended the framework to general matrix pairs beyond irreducible and aperiodic
stochastic matrices. We proved that certain structural properties are preserved: specifically, the (2, 1)-block of
M combined with the scalar 1 forms a convergent row vector, and the (1,2)-block of L combined with —1
forms a convergent column vector. We then analyzed the convergence behavior of the (1, 1)-block of M and the
(2,2)-block of L, and proposed an adjustment strategy to control their convergence more effectively. Numerical
experiments were conducted to observe the convergence of the previously mentioned row and column vectors,
as well as to verify that the proposed adjustment can successfully guide the behavior of both M;; and Las. To
further support the structure-based analysis, we considered the behavior of the doubling iteration [A* | I,,] under
the transformation to the standard form. It can be shown that
{Ak , } N [ o(nl) 0|1 o) ]

" o) 110 O(x%) |

where \; and A5 denote the dominant and subdominant eigenvalues, respectively. This asymptotic form illustrates
how dominant and non-dominant eigenspace components decay or grow during iteration, aligning with the ob-
served block behavior in the doubling process. Furthermore, we computed the empirical convergence order of the
(1,1)-block of M and observed that it consistently approaches 2, indicating that the doubling algorithm achieves
quadratic convergence in this block.

Furthermore, we extended the analysis of the doubling iteration to the more general asymptotic form

Oral) 0 [L,  OQ)
{Ak I”}“’[ o) 5| 0" o |

which reflects the spectral separation with |A,| < 1 < |Ap4+1|. Building on this structure, we proposed a novel
adaptive partitioning algorithm. Unlike traditional approaches that rely on the norm of submatrices to guide
convergence, our method dynamically selects the partition index by monitoring the norms of the subblocks M,
and Los. When the norm of either block exhibits divergent behavior, the algorithm increases the partition index
and reconfigures the matrix structure; otherwise, it continues the doubling process. This adaptive mechanism is
guided by the asymptotic structure that emerges during iteration. This adaptive partitioning strategy identifies
the index p such that the (1,1)-block of M and the (2,2)-block of L converge simultaneously, serving as a
practical indicator of an optimal partition. We validated the effectiveness of this approach through numerical
experiments. Moreover, under the correct partitioning, we were able to explicitly extract both the left and right
dominant eigenspaces, confirming the theoretical implications of the algorithm.

It is important to note that the limiting form derived in our theorem assumes that the matrix is diagonalizable.
We do not consider the case of non-diagonalizable matrices, as this would require dealing with the Jordan canon-
ical form, which introduces additional complications and is beyond the scope of this thesis. One computational
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concern is that the doubling algorithm involves repeated inversion of submatrices. Although these submatrices are
typically smaller than the original matrix, the cost of matrix inversion can still be significant compared to simpler
iterative methods such as the power method. Moreover, in the case of general matrices, the adjustment strategy
in the doubling algorithm cannot rely on the convergence of both the (1,1)-block of M and the (2, 2)-block of
L simultaneously. Since we cannot guarantee that both blocks converge at the same time, one block may diverge
while the other converges, making the adjustment unreliable under certain partitions. Finally, in the current version
of the adaptive partition algorithm, the partition index is gradually adjusted during the iteration process. The first
index that results in simultaneous convergence of the monitored subblocks is selected as the final partition. How-
ever, the algorithm does not incorporate other strategies—such as predictive heuristics or spectral estimates—to
proactively guide the selection of the best partition.
Future research may explore the following directions:

¢ Investigate alternative formulations of the doubling algorithm that avoid explicit matrix inversion. Elimi-
nating the need for submatrix inversion could significantly improve computational efficiency, particularly
in large-scale problems.

* Analyze the behavior of the doubling iteration when multiple dominant eigenvalues are present. Specifically,
when two or more eigenvalues share the largest modulus while the remaining ones are strictly smaller, it
remains unclear whether the current doubling scheme ensures stable convergence. Further study is needed
to understand potential issues and propose solutions in such cases.

* Address the scenario where |A,| = |A\p+1| = 1. This situation challenges the partitioning strategy, as the
spectrum cannot be clearly divided into dominant and non-dominant components. Future work could aim
to develop heuristics or refined criteria to handle such borderline cases.

 Improve the efficiency of the adaptive partition algorithm by incorporating techniques such as binary search.
Instead of incrementally increasing the partition index, a more efficient search strategy could reduce com-
putational cost while still identifying an optimal or near-optimal partition.
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A MATLAB Code

Listing A.1: Power Method for Dominant Eigenvector

function [x, time, iter] = power_method_simple(A, x0, tol, max_iter)
% POWER_METHOD_SIMPLE Basic power method to compute dominant eigenvector
% Inputs:

% A : square matrix

% x0 : initial vector (non-zero)

% tol : stopping tolerance

% max_iter : maximum number of iterations

% Outputs:

% x : approximate dominant eigenvector

% time : computation time

% iter : number of iterations

x = x0 / norm(x0); % Normalize initial vector

iter = 0;

tic;

while iter < max_iter
y = A * x;

x_new = y / norm(y);
if norm(x_new - x) < tol
break;

end
X = X_Dew;
iter = iter + 1;

end

time = toc;

end

This listing provides MATLAB implementations for Algorithm 1. Listing A.1 implements the classical power
method, which iteratively approximates the dominant eigenvector of a matrix by repeatedly multiplying with
the matrix and normalizing. The convergence behavior depends on the ratio |A2/A1|, where A is the dominant
eigenvalue and )\ is the second-largest in magnitude.

Listing A.2: Doubling Algorithm for Irreducible and Aperiodic Stochastic Matrices with Transform Matrix Pair
(S,1,,) into Standard Form

function [M_21, L_12, iter, time] = da_iteration(H, p)
% DA_ITERATION performs the DA update on matrix H

% Inputs:

% H : a row-stochastic matrix of size n x n

% p : block size (typically 1)

% Outputs:

% M_21 : final left eigenvector block from DA

% L_12 : final right eigenvector block from DA

% iter : number of iterations performed

% time : total elapsed time

n = size(Hd, 1);
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% Partition H

M_11 = H(1:n-p, 1:n-p);
M_12 = H(l:n-p, n-p+l:n);
M_21 = H(n-p+1l:n, 1:n-p);
M_22 = H(n-p+l:n, n-p+l:n);

% Partition identity matrix
L_11 = eye(n-p);

L_12 = zeros(n-p, p);

L_21 = zeros(p, n-p);

L_22 = eye(p);

% Transform the original matrix to standard form
M_11_new = M_11 - M_12 * (M_22 \ M_21);

M_12_new = L_12;

M_21_new = M_22 \ M_21;

M_22_new = L_22;

L_11 new = L_11;

L_12_new = -M_12 / M_22;

L_21 new = L_21;

L_22_new = L_22 / M_22;

% Update the original matrix
M_11 = M_11_new;
M_12 = M_12_new;
M_21 = M_21_new;
M_22 = M_22_new;
L_11 = L_11_new;
L_12 = L_12_new;
L_21 = L_21_new;
L_22 = L_22_new;

iter = 0;

tic

% DA iterations

while any(abs(M_11) > 1le-15, ’all’)
% Transform the standard form to square (DA)
Q=L_11 + L_12 * M_21 / (M_22 - M_21 * L_12);
M_11_new = M_11 *x Q * M_11;
M_21 _new = L_22 * M_21 * Q = M_11 + M_21;
L_12_ new = L_12 + M_11 * Q * L_12 *x L_22;
L_22_new (L_22~2) / (M_22 - M_21 * L_12);

% Update the matrix
M_11 = M_11_new;
M_21 = M_21_new;
L_12 = L_12_new;
L_22 = L_22_new;
iter = iter + 1;
end
time = toc;
end

Listing A.2 presents a MATLAB implementation of the doubling algorithm for irreducible and aperiodic stochastic
matrices, corresponding to Algorithm 2 and Algorithm 3. The procedure begins by transforming the matrix pair
(S, 1) into the standard form described earlier in the thesis. It then applies a series of doubling iterations to
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compute the left and right dominant eigenvectors.

Listing A.3: Comparison of the Power Method and Doubling Algorithm for Computing the Dominant Eigenvector
of Irreducible and Aperiodic Stochastic Matrices.

% MAIN_COMPARISON Compare DA and Power Method
clear; clc;
rng(42);

num = 500; % Matrix size: 500, 1000, 3000, 5000, 8000, 10000
R = rand(num); % Random real matrix

A= R+ R’ / 2; % Make it symmetric

A=A ./ sum(A, 2); % Make it row-stochastic

% === Power Method ===
x0 = rand(num, 1);
tol = 1le-15;

max_iter = 1000;
[a_power, time_power, iter_power] = power_method_simple(A, x0, tol, max_iter);

% Normalize to match eigenvector form (last entry = -1)
a_power = -a_power / a_power (end);

% === Doubling Algorithm (DA) ===
[M_21, L_12, iter_da, time_da] = da_iteration(A, 1);
a_da = [L_12; -1];

% === True Eigenvectors from eig() ===

[V, D, W] = eig(A); % V: right eigenvectors, W: left eigenvectors’
a_true = -V(:,1) / V(end,1); % Normalize right eigenvector

v = W’; % W is left eigenvectors’, so transpose

b_true = v(1,:) / v(l,end); % Normalize left eigenvector

b_da = [M_21 1]; % Approximate left eigenvector from DA

% === Error Comparison ===
err_power = norm(a_true - a_power);
err_da = norm(a_true - a_da);
err_left_da = norm(b_true - b_da);

% === Output Results ===

fprintf ("Matrix size: %d\n", num);

fprintf ("Power Method: time = J.4f s, iter = Jd, error = 7.2e\n",
time_power, iter_power, err_power);

fprintf ("DA : time = %.4f s, iter = %d, error = 7.2e\n",
time_da, iter_da, err_da);

fprintf ("DA (left eig vec error) = %.2e\n", err_left_da);

Listing A.3 compares the performance of the doubling algorithm and the power method on a synthetically gen-
erated irreducible and aperiodic stochastic matrix. The results include computation time, iteration counts, and
numerical errors with respect to the true eigenvectors computed by MATLAB’s built-in eig function.

Listing A.4: Transformation of Matrix Pair (A, B) into Standard Form

% This function transforms a matrix pair (A, B) into the following standard form:
%M =[x ((@a-Dx(@-1)) 0 ((@-1x1); * (1x(n-1)) 1 (1x1)]
%L =101 ((@-Dx@-1)) * (@-1x1); 0 (Ix(n-1)) * (1x1)]

function [M, L] = SFormi(A, B)

% This function computes two matrices M and L based on inputs A and B.
% A, B : square matrices of size n x n
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n = size(A, 1); 7% Automatically determine n from the size of A

% Create matrix C by combining the last column of A and the first n-1 columns of B
= [A(C:, n), B(:, 1:(n-1))]1;

Q

% Define permutation matrix K
= [zeros(n-1,1) eye(n-1); 1 zeros(1l,n-1)];

=

% Compute M and L
=K =* (C\ A);
=K x* (C\ B);

==

end

Listing A.4 implements the standard form transformation described in Algorithm 4, which converts a matrix pair
(A, B) into a structured pair (M, L) suitable. The resulting matrices satisfy the following form:

* 0 I x
=3 =l )

where * denotes unspecified matrix blocks of appropriate size, and the final column of M and the final row of L are
structurally simplified. This transformation is achieved by constructing a new basis using a matrix C' composed
of the last column of A and the first n — 1 columns of B. The permutation matrix K reorders the basis to yield the
desired block structure. This form facilitates further analysis, such as the application of the doubling algorithm or
the identification of dominant eigenspaces.

Listing A.5: Normalized Doubling Iteration with Norm Tracking and Eigenvector Approximation

function [M11_norms, L22_norms, V_seq, W_seq, v_final, w_final] =
NormalizedDoublingTrack(A, MaxStep)

% NormalizedDoublingTrack -

% Track submatrices and eigenvectors during normalized doubling

b

% Inputs:

% A - Symmetric matrix A of size n x n (real-valued)

% MaxStep - Maximum number of iterations

b

% Outputs:

% M11l_norms - 1 x MaxStep array of M1l norms over iterations

% L22_norms - 1 x MaxStep array of L22 norms over iterations

% V_seq - n x MaxStep matrix, each column is v(t)

% W_seq - MaxStep x n matrix, each row is w(t)

% v_final - Final right eigenvector approximation

% w_final - Final left eigenvector approximation

n = size(A, 1);
[M, L] = SFormi1(A, eye(n)); % Apply standard form transform (A, I)

M11_norms = zeros(1l, MaxStep);
L22_norms = zeros(1l, MaxStep);
V_seq = zeros(n, MaxStep);
W_seq = zeros(MaxStep, n);

% Initialize tracking

M11_norms(1) = norm(M(1:n-1, 1:n-1));
L22_norms(1) = abs(L(n, n));
V_seq(:, 1) = [L(1:n-1, n); -1];
W_seq(l, :) = [M(n, 1:n-1), 1];

for t = 2:MaxStep
% Normalize
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1
L

abs(L(n, n));
L/ 1;

% Null space calculation
tmp = null([L’> -M’]);

L1 = tmp(1:n, :)°’;

M1 tmp(nt+l:end, :)’;

% Doubling and transforming to standard form
M2 = L1 * M;

L2 = M1 * L;

[M, L] = SForm1(M2, L2);

% Record tracking info
M11_norms(t) = norm(M(1:n-1, 1:n-1));
L22_norms(t) = abs(L(n, n));
V_seq(:, t) = [L(1:n-1, n); -1];
W_seq(t, :) = [M(n, 1:n-1), 1];

end

% Final eigenvectors

v_final = V_seq(:, MaxStep);

w_final = W_seq(MaxStep, :);
end

Listing A.5 presents the MATLAB implementation of Algorithm 5, which performs a doubling iteration on a
matrix A € R™*"™ after transforming it into standard form. The algorithm tracks the convergence behavior of the
(1,1)-block of matrix M and the (2, 2)-block of matrix L, while simultaneously approximating the dominant left
and right eigenvectors. At each iteration, the algorithm normalizes the system using the (n, n) entry of L, applies
a basis transformation via the null space of the augmented matrix [LT — M "], and updates the matrices through
the standard form transformation. The norms || M. 1(? || and |Lg;)| are recorded over time, along with the evolving
eigenvector approximations v(*) and w(*). This implementation provides valuable insights into the convergence
pattern and eigenvector behavior of the doubling algorithm under normalization, especially in the presence of
dominant eigenvalues.

Listing A.6: Evaluation of Convergence Behavior in the Normalized Doubling Algorithm

n = 300; % 500, 800, 1000, 3000, 5000

rng(42);
R = randn(n);
A =R *R;

MaxStep = 20;

[M11_norms, L22_norms, V_seq, W_seq, v_final, w_final] = NormalizedDoublingTrack(A,
MaxStep) ;

% === True Eigenvectors ===

[V, D, W] = eig(A);

[, idx] = max(max(abs(D)));

v_true = -V(:,idx) / V(end,idx);

v =W,

w_true = v(idx,:) / v(idx,end);

% === Compute Errors ===

v_errors = vecnorm(V_seq - v_true, 2, 1); 7 Column-wise error for v

w_errors = vecnorm(W_seq - w_true, 2, 2); 7 Row-wise error for w

% === Plot v~ {(t)} error ===
figure;
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semilogy(1:MaxStep, v_errors, ’-o’, ’LineWidth’, 1.5);

xlabel (’Iteration t?);

ylabelC’ | [v~{(t)} - v~*[[?);

title(sprintf (’Convergence of Right Eigenvector v~ {(t)} (n = %d)’, n));
grid on;

% === Plot w~{(t)} error ===

figure;

semilogy(1l:MaxStep, w_errors, ’-x’, ’LineWidth’, 1.5, ’Color’, [0.6 0.2 0.8]);
xlabel (’Iteration t’);

ylabel O | [w~{(t)} - w*[]’);

title(sprintf (’Convergence of Left Eigenvector w~{(t)} (n = %d)’, n));

grid on;

% === Plot M_{11}~{(t)} norm ===

figure;

plot(1:MaxStep, M1l _norms, ’-o’, ’LineWidth’, 1.5);

xlabel (’Iteration t?);

ylabel (| IM_{11}~{(t)}1 %) ;

title(sprintf (’Norm of M_{11}~{(t)} over Iterations (n = %d)’, n));
grid on;

% === Plot L_{22}"{(t)} norm ===

figure;

plot(1:MaxStep, L22_norms, ’-x’, ’LineWidth’, 1.5, ’Color’, [0.85 0.33 0.1]);
xlabel (’Iteration t’);

ylabel (° | IL_{22}~{(t)}I|°);

title(sprintf (’Norm of L_{22}~{(t)} over Iterations (n = %d)’, n));

grid on;

% === Delta Norm of M_{11} ===
delta_M11_norms = zeros(l, MaxStep - 1);
for t = 1:MaxStep - 1
delta = M11_norms(t+1) - M11_norms(t);
delta_M11_norms(t) = norm(delta);
end

figure;

semilogy(1:MaxStep-1, delta_M11_norms, ’-o’, ’LineWidth’, 1.5);

xlabel (’Iteration t?’);

ylabel (| IM_{113}~{(t+1)} - M_{11}~{()}I1);

title(sprintf (’Tracking | IM_{11}~{(t+1)} - M_{11}~{©)}I| (@ = %d)’, n));
grid on;

% === Delta Norm of L_{22} ===
delta_L22_norms = zeros(l, MaxStep - 1);
for t = 1:MaxStep - 1
delta = L22_norms(t+1) - L22_norms(t);
delta_L22_norms(t) = norm(delta);
end

figure;

semilogy(1l:MaxStep-1, delta_L22_norms, ’-o’, ’LineWidth’, 1.5);

xlabel (’Iteration t’);

ylabel (| IL_{22}~{(t+1)} - L_{22}~{(t)}I1?);

title(sprintf (’Tracking |IL_{22}~{(t+1)} - L_{22}~{(t)}I| (@ = %d)’, n));
grid on;
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% === Estimate Convergence Order q of M_{11} ===
MaxStep = length(M11l_norms);
g_est = zeros(l, MaxStep - 2); % Start from t = 3

for t = 3:MaxStep
num = log(M11l_norms(t)) - log(M1l_norms(t-1));

den = log(M1l_norms(t-1)) - log(M11l_norms(t-2));
g_est(t-2) = num / den;

end

% === Display and Plot Estimated Order ===

disp(’Estimated convergence order q:’);
disp(q_est?);

figure;

plot(3:MaxStep, q_est, ’o0-’, ’LineWidth’, 1.5);

xlabel (’Iteration t’);

ylabel (’Estimated order q~{(t)}’);

title(sprintf (’Estimated Convergence Order of M_{11} (n = %d)’, n));
ylim([0 4]);

grid on;

Listing A.6 implements the second experiment, which evaluates the convergence behavior of the normalized dou-
bling algorithm when applied to a symmetric positive semi-definite matrix A € R™*™, The matrix is constructed
as A = R R, where R is a random Gaussian matrix, ensuring that A is symmetric and positive semi-definite.
The experiment tracks several key quantities across a fixed number of iterations:

« The norms of the (1, 1)-block of M, denoted || M\" ||, and the (2, 2)-block of L, denoted || LS4 .

* The right and left eigenvector approximations v*) and w(*) at each iteration, compared to the true dominant
eigenvectors v* and w*.

* The convergence error ||v*) — v*|| and ||w® — w*||, plotted in logarithmic scale.

* The differences between sequential iterates HMSH) - M 1(? || and ||Lg;+1) - ng) ||, to assess convergence
smoothness.

¢ The estimated convergence order of M 1(? computed using the standard log-ratio formula:

-1

@ _ log [ M{P]| —log [ M7V
—1 t—2 :
log MV = log || M7

Several plots are generated to visualize the convergence trends and estimate the convergence rate. This empirical
evaluation confirms the expected near-quadratic convergence behavior of the normalized doubling process for
structured matrices like the one used in this test case.

Listing A.7: Transformation of Matrix Pair (A, B, p) into Standard Form

function [M, L] = SForm_expand(A, B, p)

% SForm_expand - Transform matrix pair (A, B, p) into block standard form that gives
M= [* ((n-p)x(n-p)) 0 ((n-p)xp); * (px(n-p)) I (pxp)]

% L =[I ((n-p)x(n-p)) * ((n-p)xp); 0 (px(n-p)) * (pxp)]

b

% Inputs:

% A, B - n x n matrices

% p - partition index (number of trailing rows/cols to move)

% Output:
% M, L - transformed matrices

n = size(A, 1);
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% Combine trailing columns of A and leading columns of B into C
% C: n x n, full-rank block to build new basis
C=[ACG, (@-p+1):n), B(:, 1:(n-p))];

% Permutation matrix K: move bottom p rows to the bottom in the new basis
K = [zeros(n - p, p), eye(n - p); eye(p), zeros(p, n - p)l;

% Transform A and B using the new basis defined by C and permutation K
=K * (C\ A);
=K x* (C\ B);

==

end

Listing A.7 implements the standard form transformation described in Algorithm 6, which converts a matrix pair
(A, B, p) into a structured pair (M, L) suitable. The resulting matrices satisfy the following form:

M= x 0 L= In_p * 7
* I 0 *
where * denotes unspecified matrix blocks of appropriate size, and the final column of M and the final row of
L are structurally simplified. This transformation is accomplished by constructing a new basis using a matrix C,
which consists of the last p columns of A and the first n — p columns of B. A permutation matrix K is then applied

to reorder the basis, producing the desired block structure. This resulting form enables subsequent procedures,
such as applying the adaptive partition algorithm or extracting the dominant eigenspace.

Listing A.8: Adaptive Partitioning for Doubling Algorithm with Norm Tracking

function [mll_norms, 122_norms, p_seq, Iter] = adaptive_partition_da_trace(A)

% adaptive_partition_da_trace - Adaptive doubling algorithm tracking M11, L22 norms
and partition index.

% Stops when both norms are less than le-10.

A

% Input:

% A - n xn real matrix

b

% Output:

% mll_norms - 1 x Iter array of |[|M11]||_2 values

% 122_norms - 1 x Iter array of ||L22||_2 values

% p_seq - 1 x Iter array of partition indices used

% Iter - Total number of iterations

tol_stop = 1le-10;
tol_grow = let4;
max_iter = 200;

n = size(4, 1);
p=1;
max_p = n - 1;

% Initialize

[M, L] = SForm_expand(A, eye(n), p);
mll_norm = norm(M(1:(n-p),1:(n-p)),2);

122 _norm = norm(L((n-p+1):n, (n-p+1):n),2);

mill_norms = [];

122_norms = [];
p_seq = [J;
Iter = 0;

converged = false;
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while Iter < max_iter

% Record norms and partition index
mll_norms(end+1) = mll_norm;
122_norms(end+1) = 122_norm;
p_seq(end+1) = p;

if (ml1l_norm < tol_stop) && (122_norm < tol_stop)
converged = true;
break;

elseif (m1l_norm > tol_grow) || (122_norm > tol_grow)

if p >= max_p
warning(’p reached maximum (%d), forced to stop adjustment.’, max_p);
break;

end

P=p+ 1

[M, L] = SForm_expand(M, L, p);

mll_norm = norm(M(1:(n-p),1:(n-p)),2);

122 _norm = norm(L((n-p+1):n, (n-p+1):n),2);

else
Iter = Iter + 1;
tmp = null([L’> -M’]);
L1 = tmp(l:n, :)’;
M1 = tmp(n+l:end, :)’;

M2 = L1 * M;
L2 = M1 * L;
[M, L] = SForm_expand(M2, L2, p);

mll_norm = norm(M(1:(n-p),1:(n-p)),2);
122_norm = norm(L((n-p+1):n, (n-p+1):n),2);

end
end

if “converged
warning (’Maximum number of iterations (%d) reached. Algorithm did not converge.
’, max_iter);
end
end

Listing A.8 provides the MATLAB implementation of the Adaptive Partition Algorithm with norm tracking, cor-
responding to Algorithm 7. This function evaluates the convergence behavior of the (1,1)-block of M and the
(2,2)-block of L. At each iteration, it either adjusts the partition index or applies a doubling update, depending on
the observed norm behavior. The norms || M || and || Loo|| are recorded throughout the process until both converge
below a specified tolerance (10~1%). The algorithm returns the complete norm sequences, the number of itera-
tions required for convergence, and the final partition index at which both target blocks satisfy the convergence
criterion.

Listing A.9: Numerical Experiment for Adaptive Partition Algorithm Using a Diagonalizable Matrix with Pre-
scribed Eigenvalues

% Case 1: 4 eigenvalues inside the unit disk, 3 outside
% eigvals_inside = [0.1, 0.3, 0.5, 0.7];
% eigvals_outside = [1.2, 1.5, 2.0];

% Case 2: 3 eigenvalues inside the unit disk, 7 outside
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% eigvals_inside = [0.3, 0.5, 0.9];
% eigvals_outside = [1.2, 1.5, 1.8, 2.0, 2.3, 2.5, 3.0];
eigvals = [eigvals_inside, eigvals_outside];

% Create diagonal matrix and construct a diagonalizable matrix A
D = diag(eigvals);

n = length(D);

[Q, "] = gr(randn(n)); % Random orthogonal matrix

A=Q *xD / Q; % Diagonalizable matrix A

% Run the adaptive doubling algorithm
[m11_norms, 122_norms, p_seq, Iter] = adaptive_partition_da_trace(A);

% === Plot Settings ===
colors = lines(10); % Up to 10 unique partition indices
unique_p = unique(p_seq);

figure; hold on;

for i = 1:length(unique_p)
p_val = unique_p(i);
idx = find(p_seq == p_val);

% Split into continuous segments for consistent coloring
split_idx = [1, find(diff(idx) > 1) + 1, length(idx) + 1];

for j = 1:(length(split_idx) - 1)
range = idx(split_idx(j):split_idx(j + 1) - 1);

plot(range, ml1l_norms(range), ’-o’,
’Color?’, colors(i,:),
’DisplayName’, sprintf(CC$\\IM_{11}\\I|$, $p = %d$’, p_val),
’LineWidth’, 1.5);

plot(range, 122_norms(range), ’--x’,
’Color’, colors(i,:),
’DisplayName’, sprintf(’$\\IL_{22}\\I$, $p
’LineWidth’, 1.5);

%d$’, p_val),

end
end

% Labels and legend

xlabel(’Step in Adaptive Iteration Process’);
ylabel(’2-norm (log scale)’);

set(gca, ’YScale’, ’log’);

final p = p_seq(end);
title(sprintf (’Norm Evolution of Submatrices with Adaptive p (Final p = %d)’, final_p)
)3

legend(’Interpreter’, ’latex’, ’NumColumns’, 2, ’Location’, ’southwest’);
legend show;
grid on;

Listing A.9 presents a MATLAB script for testing the Adaptive Partition Algorithm on a diagonalizable matrix
constructed with prescribed eigenvalues. Two cases are considered: one with a mix of eigenvalues strictly inside
and outside the unit disk. The matrix is constructed via similarity transformation using a random orthogonal
matrix to ensure diagonalizability. For each partition index p, the script applies the algorithm and plots the norm
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trajectories of the (1, 1)-block of M and the (2, 2)-block of L across iterations, providing a visual representation
of the convergence behavior and the variation of the partition index throughout the adaptive process.
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