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Enumeration and Asymptotics on Restricted
Growth Functions of Order 2

Yi-Ting Chen

Abstract

In this thesis, we extend the restricted growth functions to higher
order and find a bijection between restricted growth functions of order
2 and symmetric partitions of type B. To improve the asymptotic
results via traditional methods, we introduce an algorithm which is
similar to Newton-Raphson method. Assuming that the restricted
growth functions of order 2 are uniformly distributed, we obtain the
asymptotic formulae for the expectation and variance of the maximum
in a random restricted growth function of order 2. Finally, we verify
that the distribution of maximum in restricted growth functions of
order 2 will converge to a normal distribution.

Keywords. asymptotic normality, Hayman admissible functions, probabil-
ity distribution, restricted growth functions, saddle-point method

1 Introduction

A partition of [n] can be encoded as a word of length n with the property
that for any @ < j, the first occurrence of i precedes the first occurrence of j.
These words are called restricted growth functions, see [12] and Definition 1.

We are interested in asymptotic analysis of this combinatorial structure.
The basic asymptotic methods can be found in [5, 13]. These two books in-
troduced several approaches to get different approximations of Bell numbers
B,,. One of the classic methods is the saddle-point method, which gives an
asymptotic expression :

loglogn + 1 Lo (loglogzn)} |

B,
log P n |—loglogn + logn log?



In this article, we extend the restricted growth functions to higher order
and give a bijection between restricted growth functions of order 2 and sym-
metric partitions of type B. A symmetric partition of type B is defined to be
a partition 7 of the set

{1,2,...,n,1,2,... .7}

such that for any block B of m, B is also a block of w. It’s a bit different
from the ordinary set partitions of type B.

By reinterpreting the partition of [n] as the hyperplane arrangement
for the type A root system, Reiner [14] introduced a natural set partition
of type B, which was defined to be a symmetric partition 7 of the set
{1,2,...,n,1,2,..., 7} such that there is at most one block By containing
both i and 7 for some i (sequence A007405 in OEIS). Wang [17] generalized
set partitions of type B by coloring its elements. He also found an asymptotic
expression of the total number of colored set partitions of type B.

In 1967, Harper [9] first proved the blocks of set partitions (Stirling num-
bers of second kind) are asymptotically normal. For a general method to
establish the asymptotic normality of some limiting distribution, see Bender
[1]. The asymptotic behavior and the results of limiting distribution of set
partitions can be found in [2, 7, 11, 15]. The expectation and variance of
number of blocks in a random partition of [n]| are

n

= log n

and
2 n
o~ :
n 2
log”n

Wang [17] proved that the number of non-zero-blocks in colored set parti-
tions of type B is asymptotically normal. In 2005, Drmota, Gittenberger and
Klausner [6] extended the Hayman-admissible functions to bivariate gener-
ating functions which satisfy the central limit theorem.

The traditional method applied to set partitions gives an asymptotic ex-
pansion of the coefficients for the generating functions in terms of n. How-
ever, the formula is very inaccurate when an explicit number n is plugged in.
Follow Salvy’s idea [16], we focus on expansions in a finer scale. We adopt
the Lambert W function [3] to get the expansions of the saddle-point roots.
The merit of using Lambert W function is that it’s quite closer to our saddle-
points. We develop an algorithm which is similar to the Newton-Raphson
method. The intention of this algorithm is to approximate by tangent line
and to extract the leading term of the difference between Lambert W function
and saddle-points step by step.



Our main results are based on uniform distribution of restricted growth
functions of order 2. The largest letter in a random restricted growth func-
tions of order 2 has the expectation

2n
logn

Hon

and the variance

g

2 4dn

" log?n

There are series of studies on geometric distribution of restricted growth
functions. In 2013, Fuchs and Prodinger [8] extended the discussion to the
generalized restricted growth property which is the same as our definition of
restricted growth functions of higher order. They used Mellin transform and
depoissonization to get some asymptotic results.

The organization of this article is as follows. In section 2, we give the
definition of restricted growth functions of order 2 and the bijection between
the symmetric partitions. At the end of this section, we derive the generating
function. In section 3, we apply Hayman’s method to get the asymptotic
approximation of total number. We also introduced our algorithm to obtain
the expansion of the saddle point root in a finer scale. In section 4, we
present the results of expected value and variance of the largest letter in a
random restricted growth function of order 2. In section 5, we verify that
the distribution of restricted growth functions of order 2 is asymptotically
normal. We end with some discussions in Section 6.



2 Definition

Definition 1. A restricted growth function or RGF is a word w = wyws - - - Wy,
of positive integers such that wy = 1, and w; < max{wy,ws, -+, w1} + 1,
for i > 2. Let RG(n) denote the set of all restricted growth functions of
length n.

Definition 2. A partition of a set S is a collection m = By/Bs/ ... /By of
subsets which are nonempty, pairuise disjoint, and whose union is S. The
subets B; are called blocks.

We use the notation II,, for the partition of [n] = {1,2,...,n}. The total
number of II,, is called the Bell number.

There is a one-to-one correspondence between II,, and RG(n). Let 7 =
By/By/ ... /By € 11,,. Put 7 in standard form with 1 = min B; < min By <
.-+ < min Bg. The associated word w = wyws - - - w,, is obtained by

w; = j if and only if ¢ € B;.

For example, 1223124 is the RGF corresponing to the partition {1,5}, {2, 3,6},
{4},{7}. The number of blocks in II,, is equivalent to the largest letter oc-
curing in RG(n).

Now, we consider the natural extension of RGF.

Definition 3. A restricted growth function of order r is a word w = wyws - - - w,
of positive integers such that wy < r, and w; < max{wy, wy, -+, wi_1} + 7,
for i > 2. Let RG,(n) denote the set of all restricted growth functions of
order r of length n.

For example, 12315 is RGF of order 2, but 12153 is not RGF of order 2.
Definition 4. A partition of {1,2,...,n,1,2,..., 7} into B1/By/ ... /By is
symmetric if for each i, B; = B; for some j.

The number of symmetric partitions of {1,2,...,n,1,2,... 71} is called
the Bell number of type B (sequence A002872 in OEIS).

Theorem 5. There is a bijection between RGo(n) and symmetric partitions
of {1,2,...,n,1,2,...,m}. The number of blocks in symmetric partitions of
{1,2,...,n,1,2,..., 7} equals to the mazimum of the corresponding word.

4



Proof. We will give a recursive bijection. Let w = wjws - - - w, € RGy(n). If
wy = 1, the partition is {1,1}. If w; = 2, the partition is {1}, {1}.

For 1 < i < n, if w; < max{wy,ws, -+ ,w;_1}, insert i to the w;-th
block and put i in the unique block, so that the partition is symmetric. If
w; = max{wy, - ,w;_1} + 1, append a new block and put i and i together.
If w; = max{wy, -+ ,w;_1} + 2, append two new blocks and put i and i
separately.

We always write the partition in standard form with the order 1 < 1 <
2 <2 < --- <n < n. Repeating this process, we obtain the corresponding
symmetric partition. O

For instance, w = 23552 € RGs(n)

{11, {1}
= {1}, {1}, {2, 2}
— {1}, {1},{2,2}, {3}, {3}
= {1} {1},{2,2},{3,4}, {3,4}
— {17 5}) {Ta 5}7 {275}7 {37 1}7 {g’ 4}

The observation of the previous theorem is the starting point of this paper.
We will focus on restricted growth functions of order 2 since the calculation
of generating function is more representative. On the other hand, there is
NOT a natural bijection between restricted growth functions of order r and
extended symmetric partitions, for » > 3.

Let a,; be the number of restricted growth functions w = wyws - - - wy, of
order 2 with max w; = k. If k appears in the first n — 1 letters, there are k

1<i<n

choices for w, ( from 1 to k). If k does not appear in the first n — 1 letters,
w, must be k and the maximum of the first n — 1 letters must be k — 1 or
k — 2. Then we can deduce the recurrence relation :

an g = k- Ap—1k + Ap—1k—1 + An—1,k—2 for n > 17 k>0

Now define A(z,u) = > 3 anxZ;u" to be the bivariate exponential
n>0 k>0
generating function.

2"y 2"
Z Z an—i—l,kzmu = Z Z(k? cAp g+ Apg—1 T+ an,k—Q)Fu

n>0 k>0 n>0 k>0

QA(Z, u)=1u- %A(z, u) +u- Az, u) +u® - Az, u)

0z
Solve the partial derivative equation, we get the generating function
1
Az, u) = exp {u(e” —1) + Ju(e” — 1)} (1)



3 The Asymptotic Estimation of the Number
of Restricted Growth Functions of Order 2

Let a, = ) an be the total number of restricted growth functions of

k
order 2 of length n.

= n!e’%[z"] exp {e* + =e**} (2)

Since A(z,1) is an entire function, we estimate the coefficients a,, by
the saddle-point method (or precisely Hayman’s method). The saddle-point
method is a powerful method for obtaining asymptotic information about
fast-growing generating functions. However, it is often cumbersome to apply
step by step. In 1956, Hayman [10] defined a class of admissible functions.
With this concept, it is easier to verify when the saddle-point method is
applicable.

Definition 6. (Hayman-admissibility, [7, p.565] )

Let f(z) be a power series with real coefficients and radius of convergence
p € (0,00]. Assume that f(r) is positive forr € (Ry, p), for some Ry € (0, p).
Let

and b(r)=r

a(r)=r

£(r) 1) oS0 o (PO
£r) o) ) (f(r)) |

The function f(z) is said to be Hayman admissible ( or H-admissible ) if the
following three conditions hold.

H;. [Capture condition] lim a(r) = +o00 and lim b(r) = +o0.

T—p r—p

H,. [Locality condition] For some function 6y(r) defined over (Rp,p) and
satisfying 0 < 0y < 7, one has

f(?,,eie) ~ f(r)eiea(r)—%HQb(r) as r — p,
uniformly in 0] < 6y(r).

Hj. [Decay condition] Uniformly in 0y(r) < |0 < 7




Theorem 7. (Hayman’s method, [7, p.565] )
Let f(z) = > a,2" be a Hayman-admissible function and r = r, be the
positive real Toot of the equation

_ ')
a(r) = rf(r) =
Then the Taylor coefficients of f(z) satisfy, as n — oo :
f(r)

an = B ~ s

where b(r) := ra'(r).

The H-admissible functions have some useful closure properties ( see [7,

p. 568] ). In equation (2), f(z) = exp{e® + 3e*}. Let P(z) = z + 327

Since P(z) is a polynomial with positive coefficients and e* is H-admissible,

P(e*) = e* + 1¢% is H-admissible. Moreover, the exponential of an H-
admissible function is H-admissible. We can apply Hayman’s method to
fz).

First, solve the equation
r(e® +e) = n. (3)

We can only get the asymptotic solution of (3).
Consider the Lambert W function ¢ = 3 W(2n) defined by (e* =n (see
[3]). The asymptotic expansion of ( is

1 1 1 lloglogn 1log?2 log®logn
=1 ——logl —log 2+ — —= O|———|. 4
¢ 2 g 2 it ogn+2 i +2 logn 210gnjL log®n 4

Using the traditional iteration method, the asymptotic expansion for the
solution r to (3) is the same as . Although e?" is much larger than e”, we
cannot neglect the small difference between r and (.

Follow Salvy’s idea ( see [16] ), we want to compute expansions of (3) in a
finer scale to extract more information in the leading term. Our algorithm is
similar to the Newton-Raphson method. The following is the demonstration
of Maple script.



> restart:

> with(MultiSeries):

> with(gfun):

> f = x -> x*x(exp(2*x)+exp(x)) - axexp(2*a):

> asympt(f(a), a, 10);

> b := a - axexp(a)/((2xa+l)*exp(2*a));

> asympt (f(b), a, 10);

>L := [-1/4, 0, 1/16, -1/16, 3/64, -1/32, 5/256];

> y := factor(subs(x = 1/a, listtoratpoly (L, x)[1]1));
> ¢ := b-(-(a+1)*a/(2%a+1)"2)*x(1/((2*a+1)*exp (2%a)));

In the script, consider f(z) = x(e* + %) —n = z(e** + %) — ae®® where
a= %W(Qn) Begin with 2y = a for a root of f(x) = 0. We approximate the

function by its tangent line. Calculate recursively z,,1 = z, — % where

f'(xn) ~ (2a 4 1)e**. Then we have 21 = b = a — 5%5¢~*. However, when
moving on to the next iteration, the computation load is too big. Hence we
do an asymptotic expansion of f(z7). But the result is still too slow to get
important information. With the aid of gfun package in Maple, we write
the coefficients of expansion into a list and find a rational approximation of
f(x1). Continuing this process, we can get as many terms of expansion as
desired.

According to the algorithm above,

_ ¢ ¢, CC+1) 5 G(4¢*+8¢+3¢* —6(—6) _
Rt 7o L 7o T 6(2C + 1)° e
C(8C° +22¢* +24¢° +12¢> = 3) ¢ ¢
— SR I e+ O>e™™).

By substituting the expansion of r into the n th coefficient formula, we can
obtain the formula of total number of RGy(n) in terms of .

Theorem 8. The number a,, of RG2(n) satisfies

1
e+ log 2 +O(e™)

log% = 624(%—C10g<)+64—<_%10g(2<2+o_4g+2 2
(5)

where { = 3 W (2n).



The explicit representation of n is derived from substituting the asymp-
totic approximation of ¢ in terms of n (which is (4)) into (5).

log 1 1—log?2 log log?
log%:n log2 — loglogn + 08087+ B2 (88 (6)
n! logn

log?n
In fact, the asymptotic formula (6) only provides the information of the

leading term in (5). For accuracy, it is better to use (5) to estimate. Here

is a numerical table comparing the asymptotic estimate a); provided by n! -
exp{(5)} to the exact values a,,.

n 10 100
a, | 36738144 2.08834 - 1040

a’ | 34306357 2.00826 - 1010

1000
7.20673 - 1018
7.08996 - 10%181

10000
3.16277 - 103929
3.14351 - 1030296

The error is about 6.6 % for n = 10, 3.8 % for n = 100, 1.6 % for n = 1000
and 0.6 % for n = 10000.
In Figure 1, the blue curve is loga*

», and the black curve is loga,. Two
curves nearly overlap. Figure 2 illustrates the relative errors of log a,,.
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4 The Asymptotic Estimation of the Expected
Value and the Variance of Restricted Growth
Functions of Order 2

Assume the restricted growth functions of order 2, RGs(n), are uni-
formly distributed. Define the random variable X,, on RGy(n) by X,, = k if
max w; = k, for w = wywsy - - - w, € RGy(n). That is, the probability function

of random variable X, is

where a,, is the number of restricted growth functions of order 2 of length n.

As seen earlier in Section 3, the bivariate generating function of the re-
stricted growth functions of order 2 counted according to the largest letter
is

A(z,u) = exp{u(e® — 1) + %u2(62z — 1)}

Define 1
fi(z) = exp{e* + 5622 +iz}, fori=1,2,34.

Then the expected value and the variance of X,, are

| MAAG ) s
SN POV VPN
[z exp{e” + g€ —3} . (e +e* —2)
[2"] exp {e* + %ezz — %}

[2"] fo(2) + [2"] f1(2)

B [z7] exp {e* + %e%} —2 (7)
and
I [2") 25 Az, u)|umr N g ALz )lumt [ [2"] 5 Az ) luz ;
" [2"]A(z, 1) [2"]A(z,1) [2"]A(z,1)

2

[z"] exp {€* + 2€2* — 3} - (e** + 2¢3* — 2¢%* — 4¢* + 3)

[z7] exp {e* + %ezz - %}
[2"] fa(z) + 2[2"] f3(2) — 2[="] fa(z) — 4[z"] f1(2)

_ + 34, — 2. (8
[z”]exp{ez+%e2z} o =t (8)

11



To calculate j,, and o2, we still need the nth coefficient of f;(z). Because
exp {e* + 3¢} and exp {iz} are H-admissible, f;(z) are all H-admissible.
Apply Theorem 7 again, we have

ri(e®i+ e +i)=n, fori=1,234.

When we compute the expected value and variance, the small difference
between r; and ¢ which is hidden behind an indefinite cancellation indeed
has an impact. In order to distinguish them, we write r; as the expansion of
(. Using the same algorithm as Section 3 yields the following results.

¢ ¢ CMUC+3)
e C_(2g+1)3€ C
C(44¢* + 16¢% — 632 — 48 +6)
- 6(2C + 1) =
C(96¢8 + 104¢5 — 98¢* — 168¢3 — 48¢2 +12¢ + 3
a 4 N

e 4+ (’)(6754)

C e SBEHTCHT) o
2_C_2§+1 ] "R
_(92¢* +40¢® = 123¢* — 102¢ — 18) g
6(2¢ +1)°
C(384¢° + 584¢> — 26¢* — 456¢3 — 240(? — 24¢ + 3)
- 3(2¢ +1)7

e 4+ 0(e™™)

S C e C2C +11C+2) _y
20 +1° (2¢ +1)3
_ ¢(140¢* + 64¢° — 183¢* — 156¢ — 30) -5
6(2¢ +1)°
C(864¢° + 1448¢5 + 238¢* — 840¢3 — 564¢? — 108¢ — 3)
- 3(2¢ +1)7

e 4 4 (9(6754)

¢ . <(6¢*+15¢+3)
S G 7
C(188¢* + 88¢3 — 243¢? — 210¢ — 42) "
a 6(2¢ 4 1)
C(96¢5 + 104¢° — 98¢* — 168¢3 — 48(¢% + 12¢ + 3)
- 3(2¢ +1)7

12

e 4+ 0(e ™)




By substituting the expansions of r and r; into the n th coefficient for-
mulae (7) and (8), we get

Theorem 9. The expected value and variance of X,, satisfy:

et 16¢° +20¢* +9¢ +2

_ ~
M“”2+x+1 2C+ 1) +0(e) )

o 2e* (6C+ 1)t 96¢° 4 240¢* 4 224¢3 + 112¢% + 36¢ + 3 _

%0 = 2 +1 (20 +1p (2C + 1) +O(™)
(10)

where ¢ = 3 W (2n).

The asymptotic formula of p,, and o2 in terms of n are obtained by sub-
stituting (4) into the leading term of (9) and (10). Recall that the results

of ordinary set partitions are p, ~ - and o> ~ —%—. We have the corre-
logn n log“n

sponding results of these formulae.

Theorem 10. The expected value and variance of X, satisfy:

_ 2n 14 loglogn — log 2 Lo log2120gn
logn logn log“n

fin

o2 = 4721 X 2loglogn —2log2 — 1 Lo log212ogn
log“n logn log“n

Here is a numerical table comparing the asymptotic estimate p; and
o2 provided by (9) and (10) to the exact values u, and o2, respectively.

n 10 100 1000 10000
tn | 8.23783  50.51227 343.49702 2553.60995
| 8.25811  50.51915 343.49912  2553.61057
o2 | 3.41788 18.45577 98.34212  575.44135

n

02" | 3.42929 18.45750 98.34242  575.44141

n

The error of p, is about 0.25 % for n = 10 and less than 10~* for n > 100.
The error of o2 is about 0.33 % for n = 10 and less than 10~ for n > 100.

Figure 3 illustrates the expected value and variance of X, from n =1
to n = 10000. The blue curve is u), and the black curve is p,. The yellow
curve is 02*, and the red curve is o2. Each pairs of curves nearly overlap. In
Figure 4, the blue dots are the relative errors of u,, and the red dots are the
relative errors of 2.

13
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5 The Asymptotic Normality of Restricted
Growth Functions of Order 2

In order to prove the central limit theorem directly by looking at the bi-
variate generating function, Drmota et al. [6] extended Hayman admissibility
to Definition 11 which also has strong closure properties.

Definition 11. (Extended-admissibility, [6] )

A function f(z,u) = > anx 2"u” is called extended admissible or e-admissible
n,k>0
if there exists 0 < p < 0o such that the following conditions are satisfied:

(1) f(z,u) is analytic in A, ¢ = {(z,u) : |z| < R, |u] <14 &}, where § >0,
and for some Ry < p we have

f(r,1)>0, Ry<r<p.

(2) Set
a(z,u) = Zfz(z,u) a(z,u) = ufu(z,u)
S e Vit g
— ZfZ(Z7U) Zszz(Zau) N 2 f2(z,u) ?
Hevw) =20l =250 0+ T (F)
b(z,u) = ua,(z,u), c(z,u) = uay(z,u),
and .
e(r) = K (Z_)(r, = Cb(g;j 11)) ) ,

where K > 0 is an arbitrary constant. Then, for each choice of K > 0
there ezists a function 6(r) : (Ro, p) — (0,7) such that for Ry <r < p
we have

2

fre® u) ~ f(r,u)exp <i0a(r, u) — %b(r, u)) ,as T — p,

uniformly for |0] < 6(r) and u € [1 —e(r), 1 + &(r)].

(8) For Ry <r < p, we have

0 =0 f(r,u) as r
fre® u) = (—bmu)), = p,

uniformly for 6(r) < 10| <7 and u € [1 —e(r), 1 + &(r)].

15



(4) For r — p, we have b(r,1) = co.
(5) b(r,u) ~ b(r,1) for r — p, uniformly for u € [1 —e(r), 1+ &(r)].

(6) a(r,u) = a(r,1) + c(r,1)(u — 1) + O(c(r, 1)(u — 1)?) for r € (Ro, p) and
u€[l—e(r),l+e(r).

(7) @a(r,u) = O(a(r, 1)) and b(r,u) = O(b(r,1)) for all u in an arbitrary but
fixed complex neighborhood of 1 and all r.

(8) b(r,1) — Cb((H)) — 00 as T — p.

(9) e(r)’b(r,1) = 0 for r — p.
(10) b(r,1) = O(a(r,1)?) and a(r,1) = O(f(r,1)") for everyn >0
Theorem 12. ([6]) Let f(z,u) be an e-admissible function such that for suf-

ficiently large n all coefficients ay,, are nonnegative. X, denotes a sequence
of random variables satisfying

Then the following central limit theorem holds:
X, —a(rp, 1)
VIB(rn, 1) /b(ry, 1)

where 1, is the positive solution of a(r,1) =n and |B| is the determinant of
B with

— N(0,1),

b(r,w)

c(ryu)

B = (

Furthermore we have, as n — oo,

pin = A(rn, 1) + 0| B(rn, 1) /b(rn, 1))

O
—~
=3 3
£ &
N———

and
1B D)
" b(rp,1)

First, we claim our generating function is e-admissible. We need the next
theorem.
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Theorem 13. Let f(z) be an H-admissible function and satisfy

e
=S+ ) 7
cror  \
ZRGEEI0

then e @ and ez’ ) gre extended-admissible.

CHIGE ) 0 wron

Proof. Let f(z,u) = e9™/(Z) We have
a(r,u) =rg(u) f'(r) a(r,u) = ug'(u) f(r)
b(r,u) = (rf'(r) + 12 f"(r)g(u)  blr,u) = (ug'(v) + ug"(u))f(r)
c(r,u) = rug'(u) f'(r)
c(r,1)? 29'(1)*f'(r)”

b(r,1) — = (g (1) +gt(1 — :
D=5y T OO G )
Conditions (1)—(7) and (10) of e-admissibility follow from the proof of
Theorem 3 in [6]. We only check conditions (8) and (9).

T c(r,1)2 rf!(r))?
If g(u) = u, then b(r,1) — 1;((1:,11)) = f(r) — —rf’((r)er(TQ)}”( — oo and

)

4= 12 g
e(r)’b(r,1) = K*? (f(r)—%) f(r) =0

where K > 0 is an arbitrary constant.

If g(u) = 1u?, then b(r,1) — ((rrll)) =2 <f(7‘) — T

- rf'(r 2 -
“05r.1) = K (10) = st
where K > 0 is an arbitrary constant. O

In our example, we have to verify f(z) =e* — 1 and f(z) = e* — 1.
Asr — p,

(rf'(r)* rie?
f(?") - rf’(r) + ,,,Qf//(r) =e —1- rer + r2er
= ¢ -1 -
r+1

ﬂﬂ'(f“"rf§f32§«m)g:<d-=0-(ril‘1)-»o



and

! 2 4 2 4r
f(r) . (Tf (T)) — 627’ —1= re
,r.f/ (T) + r2f// (7“) 2,r.€2r + 47~262r
627“
= -1 =
2 + 1 >

3
2

(NI

(rf'(r)* \~ 2 e )
) _ =(e*" —1)- -1 0.
J(r) (f('r) rf'(r) +r2fr(r) (e ) 2r +1 ”

By Theorem 13, exp {u(e* — 1)} and exp {3u?(e** — 1)} are e-admissible.
Since the product of two e-admissible functions is e-admissible ( see [6] ),
exp {u(e* — 1)+ 2u?(e** — 1)} is e-admissible. Applying Theorem 12, we have
proven

Theorem 14. The distribution of restricted growth functions of order 2 is

asymptotically normal, with mean and variance that satisfy p, ~ 102;” and
02 ~ 20

log“n

Figure 5 supports our result. The blue points are P(X,, = k), and the
red curve is normal distribution with n = 10000.

0.015

0.01

0.005 -

ol — I I I
2480 2500 2520 2540 2560 2580 2600 2620

Figure 5: The distribution of X,, with n = 10000
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Figure 6: The distribution of X,, from n = 1000 to n = 5000

6 Conclusion and Future Work

In this thesis, we connected symmetric partitions of type B to restricted
growth functions of order 2. For ordinary set partitions, one of natural
definitions of pattern avoidance is derived from considering them as restricted
growth functions (see [4, 11]). Hence, it’s a good direction to explore the
patterns and statistics for symmetric partitions of type B.

Furthermore, we developed an algorithm to obtain the expansions of the
saddle point root in terms of Lambert W function. With this algorithm,
we are able to easily get the asymptotic approximations of the expected
value and variance of symmetric partitions of type B. We believe that it’s
applicable for set partitions and (colored) set partitions of type B. Also,
future research could use our algorithm to solve the saddle point equation
which has the relative small and non-negligible term and then improve the
asymptotic estimates.
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