83 Convergence Results With Strong Convexity

In the first part of this section, we prove the well-definedness of the sequence {z;}
generated by Algorithm 1 under some weak monotonicity assumptions on the operator T'.
Then we give the convergence results obtained under an additional continuous assumption.
The following existence result is due to Shih and Tan [23].

Proposition 3.1 [23, Theorem 2].  Let C' be a nonempty closed convex subset of X
and let F be a (I, w)-u.s.c. and monotone set-valued operator from C into X* such that
F(x) is weakly compact and convex for each x € C. If C' is either compact or
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for some xog € C, then there exists a solution to the problem VI(F,C').
Using this, we can establish an existence result for strongly monotone operators.

Proposition 3.2.  Let C' be a nonempty closed convex subset of X and let F' be a
(l,w)-u.s.c. and strongly monotone set-valued operator from C' into X* such that F(x)
1s weakly compact and convex for each x € C, then there exists a unique solution to the
problem VI(F,C).

Proof : Let z,x € C and y; € F(2), yo € F(zx). Since F is strongly monotone, there
exists a > 0 such that

(12— x) > (y2,z— ) +alz—z|?
> —|wallllz — zll + allz — ||
= (allz — zl| = lly2lD ]z — |-
Thus,
o (2 —x) |z — |
inf Y- "% > (agllz—2z| — —_—
— 09, as||z|| — oo.

By Proposition 3.1, VI(F,C) has a solution, and it is trivial that the solution is unique,
since F'is strongly monotone. |

In [25], Yao obtained the existence theorem for pseudomonotone operator as follows.
Proposition 3.3 [25, Corollary 2.1].  Let C' be a nonempty closed convex subset of

X and let F be a u.s.c. pseudomonotone set-valued operator from C' into X* such that
F(z) is weakly compact and convex for each x € C. If C is either compact or

liminf inf — >0
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for some xq € C, then there exists a solution to the problem VI(F,C').
Now we make some basic assumptions on our Algorithm 1.
Assumption 1.

(i) T is (I,w)-u.s.c. and weakly montone with constant L on C.



(ii) M is differentiable and strongly convex with constant a = 2, and M’ is (I, w)-
continuous.

(iii) The sequence {e} satisfies the following condition :

o0 o0
e >0, Z&k:+00, Zsz<—|—oo.
k=0 k=0

The following result analyzes the convergence of the Algorithm 1 involving pseudo-
Dunn property.

Theorem 3.4. Suppose that the problem (P1) has a solution x*. Under Assumption
1, for each step k, there exists a unique solution xp.1 generated by Algorithm 1 to the
auxiliary problem (P2). Moreover, if T has the pseudo-Dunn property with constant t on
C, and if
VkEN, epi1 <ep and a<egp < %, where a > 0,6 > 0,
then the sequence {xy} is bounded. In addition, if M’ is Lipschitz continuous with con-
stant m, and if T is (w, s)-u.s.c. on C, then every weakly cluster point of the sequence

{z1} is a solution of the problem (P1).

Proof : Under Assumption 1, the operator F' defined by
F(y) =eT'(y) + M'(y) — M'(x)

is (I, w)-u.s.c. and strongly monotone with constant b —eL on C' | by Lemma 2.3. Ac-
cording to Proposition 3.2, we get that there exists a unique solution to the auxiliary
problem (P2).

Consider the function A, defined by
A (x,€) i = P () + Que(z,6), YV € C,
where

O, (z) = M(x*)— M(z) — (M'(z), 2" — x),
Qpe(zye) = ey, x—a").

Since M’ is strongly monotone with constant b, by Proposition 2.2, M is strongly convex

with constant a = g, and hence
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Since x* is a solution of the problem (P1), Q,«(x,¢) is nonnegative, hence A «(x,¢) > 0.
Now we study the variation of A« for Algorithm 1 :

', = Ax*(xk+17 8k) — Ar* (l’k,e’:‘k) = 81 + So + S3,
where

81 = M(l‘k) — M($k+1) — <M/(~Tk)7xk - xk+1>7
s 1= (M'(zx) — M'(2p11), 2" — Tapa),

b1y, Thpr — 1) — en (Y, 1 — 7).

53

Since M’ is strongly monotone,

1< — gl — el
Using (3) with z = a*, ex(yg, * — Tp11) + B(Tgs1, T, ) > 0, and therefore
o < ex{Yry T — Tpt1) = Ex{Yr, @ — i) + Ex(Yrs Tk — Tit1)-
Using (1) with z = x} , we have some y* € T'(z*) such that
(y*, xp — ) > 0.

Since T has the pseudo-Dunn property with constant ¢ and for some y; € T'(xy), we have

* 1 *
(Yr, T — 27) > ;Hyk —y*|1%

Thus,

8 ES
S9 < —?kHyk — ¥ 1? + exlyr, Tk — Tpta).

Since €11 < € for each k, we obtain

€ » .
89+ 83 < _TkHyk — ' 1? + enlys — ¥, ok — Thya)-

Therefore,
b Ek *
Iy, < _§||$k+1 — z||* — 7”% — 7
+er(Ye — Y5 Th — Tipga)-
Since

. £} . A
€k“yk -y H ) H$k+1 - l“k:H < ﬁ”yk -y H2 + §H$k+1 - ka2,
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where A > 0, we get

b A 1 Ek
e (G = Pllewes = 2ell” = ey = S0 vk = o7l
Thus, this condition a < e < %, where a > 0, 3 > 0 yields

b A af

F (- o 2 k12
k (2 2)||95k+1 || 7t(t+ﬁ)”yk yrII%,

IN

and for A < b, I'y is negative unless 2.1 = z; and y, = y*. Then, according to (3),
{z}} is a solution to the problem (P1). Note that the sequence {Ay«(xy, €x)} is strictly
decreasing, and since it is positive, it must be convergent and the difference between two
consecutive terms tends to zero. Therefore, ||z — || and ||yx — y*|| are convergent to
zero. Moreover, since the sequence {A,«(xy , €;)} converges, it is bounded, and so is {xy}.

Let T be a weakly cluster point of the sequence {z}, and let {zy,} be a subsequence
weakly converging to Z. By (3), since M’ is Lipschitz continuous with constant m and
g > «, we have some vy, € T'(xy),

m
(Yrs 2 — Tpp1) = _EkaJrl — x|l - |z — zppall, V2 € C.

Since ||zk,+1 — @k, || converges to zero and yy, strongly converges to y*, taking the limit for
the subsequence {k;} in the last inequality yields

(y*,z—x) > 0,Vz € C. (4)

Moreover, (7, zx, — &) converges to 0, for each g € T'(z). If 0 € T'(Z), then Z is clearly a
solution of the problem (P1). Otherwise, we let y € T'(z) with gy # 0, and let

_ <g7 Lk — i‘> —
19l
Then,
<g7 Wg; — j> = 07 (’5>

and ||wg, — xy,|| converges to 0. Thus, wy, weakly converges to . On the other hand, since
T is (w, s)-u.s.c., for ug, € T'(wy,) , ug, strongly converges to y*, due to |lyx, — y*|| — 0
and |lug, — y;|| — 0. By (5) and the pseudo-Dunn property of T', we get

1

Therefore, by taking the limit, we conclude that wy, strongly converges to y. Then, y* =
y € T(z) and hence T is a solution to the problem (P1). O
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Corollary 3.5. Under all the conditions of Theorem 3.4, if M' is continuous from X
equipped with the weak topology to X* equipped with the weak topology, then the sequence
{zr} weakly converges to a unique solution of the problem (P1).

Proof : Following the proof of Theorem 3.4, we need only to prove the uniqueness of
Z. Assume that the sequence {z}} has two weakly cluster points Z and #. Then, both
cluster points can be used as x* to defined the function A, «. Consider the subsequence
{k:} and {l;} such that x;, and x;, weakly converge to Z and &, respectively. Then, by
Lemma 1.4 (i) and the fact g = g, we get

~ —

Aa:* (xk‘ia 51@-) - A:c* (xkia Eki) + Rﬂﬂ* (Ikz)7

where
Ry (xy,) = M(2) — M(z) — (M'(2,), & — 7).

Note that Age(zg,,er,) and Ay (24, x,) tend to some [ and [, respectively. Since M’ is
(w, w)-continuous, R,«(xy,) converges to | — [. Since M is strongly convex with constant
%, by Proposition 2.2, we obtain

Then ;
e Z||> < min{l — 1,1 -1} <0.

Hence, z = 2. O

We note that, if T is strongly monotone with constant a and Lipschitz continuous with
2
constant 4 on C, then it has the Dunn property with constant £-. Without monotonicity,
we shall deal with the pseudomonotone case as follows.

Lemma 3.6.  If T s strongly pseudomonotone with constant e and Lipschitz con-
2
tinuous with constant i on C, then it has the pseudo-Dunn property with constant =-.

Proof : Given any (z1,y1) and (xe,y2) € G(T'), since T is strongly pseudomonotone
with constant e,

(y1, 20 — 1) > 0 = (yo, 19 — 21) > ef|lzy — 2|
Since T' is Lipschitz continuous with constant p,

1y2 = vl < pllwg — 2,
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which implies

1
|2 — a1]]* > Enyz —

So we have
1 2
(2,20 — 1) > € - EHZ/Q —ull”.
We complete the proof. O

We next analyze the convergence of Algorithm 1 invloving strongly monotone operator
with Lipschitz property.

Theorem 3.7. Suppose that the problem (P1) has a solution x* € C. Under As-
sumption 1, for each step k, there exists a unique solution xp,, generated by Algorithm 1
to the auziliary problem (P2). If T is strongly pseudomonotone with constant e on C' (x*
is then unique) and Lipschitz continuous with constant p on C, and if

Vke N, a<5k<ugi’ﬂ, where a > 0, 3 > 0,
then the sequence {xy} strongly converges to x*. Moreover, if M’ is Lipschitz continuous
with constant m on C and t = 7= + £ < 1, then the error estimation of solution x* is

t
1—t

[ 21 — 27| < e — 2.

Proof : By using Theorem 3.4 and Lemma 3.6, {x}} weakly converges to z*. Further-
more, {z}} is strongly convergent. We illustrate as follows : As before, we consider ®,+(z),
but ignore Q.+ (x, ). Note that ®,«(x) > 0, and define Ay, = Py (2441) — P (Tx) = S1+ 52,
where the definitions of s; and sy are same as Theorem 3.4. Thus,

b
51 < —§H37k+1—33k“2»

and

so < ek(Yp, TF — Tpp)

= ek{Yr — Y1, 7" — Tpp1) + Ex(Yrt1, T — Tppa).
By (1) with z = 24,1, and the strong pseudomonotonicity of T', we get
sy < —eepllwpgr — 2P + en(Yr — Yrs1, ¥ — Tiga).

Since T' is Lipschitz continuous with constant y, it follows that

b
A < —gllen =l — esellonn = 2"|° + erpllorn — ol - flown — 7]
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By the inequality:

* )\ 2
erhtllzrrr = apll llzie =2l < Sllzen — @l

2,2
W

+ ;)\ ||5L‘k+1 - ||27

with A = b, we have
2
Ap <ei(— + = - < —= - <0.
P <A+ Gpllan —27? < flri — o <

So the sequence {®,«(xy)} is strictly decreasing (unless z;1; = x*) and bounded below
by zero. Thus, {®,-(xx)} converges. This yields Ay tends to 0 and hence {z;} strongly
converges to xr*.

Now, by (3) with z = z*,
(eryr + M'(xpy1) — M'(zg), 2" — 2p41) > 0.
Since T is strongly pseudomonotone with constnat e, by (1) with z = x4,
(Yrs1, Thyr — T7) > el|vpyr — 95*”2
It follows that
(M (x41) = M'(21), " — Ty1) + €U — Yor1, 25 — Tppa) > eggllapan — 2% (6)
On the other hand, since M’ is Lipschitz continuous with constant m, we have

(M (z41) — M'(zr), 2" — Tri1) + ExlYr — Yor1, 7 — Tht)
< mflze — @l - [l — 20+ epplle — @kl - [ze — 27

= (m+epp)lzr — ol - on — 27 (7)
Thus, combining (6) with (7), we obtain

(m + expt) |Tpg1 — 2i|| > ecl|Tpgr — 7).

Hence,
m
|k — 2% < (— 4+ D) lzpss — ol
€EcL e
m
< (2 By — )
ey (&
< tllonn — 27| + [lze — 27).
It follows that ||z —a*|| < 75 |l —a]). 0
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The following two technical Lemmas will be used to the later theorem.

Lemma 3.8 [2, Lemma 5|.  Let {z,}, {un} and {n,} be three sequences such that

Z Hr < +00,
k=1

n—1

xngnn‘i_ZMk sup xl’vnzl’Q’.‘._
k=1 1<k+1

If the sequence {n,} is bounded above, then the sequence {z,} is also bunded above.

Lemma 3.9 [2, Lemma 4].  Let f be a Lipschitz function on a Banach space X and
consider the sequence {x;} C X and {ex} are positive sequences such that

D e = +o0,

keN
ElC? Vk e N? kaJrl - $kH < C€k7
3¢, Y el flan) — €l < +oo

keN

Then,
lim f(xx) = &

k—o00

Under the condition that the norm of 7" does not increase faster than linearly with
the norm of z; that is,

3p,q > 0s.t.[lz"]| < pllz]| + ¢, ¥ (z,27) € G(T), ()

the following result deals with the convergence of the Algorithm 1 involving a-strongly
pseudomonotone operators.

Theorem 3.10.  Suppose that the problem (P1) has a solution z* € C. Assume
T and M’ satisfy Assumption 1. If T is a-strongly pseudomonotone with constant e on
C', with the above property (%), then the sequence {xy} strongly converges to the unique
solution x*.

Proof : Consider the Bregman distance
Gp (1) = M(2*) — M(x) — (M'(x), 2" — x), Va € C. (8)

Since M’ is strongly monotone with constant b, by Proposition 2.2, M is strongly convex
with constant o = g Thus,
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Gue (1) = M(2") — M(x) — (M'(21), 2" — 1)

b
> allg® —a|* = §||$* — x|

Now we study the variation of ¢, for Algorithm 1 : Ay = ¢p(Tgr1) — ¢ () for each
k. Notices that

Ap = M(xy) = M(xper) — (M (zg), o — Thg1) + (M (@r) — M (@41), 27 — 1)

= 51+ 5,
where
Sy = M(xy) — M(xp1) — (M (2k), Tp — Tpr1)
< —2||90k+1 — x]|?, (9)
and
Sy = (M'(xx) = M'(2p41), 2" — Tpt)

= —B(Tpq1, T, 2").
By (3) with z = z*,
(Y, ©° — Tpt1) + B(2pqr, g, %) > 0.
So

Sy < eplyk, &F — Tpya)

= €k<yk7x* - xk> + 8k<yk7 Ty — l’k+1>-
By (1) with z = 2, we have some y* € T'(z*) such that

Since T is a-strongly pseudomonotone with constant e, we get (yg, *—xx) < —el|zg—z*||.
Thus,

Sy < ex(Yk, Tk — Tpy1) — e€kllze — 27|
< erllylll|zrsr — zil| — eckl|lze — 2|
< (gk)z 2 é . 2 k||
< 2 [yl +2||1‘k+1 wi||” — eerllvp — 27| (10)

Therefore, combining (9) and (10), we obtain
2

€ * ||
AL =51+95 < 2—];)||yk||2 — egg ||z — ||
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On the other hand, by the condition of assumption, we have
el < pllall +q < pllze — 27| + pllz7] + ¢
Then, by the simple inequaity :
(u+v)* < 2(u? +v?),
we get
lyell® < 2p° ||y, — 2|17 + 2(plla”[| + ¢)*.

Thus,

2

A < gl = eenllan — 2|

IN

< (k= 2|7+ 0) — eseflan — 27|

where 7 = % and ) = w. Now, summing up this inequaity from k£ =0 to n — 1,

we have

b § n—1
k=0
n—1 n—1
< G (w0) + Y er(vllan — | +6) —e Y eplloy —2°
k=0 k=0
n—1
< G (w0) + Y er(vllan — 2P + 6). (11)
k=0
Then,
n—1
2 — 2| <+ D pllzn — 2%, (12)
k=1
where
2 2 2 n—1 25 2
T = 0 (m0) + Ty — o + k_obgk’
92 2
i = ’}[/jgk’Vk:l727"'an_1'
Since

[E sup = o, VE=1,2,- -,
<k+

it follows from (12) that

n—1

2 — 27I* < 7+ > e sup [l — 2",
m1 <K+l
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By Lemma 3.8, the sequence {||z,, — x*||*} is bounded, and so is {z,}. Moreover, from
Assumption 1 (iii) and (11), we get

> ekllar — 2*|* < +oo.
keN

Also by using (3) with z = x; and the strong monotonicity of M’, we get

eellyell o exlle] + )
b - b

||xk+1_ka S §<8k7 Vk:1727”'7

for some ¢ > 0. Applying Lemma 3.9 to f(x) = ||z—2*||* and £ = 0, we conclude that {xy}
strongly converges to z* . O
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