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Abstract

Tae Clebsch-Gordan coefficients for the product of SU(3) representa-
tions 3* ® 15, required for the calculation of the SU(3) amplitudes of
bottom meson decays, are obtained by -adopting the phase convention of
Baird and Biedenharn.

1. INTRODUCTION

The recent discovery® of three extremely narrowstates ¥ (9, 4), 7'(10.0),
v (10.3) suggests the existence of a new quantum number called “bottom.”
Consequently, there should also be new flavored particles, cailed “bottom

9

particles,” which carry this new quantum number. That this is indeed the case
is evidenced By the -discovery? of a fourth resonance ¥’ (10.5), which has a
broad width of about 20 MeV. The broad width of ¥ ™ suggests that ¥ "’ decays -
directly into BB pairs, each carrying a single bottom quark. We are thus providéd
with a source of B mesons whose decay we can,observe.

A study of the decays of bottom mesons may provide us with useful in-
formation on the nature of weak interactions. However, the nonleptonic decays
are complicated by the interplay of weak and strong interactions. At present, a
reliable dynamical calculation of the QCD corrected decay rate is still lacking. On
the other hand, the symmetry approach is expected to provide a reliable
f_ramework for systematic study on nonleptonic decays3#. Since my >> me the
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SU(3) symmetry relations for B decays will hold much better than charmed
meson decays. To obtain the SU(3) amplitudes for the decays of bottom mesons
into two pseudoscalars, we need the Clebsch-Gordan(C-G) coefficients for the
~ following products of SU(3) representations: 1 ® 8,1 ® 3,10 15, 1096* 10
3, 19 6,3*©8,3*@ 3,3*Q 15,3* @ 6%, 3* @ 3*, 3* @ 6% All the CG
coefficients for the above products, except 3* ® 15, are given by Rabl, Campbell,
Jr., and Wali®. The C-G coefficients for 3* ® 15 was given previously by C. K.
Chews®. Un'fortunately, théy adopt the phase convention of de Swart”. Although
the phase convention of de Swart is widely used in particle physics, it is not the
one which can be easily generalized to SU(4). Since my, >>me— mgqg(q=u,d,s),
the SUH) éymmetry relations have been speculated to be good for B meson
decays. The purpose of this paper is to present tables of the SU(3) CG coef-
ficients of 3* @ 15 by adopting the phase convention of Baird and Biedenharn®
such that a generalizatiqn to SU(4) may be easily carried out.

II. REPRESENTATION. CONTENT OF THE
WEAK-INTERACTION HAMILTONIAN

The' part of the effective nonleptonic Hamiltonian responsible for bottom

meson decays can be written as®

?L»['I(Ag’:l):"qf[vls V;: {ﬁb,au} + Via Vlf' {ﬁb_, sult
V2 + Vis Vo {ub, de}+ Vi3 Vz:' {ub, sc}
+ Vi YV;);} { cb, du }.+ Vas Vl;g { cb, su}

+ Vi Vz’: { Eb, _ aC} + Vi Vz’; { Eb, sc} }

= Ha b +H, | @y

Bi

Where the space-time structure and the color index are omitted for brevity. And,
Vij (=1, 2,3) are elements of the unitary 3 x 3 mixing matrix V, which is-

~ usually parametrized in the special form

Cy . €3 84 : 8y Siz
| i
| o i& Lo
V = —C281 CyCaCa — §283¢ ‘ C1C383 + Ca«S'ziella*
SySy —C1C382 — Cz83eid —~CySz83 + cgfcgie»-lf6 :

(2.2)
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The SU(3) representation content of the effective nonleptonic Hamiltonian can
be easily obtained by noting' that ¢, b, ¢, b in Eq. (2.1) are singlet operators, while
the quark operators (Q, d, s) and (u, d, s) transform as 3 and 3*, respectively.
Thus, H (& B = 1) transform under SU(3) as 8, 3, 15, 6%, 3% and 6. For more
detail:{ of the representation content, see Ref. (3) and (4). It is well known that
the bottom mesons transform® as 1 and 3% under SU(3). Thereforé, to compute
the SU(3) decay amplitudes of bottom mesofxs into two pseudoscalars we need
the C—G coefficients for the following products of representations: 1 © 8,1 ® 3,
1915,1@6%103%106,308,3 ®3,3®15,3®6*,3®3*,3®6.As.
discussed in Sec. 1, all the C-G coefficients of these products, except 3* ® 15,
have been obtained previously. The purpose of this paper is to obtain the CG
coefficients for 3* ® 15 by adopting the phase convention of Baird and Bied-
enharn®, ‘

III. NOTATIONS AND PHASE CONVENTIONS

The newly discovered resonances are all bound states of (bb), where b is
the bottom quark and —1; is the antiquark..According to the quark model, ‘the
bottom quark b, together with the u, d, s, and ¢, forms a fundamental represen-

~tation of SU(S). In SU(5) we have four additive quantum numbers. They-are Is
(third component of isospin), Y (hypercharge), C (charm) and B(bottom). The
quantum numbers of quarks are given® in Table 1, where the hypercharge is
_ defined by '

Y = L A - (3.1
5 M @a3.1)
or
= 1 AR :
Y=B+S 3C+3B _ (3.2)

In the above equation, B and B denote the baryon and bottom number respective-
iy, . p

The SU(5) symmetry is badly broken due to heavy mass of b-quark, i.e.
my, ~ 4.8 GeV. However, the SU(3) symmetry relations should hold well for
bottom meson decays. The xﬁain purpose for this paper is to calculate the SU(3)
C-G coefficients for the product 3* ® 15 = 8 + 10 + 27. Under SU(3), u, d, and
s quarks form a fundamental representation 3 while both ¢ and'b quarks transform
“as SU@3) singief. A state in a given irreducible 'representation of SU(3) is com-
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pletely specified by’
(nr)
~(,1z,Y)
where 4 labels the SU(3) representation; I, I ; are the isospin quantum numbers;
and Y stands for the hypercharge. The weight diagrams of the SU(3) reptresenta-
tions occured in the product 3* ® 15'= 8 + 10 + 27 are given in Fig. 1. For
simplicity, we also denote I, Iand Y collectively by the symbol v . The SU(3)

C-G coefficients
( By My M
V1 V2 v /

can be written as
”.l. “‘2 “‘ ”1 ~u2 ” . I.l’ 12 I
A S _ C .
v 1 v2 v R Il‘Yl] 'IZYZ IY . I_lz I\z\z Iz . (3.3)

| My By M - 5
where ‘ A ‘ are the SU(2) singlet
| LY, LY, 1Y -
1 1 1 2! | I

Tz L2z 1g
Our tables give the isoscalar factors.

or isoscalar factors and C are the usual SU(2) C-G coefficients.

In computing the isoscalar factors, as well as fixing the phases, it is useful
to consider the various subgroups of SU(3). For this purpose it is convenient to
write the infinitesimal generators in terms of the non-Hermition matrices E ¢ j»

which satisfy the commutation relations.

[Eij ,Bxg 1 = 8jkEig — 8igBxj RER
for' ¢, 4, k=1, 2, 3 and Ejj=Ej; | |
In the fundamental representation the E matrices are very simple. They are the
so-called matrix units, e',i j » Where e};,- is the matrix in which the element belong-
ing to the 7 th row and t_he j th column is unity and all the other elements are
zero. We can define the raising and lowering operators of the different subgroups
as follows:

Epo=1,, Es =V,, Ex =U,

and I.= Ep*=Ea ,etc
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| These operators generate the well-known I-spin, U-spin, and V-spin subgroups of
SU(3). We recall that in SU(3) the relative phases of the matrix elements of any
two out of the three sets 1., U+, V4 can be chosen arbitarily. In addition to the
ﬁsua] Condon-Shortley convention that the matrix elements of I + be positive,
deSwart” chose to make the matrix elements of V+ positivé in order to fix the
relative phases of the different SU(2) multiplets contained in an irreducible
representation of SU(3). However, as discussed by Baird and Biedenharn®, the
most general and convenient phase convention for any SU(n) is to define the
matrix elements of Ej,;+1 (i=1,...,n—1) to be positive. This leads us to
adopt the phase convention of Baird and Biedenharn in our calculation and
choose 1+ and U + to have positive matrix elements. This is because we expect
that SU(4) symmetry relations might be useful for B meson decays. Therefore,
by adopting this general phase convention, we can easily generalize our SU(3)
calculation to SU(4). The matrix elements of 1+ are well known. The matrix
elements of U + can be obtained from
Ut |[I.Is.Y>=cs JIT+1/2,1,51/2, Y £1>
+de | T =1/2,1:%1/2, Y1 >

- _{(1—13+1) [(P—q)/3+1+Y2+1] [(p+2q)/3 +1
! 2(I+1) (21+1)

+Y/2+2) [Qp+q)3—-1-Y/2] } /2 -

‘d {(Iﬂs) [(@-p)/3+1-Y /2] [(p+2q)/3 —1
' 2 I(2141)

FY/2+1] [(2p+CI)/3+I—Y/2+1]}1/2 3.6)

The coefficients ¢. and d_ can be obtained by realizing that (L + )* =L — . In
(3.6), p and g are the pair of numbers (p, q) which speciﬁes a particuler ir-
reducible representation of SU3), i.e. p denotes the number of columns with one
box and q denotes the number of columns with two boxes for the Young tableau
of a particular representation of SU(3). Table 2 gives the values of (p, q) cor-
respending to the 3%, 15, 8, 10 and 27 representations of SU(3).

Within 2 given multiplet in SU(3) the relative phases are determined by
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_ choosing [ + and U« to have positive matrix elements. A further condition’
is required- to determine the relative phase between different SU(3) representa-

tions in a deconiposition of a product. For each representation u occured in the

e e (u o
product, we consider the highest state & Ny ) , U .e. the state with highest I, in
: H

# 1 #2 M,
Uy Uj' U'IH

~ to be positive for the highest I, that occurs. If this is not sufficient, we shall in

4 , and we choose the coefficient

_ addition require the highest 1. If this is insufficient, we choose the one with
highest 1, ; o be positive. '

The phase factor £, given in Table 3 contains the symmetry properties of
the C-G coefficients:

My, M, M M, M M
=§,

Vi vy U v, vi v | (3.7

Table 4 give the SU(3) isoscalar factors ( Ky K2 K ) for the product
v, U, v

3*® 15 = 8 + 10 + 27 as a result of our calculation. After this work is finished,

I learned that the isoscalar factors for the above product is also given by Anderson

and Joshi®® in a completely different context. They obtained thesé factors in -
their studies of the formation of baryonium and exotic baryons. Qur results
agree with theirs except for a few sign differences due to different choices of the
relative phases between SU(3) represenfations in a decomposition of a product.
The isoscalar factors in Table 4 are used in our calculation of the SUQ)

amplitudes for the nonleptonic two-body decays of bottom mesons*!.
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TABLE CAPTIONS

Table 1. Quantum numbers of quarks

Table 2. Value of (p, q) for the representations involved in the product 3* ® 15 -

= 8+10+27

Table 3. Phase factor £, associated with the C-G coefficients

Table 4. Isoscalar factors (ISF) for the product3* ® 15=8+10+27
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TABLE 1
Quark B 0 I I, Y B
u /3 2/3 172 1/2 1/3 0.
a /3 =1/3  1/2 -1/2 1,3 0
s /3 =1/3 0 0 _p/3 0
c /3 2/3 0 0 " o 0
b 13 -1/3 0 0 0 —1
TABLE 2
Cp,q)
3* (0, 1)
15 (2,1)
27 Cz2,2)
10 (3,0)
8 C1,1)
TABLE 3.
123! p2 op fl ’
3 - 15 g - 1
10 -1
27 1
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TABLE 4

I, Y, I, Y, I, Y, ISF
1/2 -~ —1/3 1 4/3 8 1/2 2/\/6

0 2/3 172 1/3 -8 1/2 1 456
/2  —i/3 3,2 1/3 8 ] 0 4335
1/2 -1/3  1/2 1/3 8 1 0 1,3/
-0 2/3 1 —2/3 8 1 0 —2/4/15
172 -1/3 1/2 1/3 8 0 0 V375

0. 2/3 0o —2/3 8 0 0 —/2/5
1/2 -1/3 1 —2/3 8 12 -1 V2/5
1/2 -1/3 0 —2/3 8 12 - 1415

0 2/3 1/2 —5,3 8 /2 =1 —2/2/15

0. 2/3 3/2 1/3 10 3/2 1 =142
1/2 —1/3 1 43 10 32 1 142
12 13 32 13 10 1 0 /33
-0 2/3 1 —273 10 1 0 =14/3
172 —1/3 1/2 1/3 19 1 0 2/3
1/2 —1/3 1 —2/3 10 /2 -1 =142
0 2/3 1/2 —5/3 10 /2 -1 —iA®
1/2 —1/3 0 —=2/3 10 .1/2 —1 1473
/2 -1/3 1/2 —5/3 10 0 —2 -1

'o ) 2/3' | 1 4/3 27 1 2 1

0 2/3  3/2 1/3 27  3/2 1 1//7
/2 —1/3 1 4/3 927 3/2 1 14/2
‘ 0 2/3 12  1/3 27 1/2 1 2/\/5
1/2 ~1/3 1 4/3 27 1/2 1 14/5 -
1/2 ~1/3 3/2 1/3 27 2 0 1
1/2 —1/3 3/2 1/3 27 1 0 1/¥/15

0 2/3. 1 —2/3 27 1 0 v2/5
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I Y, I, Y. a4 1, Yy _ISF

172 —1/3 1,2 1/3 27 1 0 2/2/15
.1/2 —1/3 o 1/2 - 1/3 27 0 0 V275
o 2,/3 0. —2/3 27 0o 0 V375
/2 -1/3 . 1 —2/3 27 - 372 -1 1
1/2° —1/3 1 }2/3 c97 12 —1 1//10
0 93 172 —5/3 27 172 -1 /3710
-1)2 —1,/3 0. —2/3 é7 1/2 -1 V375

1,2 - —1/3 1/2  —5/3 27 1 -2 - 1
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FIGURE CAPTIONS.

(10 (>7)

Fig. 1 Weight diagrams for the representations involved in ﬁw product 3*
15=8+10+27
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