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Abstract 

恥的bsch-Gordan coefficients for 也.e product of SU(3) represe胸­
tions 3* QìI 15, required for 伽 cal叫ation of the SU(3) 肌肉tudes of 
bottom meson de闊ys， are obtained by. adopting the p旭se convention of 
Baird and Biedenham. 

1. INTRODUCTION 

The recent discoveryl of three ex仕emely narrow'states γ(9， 4)， γ咒 10.0)，

γ" (10.3)仰自ests the existence of a new quantum num ber called “bottom." 

Consequently, there should also be new f1avored p位ticles， ca11ed “boUom 

particles," which carry 位lis new quantum number. That this is indeed theωse 

is evidenced ":Jy the. discovery2 of a fourth resonance γ "， (1 0.5), which has a 

broad width of about 20 MeV. The broad width of γg'， SU臨的ts thatγ." decays ‘ 

direct1y into BB pairs, each carrying a single bottom quark. We are thus provided 

with a source ofB mesons whose decay we can.oQserve. 

A study of the decays of boHom mesons may provide us with useful 扭扭

fonnation on the nature of weak interactions. However, the non1eptonic decays 

are complicated by the interplay of weak and strong interactions. At present, a 

reliable dynamica1 calculation of 位le QCD corrected deèay rate is st立11acking. On 

the other hand, the symmetry approach is expected to provide a reliable 

framework for systematic study on non1eptonic decays3fl. Since mb>> mc the 
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SU,(3) symmetry relations for B decays wi11 hold much betíer than charmed 

mesondecays. To obtain the SU (3) amp1itudes for the decays of bottom mesons 

into .two pseudosca1ars, we need the Clebsch-Gordan(C-G) coefficients for the 

following products of SU(3) representations: 1 @ 8, 1 03 , 1 0 15 , 106大 10

少， 1 @ 6 , 3* ø 8, 3* ~ 3，少 o 15, 3* ~6* ， 3* 0 少， 3* 0 6*. A11 the C-G 

coefficients for the above products, except 3* @ 15 , are gíven by Rabl, Campbel1, 

Jr. , and Wali5 • TheC-G coefficients for 3 * @ 15 was given previously by C. K. 

Chew6
• Unfortunately, they adopt the phase convention of de Swart7

• A1thoi.Jgh 

the phase convention of de Swart is widely' used in partic1e physics, it is not the 

one which can be easily generalized to SU ( 4). Since m b > > m c - m q (q = u, d, s), 

the SU(4) symmetry relations have been speculated to be good for B meson 

decays. Thepu中ose of this paper is to pre~ent tables of the SU(3) C-G coef­

ficients of 3* 0 15 by adopting th~ phase convention of Baird and Biedenharn8 

such that a generalization to SU(4) may beeasily carried out. 

11. REPRESENTATION CONTENT OF THE 

WEAK.-INTERACTION HAMILTONIAN 

The p缸t of the effective nonleptonic Hamiltonìan responsible for bot.tom 

meson decays can be written as4 

h{AE=1)=fLIVI3V;{Ebh}+V13vd{ 函，加}
V4+VI3VZ{Eb，在e } + V 13 V 2~' {üb, sc 11 

+ V 23 V l~ { êb，在u } + V 23 Vl~ { êb, su} 

+ V23 v 2i {詣 dc} + V 23 V z~ {函， sc} ] 

= H 1 + .......... + H 8 . (2~ 1) 

where the space-time structure and the color index are omitted for brevity.. And, 
V i j' (i = 1, 2, 3) are elements of the unitary 3 x 3 mixing matrix V, which ís 

usually parametrized 扭 the special form 
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The SU(3) representation content of the effective nonleptonic Hamiltonian can 

be easily obtained by noting that c, b, c, b in Eq. (2.1) 缸e sing1et operators, while 

the quark operators (ü，耳，王) and 徊， d, s) transform as 3 and 夕， respectively. 

Thus, H (ð. B = 1) transform under SU(3) as 8, 3，時， ($大 3串 and 6. For more 

detai1s of the representation content, see Ref. (3) and (4). 1t is well known that 

the bottom mesons transform9 as 1 and 3* under S:U(3). 甘lerefore ， to compute 

the SU(3) decay amplitudes of bottom mesons into two pseudoscalars we need 

the C-G coefficients for the following products of repre~nta世ons: 1 08, 1 03, 

1 ø 15 , 1 0 6弋 1 ~ 3 串， 106， 3.08， 303 ， 3015， 306弋 303 串， 306. As 

的cussed in Sec. 1, all the C-G coefficients of these products, except 3* 0 15, 

have been obtained previously.τ1:e purpose of this paper is to obtain the C-G 

coefficients for 3 * @ 15 by adopting the phase convention of Baird and Bied­

e叫1缸n8

111. NOTATIONS AND PHASE CONVENTIONS 

The newly discovered resonances are a11 bound states of (bb), where b is 

the bottom quark and b is the antiquark. 、 According to the quark model, the 

bottom quark b, together with the u, d, s, and c, forms a fundamental represen­

tation of SU(5). In SU(5) we have four additive quantum numbers. They -are 113 

(third component of isospin), Y (hypercharge), C (charm) and B(bottom). 甘le

quantum numbers of quarks are given9 泊 Table 1, where the hypercharge is 

defined by 

or 

Y=-;:士 λg
"3 

(3. 1) 

1 ~ . 1 ~ 
Y=B+S 一~C + -i-B (3.2) 3 ~ . 3"': 

1n the above equation, B and B denote the baryon and bottom number respective-

ly. 

The SU(5) symmetry is badly broken due to heavy mHSS of b~uark， i.e. 

mb 旬 4.8 GeV. However, the SU(3) symmetry relations should hold well for 

bottom meson decays. The main purpose for this paper is to calculate the:SU(3) 

C-G coefficients for the product 3* ~ 15 = 8 + 10 + 27. Under SU(3), u , d , and 

s quarks form a fundamental representation 3 while both c and:b quarks transform 

as SU(3) singiet. A state in a given irreducible representation of SU(3) is ∞m-
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pletely specified by 7 

(μ) 
φ 

。 ， Iz. , Y) 

where μlabels the SU(3) representation; 1, I z are the isospin quantum numbers; 

and Y stands for the hypercharge. The weight diagrams of the SU(3) rept臼enta﹒

tions occured in the PToduct 3* 0 15= 8 + 10 + 27 位e given 扭 F站. 1. For 

simplicity, we also denote 1, Izand Y collectively by the symbol V • The SU(3) 

C-G coefficients 

/μ1μ2μ\ 
\ V 1 V 2 υj 

can be written as 

/μ1μ2μ\/μ1μ2μ\ 

人 V 1 V2 v)=, \I 1'Y'l 12 Y 2 1 Y) C I 1Z L21Z 1 Z (33) 

μ 且 μ2μ

where I 1 are the SU(2) singlet 

11 Y 1 h iY 2 1 Y 

11 12' 1. 
or isoscalar factors and C _. are the usual SU(2) C-G coefficients. 

11z h ,z I z 
Our tables give the isoscalar factors. 

In computing the isoscalar facto間， as well as fixing the phases, it is usefu1 

to consider the various subgroups of SU(3). For this purpose it is convenient to 

write the infmitesimal generators 扭 terms of the non-Hermition matrices E i j , 

which satisfy the coIlÌnìutation relatio{ls. 

[ E iJ , E k ~ ] = l) jk E H: - ð i ~ E k j (3 .4) 

for i , j , k = 1, 2, 3 ahd E i j = E Jt~ 

In the fundamenta1 representa討on the E matrices are very simple. Thèy are the 

so-called matrix units, e .ij, where eiij is the matrix in which the elem~nt belong­

ing to the i th row and the j th column is unity and a11 the other elements are 

zero. We can define the r到sing and lowering operators of the different subgroups 

as follows: 

E 12 = 1 + , E 13 = V +, E :n = U + 

and L_ = E 12 + = . E 21' , etc. 
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These operators generate the well-known I-spin, U -spin, and V-spin subgroups of 

SU(3). We ::-ecall that 詛 SU(3) the relative phases of the matrix elements of any 

two out of the three sets 1 士， U 士， V:!: can be chosen arbitari1y. In addition to the 

usua1 Condon-Short1ey convention that the matrix elements of 1 :!: be positive, 
deSwart7 chose to make the matrix elements of V:!: positive inorder to fIx the 

relative phases of the different SU(2) multiplets contained 扭扭 irreducible

representation of SU(3). However, as discussed by Baird and Biedenharn8 , the 

most gen位a1 and convenient phase convention for any S凹的 is to define the 

matrix elements of E i , i + 1 (i = 1, . . . , n-l) to be positive. 前述s leads us to 

adopt the phase convention of Baird and Biedenharn 加 our ca1cu1ation and 

choose I:!: and U:!: to have positive matrix elements. This is because we expect 

that SU(4) symmetry relations might be usefu1 for B meson decays. TI時間fore，

by adopting this general phase convention, we can easi1y generalize our SU(3) 

ca1culation to SU( 4). The matrix elements of 1 士缸e well known. The matrix 

elements of U :!: can be obtained from 

U:t 11, h ,Y> = c:!: I I + 1/2 ， 13 平 1/2 ， Y :!: 1 > 
+ d:!: I I" - 1/2 , I3 平 1/2 ， Y 士 1 > 

I (I - 13+ 1) [(p - q ) / 3 + I + Y /2 + 1] [(p + 2 q) / 3 
c. = <; + 

\. 2"0 + 1 ) (2 I + 1) 

+ Yj2+ 2] [(2p + q)几Y / 2~ } 1/2 

d~ = J (I +I 3 ) [(q-p)/3+I-Y/2] [(p+2q)/3 

l 2I(2I+l) 

+Y/2+1][…/3 + I一…

+ 1 

-I 

(3.6) 

The coeffIcientsιand d - can be obtained by realizing that (L + ) + = L 一. In 

(3.6), p and q are the pair of numbers 印， q) which specifIes a particular ir­

reducible representation of SU(酌，i.e. p denotes the number of columns with one 

box and q denotes the number of columns with two boxes for the Young tableflu 

of a particwar representation of" SU(3). Table 2 斟.ves the va1ues of (p, q) c缸"

respending to the 夕，時， 8， 10 and 27 representations of SU(3). 

Within ~區.ven multiplet in. SU(3) the relative phases are determined by 
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choosing I:!: and U:!: to have positive matrix elements. A further condition 7 

is required- to determine the relative phase between different SU(3) representa­

tions in a deconiposition of a product. For each representation μoccured in the 
(μ) 

product, we consider the highest state φ ， i .e. the state with highest 1 z 詛
υH 

μ ， and we choose the coefficient 

(μ1μ2μ) 
Ul U'i U,H I 

to be positive for the highest 1 1 that occurs. If this is not sùfficient, we shall 卸

addition require the highest 12. If this is insufficient, we choose the one with 

highest 1 1 Z to be positive. 

The phase factor ~.1 given in Table 3 contains the symmetry properties of 

the C-G coefficients: 

司
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Table 4 give the SU(3) iso即alar factors (μ1μ2 Iμ1 for the product 
\V 1 V z Vj 

3 * ø 15 = 8 + 10 + 27 as a result of our calculation. After this work is finished , 

1 learned that the isoscalar factors for the above product is a1s0 given by Anderson 

and Joshi10 in a completely different context. They obtained thesè factors 扭

their studies of the formation of baryonium and exotic baryons. Our results 

agree with theirs except for a few sÍgn differencès due to different choices of the 

relative phases between SU(3) representations in a decomposition of a product. 

The isoscalar factors in Table 4 are used in our calculation of the SU(3) 

amplitudes for the nonleptonic twφbody decays of bottom mesonsl1 
• 

ACKNOWLEDGEMENTS 

1 would like to thank M. Suzuki of Lawrence Berkeley Laboratory for 

several instructive discussions on bottom meson decays. 1 would also thank D. 

Zeppenfeld of Max-Planck Institute for a correspondence conceming the work of 

C. K. Chew on isoscalar factors. 

-626 一



A Calcu1ation of SU(3) Clebsch-Gordan 
Coefficients for Bottom Meson Decays* 

REFERENCES 

1 S. W. Herb et a1., Phys. Rev. Lett. 39,252 (1 977) 

2 D. 仰的ws et a1., Phys. Rev. Lett. 笠， 1108 (1 980) 

3 D. Zeppenfe峙， MPI preprint, MPI-PAE/Pth 34/80 (1980) 

4 W. Lin, Z. Phys. C-Partic1es and Fields 丘， 21 (1 981)

5 V. Rabl, G. Campbell, Jr. , and K. C. Wali, J. Math. Phys. 16, 2494 (1 975) 

6 C. K. Chew, Tables of the SU(3) Isoscalar Factors, Quebec, Dept. of Physics, 

Lava1 University, (1968) 

7 J. J. de Swart, Rev. Mod. Phys. 笠， 916 (1 963) 

8 G. E. Baird and L. C. B扭曲的arn， J. Math. Phys. 5, 1723 (1 964) 

9 W. Lin, Chin. Jour. Phys. 17，的(1 979)

10 R. Anderson and G. C. Joshi, J. Math, Phys. 20, 1015 (1 979) 

11 Paper in preparation 

T ABLE CAPTIONS 

Table 1. Quantum numbers of quarks 

Table 2. Value of 仰， q) for the representations involved in the product 3* 0 15 

= 8+10+27 

Table 3. Phase factor ~ 1 associated with the C-G coefficients 

Table 4. Isoscalar factors (lSF) for the product 3 * ~ 15 = 8 + 10 + 27 
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TABLE 1 

Quark B Q I 1 3 '‘" Y C B 

U 1/3 2/3 . 1/2 1/2 1/3 。 。
d 1/3 -1/3 1/2 一1/2 1/3 。 。
s 1/3 -1/3 。 。 一2/3 。 。
C 1/3 2/3 。 。 。 1 。
b 1/3 -1/3 。 。 。 。 一 1

TABLE 2 

( P 1 q ) 

3* ( 0 • 1 ) 

15 ( 2 , 1 ) 

27 (2 , 2 ) 

10 ( 3 • 0) 

8 ( 1 • 1 ) 

TABLE 3 

μ1 μ2 μ 

3* 15 8 -1 

10 一1

27 1 
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TABLE 4 

1 1 Y 1 Y 2 μ Y 3 1 S F 

1/2 . -1/3 1 4/3 8 1/2 1 2/v5 
O 2/3 1/2 1/3 8 1/2 1 -1/.而

1/2 -1/3 3/2 1/3 8 1 也O 42/丸后

1/2 -1/3 1/2 1/3 8 l O 1/3J5 
O 2/3 1 -2/3 8 l O 一2/.、115

1/2 -1月 1，/;之 1/3 8 O O J3/5 

O 2/3 O 一2/3 8 O O -v'275 
1/2 -1/3 1 一2/3 8 1?2 -1 、/歹丐

1/2 -1/3 O 一2/3 8 1/2 -1 1/Jf5 
o 2/3 1/2 -5/3 8 1/2 -1 -2J研E

O 2/3 3/2 1/3 10 3/2 1 一1/J2

1/2 一1/3 1 4/3 10 3/2 1 1/J2 

1/2 -1/3 3/2 1/3 10 1 O -v'V3 

O 2/3 1 一2/3 10 l O 一1/.汙

1/2 一1/3 1/2 1/3 10 1 O 2/3 

1/2 -1/3 1 -2/3 10 1/2 一1 一1/.彷

O 2/3 1/2 -5/3 10 1/2 -1 一1/v'6

1/2 -:-1/3 O 一2/3 10 1/2 一 1 1//3 

1/2 一1/3 1/2 -5/3 10 O 一 2 -1 

O 2/3 1 4/3 27 l 2 1 

O 2/3 3/2 1/3 . 27 3/2 l l/J玄

1/2 -1/3 1 4/3 27 3/2 1 1//互

O 2/3 1/2 1/3 27 1/2 1 2/J5 

1/2 一1/3 1 4/3 27 1/2 1 1';;、15

1/2 -i/3 3/2 1/3 27 2 O 1 

1/2 -1/3 3/2 1/3 27 1 O 1/J15 

O 2/3 l 一2/3 27 l O J歹E
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1 1 Y 1 Y 2 μ Y 3 1 S F 

1/2 -1/3 1/2 1/3 27 1 O 2v'27曰:

1/2 一1/3 1/2 1/3 27 O O v'275 

O 2/3 O -2/3 27 O O J375 
1/2 平 -1/3 1 -2/3 27 3/2 -1 1 

1/2- 一1/3 1 -2/3 27 1/2 -1 1/.扛百

O 2/3 1/2 -5/3 27 1/2 -1 ';3/而

"1/2 -1/3 O -2/3 27 1/2 -1 J37百

1/立 -1/3 1/2 -5/3 27 1 -2 1 
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FIGURE CAPTlONS. 
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Fig. 1 Weight diagrams for the representations involved in the product 3* 

15=8+10+27 
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林文隆

中文摘要-

我們根據新的相位之規定，計算了研究下會于輔抴變是振幅既需之SU(3)

C-G 係數。
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