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Abstract

In the thesis, we intend to study the convergence of pairs of surfaces and
smooth functions thereon. To capture their limit, we study the convergence of
pairs of integral varifolds and Young functions (a measure-theoretic model of
surfaces with multiplicity and multiple-valued functions) via their associated
graph measures on the product space. To take differentiability into account,
we develop the notions of weak differentiability and bounded variation of
Young functions; moreover, the compactness properties of pairs of integral
varifolds and weakly differentiable or BV Young functions are established.

To this end, we study the topological vector structures of several test
function spaces and introduce the concept of integral indecomposability—a
notion of indecomposability tailored to our setting. Moreover, an existence
theorem for integral decompositions of integral varifolds is established. The
analysis of integral decompositions is carried out for a larger class of recti-
fiable varifolds, for which a compactness theorem analogous to the one for
integral varifolds is obtained.

Keywords: varifolds, Young measures, multiple-valued functions, Young

functions, graph measures, bounded variation, weak differentiability, com-
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Chapter 1

Introduction

1.1 Motivation

Hypotheses. In this chapter, suppose m and n are positive integers, Y
is a finite-dimensional Banach space, U is an open subset of R", and V is
an m-dimensional varifold in U such that [|8V/]| is a Radon measure. For
terminology and notation, see [1.3

Our study is motivated by the following question: In a Euclidean space,
considering a sequence of smooth surfaces and smooth functions thereon
such that over compact subsets, the area of the surfaces and the integrals of
mean curvatures, the functions themselves and their derivatives are uniformly
bounded, what is the limit of these pairs, and what can we say about the
smoothness of the limit? Let us first focus on the first question. Note that
varifolds (see [All72]) are a natural candidate to model the convergence of the
surfaces to retain information on their mean curvature in the limit process.
With this model, we allow surfaces to have multiplicity, and the following
example shows that we should also allow functions to have multiple values.
Consider two parallel lines approaching each other, and on each of them,
the functions have constant values 1 and —1, respectively; in this case, the
expected limit should consist of a line of density 2 and a constant two-valued
function thereon. Therefore, we model such pairs with varifolds and Young
functions as defined below.

Definition (see [3.2.4). Suppose X and Z are locally compact Hausdorff
spaces and p is a Radon measure over X. By a u Young function f of type
Z, we mean a u measurable P(Z)-valued function f, where P(Z) denotes
the space of probability Radon measures over Z endowed with the initial
topology induced from the maps v — [ fdv for v € P(Z) corresponding
to continuous functions f : 7 — R with compact support. Moreover, if



V € IV, (U), we term a ||V|| Young function f of type Z to be integral
if and only if for ||V almost all z, letting &k = ©™(||V]],z), there exist
21,29, .., 2 € Z such that f(z) =k"' 35, 6.

Compared with Almgren’s )-valued functions (see [Alm00] or [DLS11]),
the values of Young functions can be diffuse; also, the number of values can
vary from one point to another as prescribed by the density. Note that £
measurable Q-valued functions can be canonically identified as integral ||V||
Young functions, where V' € IV, (R") satisfies ||V| = QZ". For pairs of
measures and Young functions, we define their associated graph measures.

Definition (see . Suppose X and Z are locally compact Hausdorff
spaces, 1 is a Radon measure over X, and f is a u Young function of type
Z. We define the graph measure Y (u, f) associated with p and f to be the
Radon measure over X x Z such that

JodY (u, f) = [z, y)df(z)ydpx
whenever ¢ : X x Z — R is a continuous function with compact support.

If X and Z have countable bases and ¢ is a @ measurable Z-valued func-
tion, then the formula f(z) = 84 defines a i Young function of type Z and
Y (u, f) is the pushforward of o by the map x +— (z, g(x)). The convergence
of pairs of measures and Young functions is then defined to be the weak
convergence of their associated graph measures.

To answer the second question in the first paragraph, we should develop
notions of differentiability for Young functions on varifolds. For 0 < s < o0,
denote by E the space of all continuously differentiable functionsv: Y — R
such that v(0) = 0 and spt Dy C B(0, s), and endow F = [ J{FE,:0 < s < oo}
with the locally convex final topology induced from the inclusions F, — F
corresponding to 0 < s < oo, see 3.3.1] A notion of differentiability of
Y -valued functions on varifolds was introduced by Menne.

Definition (see [Menl6l 8.3] and [MSIS, 4.2]). A ||V + ||8V|| measurable
Y -valued function g is termed to be generalized V' weakly differentiable if and
only if there exists a Hom(R", Y')-valued function V' D g such that

/ VDl dIv]| < oo
Kn{z:|g(z)|<s}

whenever K is a compact subset of U and 0 < s < oo, and such that

J(0(),Dy(g(x)) e VD g(x)) d[V]z = [v(g(x))0(x) en(V,z)d|[8V]| x
= [ 1(g(x))S e Db(x)dV (z, 5)



whenever § € 2(U,R") and v € E. We denote by T(V,Y) the class of such
functions g.

In the definition, we require the post-composition of g with functions
v € FE, instead of merely the function itself, to satisfy the integration-by-
parts identity because otherwise, the resulting class of functions is not stable
under post-composition (e.g., truncation), see [Menl6, 8.27]. Let W (V,Y)
denote the space consisting of g € T(V,Y) such that g € L¢(||[V||+]||8V],Y)
and VDg € LP(||[V|,Hom(R"® Y)); then, we will refer to members of
W(V,Y) as Y-valued V weakly differentiable functions. If V' € IV,,(R"™) with
|V = £7", then T(V,R) agrees with the space 7' (R") as in [BBGT95),
p. 244], where the letter “T” in the name of these spaces stands for trun-
cation; moreover, the space W (VYY) agrees with the local Sobolev space
Wlloi (R™Y). In stark contrast with Wllo’i(R”, Y'), it may happen for general
V that f,g € W(V,R) but f+g ¢ W(V,R) and h = (f,g) ¢ W(V,R?), see
[Men16| 8.25]. In other words, weak differentiability of components does not
imply that of the function itself. Such difficulties are also expected for our
general setting; therefore, our definition of that concept for Young functions
genuinely includes the case dimY > 2.

Our goal is to obtain a compactness theorem for pairs of integral varifolds
and [generalized weakly differentiable] integral Young functions. Following
Allard’s approach (see [All72]) to the compactness theorem for integral var-
ifolds, we will start with the theory of general Young functions which com-
prises definitions of different notions of differentiability for general Young
functions.

1.2 Results and strategies

We will outline the results by chapter.

Chapter 2. In the theory of weakly differentiable functions, the be-
havior of functions is closely related to the connectedness properties of the
domain; for instance, to establish a Poincaré inequality for weakly differen-
tiable (single-valued or multiple-valued) functions on varifolds, we shall first
determine the class of functions with zero derivatives; in fact, we expect that
if V€ IV,,(U) and an integral ||V|| Young function f which is also a [|8V/||
Young function has zero derivative, then there exists an integral decomposi-
tion of V into countably many integrally indecomposable varifolds W such
that f is single-valued on each W. Therefore, we start with the integral
indecomposability of integral varifolds before diving into the differentiability
theory of Young functions. In [Menl6l 6.2], the notion of indecomposabil-
ity of general varifolds V' was introduced by means of the distributional V'
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boundary of sets; more precisely, V is termed indecomposable if and only
if there exists no ||V| + ||0V|| measurable set B such that ||V|(B) > 0,
|VI[(U~B) > 0, and the distributional V' boundary VOB of B is identi-
cally zero. Accordingly, a plane of multiplicity 2 is indecomposable. For our
purpose, we instead make the following definition.

Definition (see [2.2.1). Suppose V' € IV,,(U). Then V is called integrally
indecomposable if and only if there exists no W € IV,,(U) such that W <V,
W0, V=W #0, V]| = [W[+][V-WI|, and [|sV]| = [|sW[|+[[d(V —=W)]|

Roughly speaking, we allow an integral varifold V' to be decomposed
not only by restriction to subsets of zero distributional V' boundary but
also by peeling off sheets without producing extra boundary. For instance,
a plane of multiplicity 2 can be integrally decomposed into two identical
planes of multiplicity 1. It turns out that indecomposability and integral
indecomposability are equivalent if V' € IV,,,(U) has unit density ||V|| almost
everywhere and ||0V|| is absolutely continuous with respect to ||[V||, see
and [2.2.6] Therefore, just as decompositions, integral decompositions are
not unique, see [2.3.9. The main goal of this chapter is to show the following
existence theorem for integral decompositions:

Theorem A (see[2.3.12). Suppose V'€ IV, (U). Then, there exist a count-
able subset H of IV,,(U) and a function & : H — {1,2,...} such that W is
nonzero and integrally indecomposable whenever W € H, and such that

VIk)= ) MW (K), aVII(e) = Y W)W ](0)

WeH WeH

whenever k : U x G(n,m) — R and ¢ : U — R are continuous functions
with compact support.

Moreover, our result can be generalized to larger classes RV,, (U, C) of
rectifiable varifolds V' such that @™ (||V||,z) € C for ||V|| almost all 2, when-
ever C is a closed subset of R such that infC > 1 and ¢+ d € C for
c,d € C; for these classes, we also prove a compactness theorem in an ap-
proach analogous to Allard’s compactness theorem for integral varifolds, see
2330, and 234

Chapter 3. Suppose X and Z are locally compact Hausdorff spaces that
possess countable bases. Consider the class of Radon measures I" over X x 7
such that I'(K x Z) < oo whenever K is a compact subset of X, for which
we study the compactness property and present a disintegration theorem, see
[3.2.17 and [3.2.21] Consequently, we have the following compactness theorem
for pairs of varifolds and Young functions.

4



Theorem B (see|3.2.24). Suppose V € IV,,,(U), V; is a sequence in IV ,(U)
such that V- =1lim;_,, V;, and f; is a sequence of ||V;|| Young function of type
Y such that whenever K is a compact subset of U, there holds

Tim sup{ Y (||Vi[, f) (K x (¥ ~B(0,5))) i € {1,2,...}} = 0.

Then, there ezists a ||V|| Young function f of type Y such that, possibly
passing to a subsequence, we have

i Y(IVill £) = Y(IVI. ) lim Y(Vi, fiop) = Y(V, f o)
where p : U x G(n,m) — U is the projection map.

The boundedness condition assures that the mass of graph measures
cannot escape to infinity; for instance, we exclude the case that ¥ = R,
Vi =V # 0, and f; are constant functions with value §; for each positive
integer 1.

Next, we define typical operations on the space of probability measures,
such as pushforward, Cartesian product, and convolution, see [3.3.19
and respectively. Since Dirac-measure-valued g Young functions of
type Y must be of the form 8,y for some p measurable Y-valued function g,
see [3.2.5] these operations acting on the class of Young functions then cor-
respond to the post-composition, joinEI7 and addition of Y-valued functions.
Note that the notion of addition of multiple-valued functions is also new to
the theory of @)-valued functions, but the addition of two ()-valued functions
will be a Q?-valued function, see .

Finally, the definition of generalized V weakly differentiable Y-valued
functions suggests that it is expedient to view Young functions of type Y as
E*-valued functions; indeed, we use E as the space of test functions in the
target space of Young functions to define the notions of differentiability of
Young functions in Chapter 4 With this in mind, we study the topological
vector space structure of £ and give a homeomorphic embedding of E into
a space of continuous functions with compact support, see [3.4.19] Moreover,
we use E to define a pseudo-metric on P(Y) and the notion of Lipschitz
continuity for Young functions, see [3.3.6) and [3.3.9] To study the differentia-
bility of Young functions via their associated graph measures, we define the
space H of certain test functions n : U x Y — R"; again, a homeomorphic
embedding of H into a space of continuous functions with compact support
is established, see [3.4.25|

Chapter 4. To present the results in this chapter, we shall define the
distributional derivatives of Young functions on varifolds.

'Suppose A, B, and C are sets and f : A — B and g : A — C are functions. By the
join of f and g, we mean the function A — B x C given by a — (f(a), g(a)).



Definition (see|4.1.7). Whenever 0 < s < oo and f is a ||V 4 ||6V]| Young
function of type Y, there exists a distribution 7% € 2'(U, R" ® E) uniquely
characterized by the requirement that

Ty (00) 9 7) = J (741 (2)) 6(2) o (Vs A5V o
-/ (fwdf(x)) SeDO(x)dV (z,9)

whenever € Z(U,R") and v € F. In this case, we say f possesses gen-
eralized V' bounded variation (GBV) if and only if ||T%|| is a Radon measure
whenever 0 < s < oo, see [1.1.9

IfY =R and g is a ||V| + [|6V] measurable R-valued function, such
a notion is characterized in [MS25bl 4.2] via the distributional boundary of
the subgraph of g; in this case, if f satisfies f(x) = 8,(,) for € dmn g, then
the two notions of GBV agree, see[d.1.11} Note that our definition allows for
the case dimY > 2 which is new even for the single-valued case. For Young
functions of type R, a characterization analogous to the aforementioned one
in the single-valued case is established, see [4.1.14] Next, we present the
compactness theorem of GBV Young functions.

Theorem C (see . Additionally to the hypotheses of the compactness
theorem for pairs of varifolds and Young functions, Theorem[B, suppose that
each f; possesses generalized V; bounded variation, and that whenever 0 <
s < 00, their associated distributions T} satisfy

sup{||T7||(K):i € {1,2,...}} < oo whenever K is a compact subset of U.

Then, we can require the limit Young function f in the conclusion to possess
generalized V' bounded variation.

From the compactness theorem of pairs of varifolds and Young functions,
we only obtain a ||V|| Young function f as the limit, and to assure the ||dV/||
measurability of f, we shall specify the value of f on the singular part of
||I6V']|; we readily check that the choice of values does not affect whether f is
GBV. However, in general we do not have weak convergence of derivatives; in
fact, the limit function f may have non-zero derivative even if the derivatives
of the functions f; vanish. For instance, consider the example that V; is the
union of two disjoint open rays in R pointing in opposite directions with
endpoints approaching each other; on each ray, f; has constant values 1
and —1 respectively. In this example, each f; has zero derivative and V;
has nontrivial first variation, but the first variation of the varifolds transfers
through the limit to the variation of the limit function, see [1.1.17]

Next, we define generalized V' weak differentiability of Young functions.
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Definition (see [1.3.1). We say a [|[V|| + [|8V|| Young function of type Y is
generalized V' weakly differentiable if and only if it possesses generalized V'
bounded variation and, whenever 0 < s < oo, the variation measure || 7°%|| of
its associated distributions 7% is absolutely continuous with respect to ||V||.

In this case, there exists a ||V|| almost unique ||V || measurable (R"® E)*-
valued function F' such that

Ty (0(z) ®7) = [{0(x) @ 7, F(2)) d[[V] x

whenever 0 < s < 00, § € Z2(U,R"), and v € E, see [4.3.2] Next, we present
three examples. The first two thereof demonstrate the connection of our
general theory to the main model cases. The third one illustrates a difficulty
peculiar to the general setting.

Examples. Consider the isomorphism (R" ® E)* ~ Hom(R", E*) and let
ve R

(1) Suppose g is a generalized V weakly differentiable Y-valued function.
Then the formula f(z) = 8,(,) for x € dmn g defines a generalized V'
weakly differentiable Young function of type Y, and their derivatives
V' D g and F' are related by the equation

(v, [Dy(y) o VDg(x)df(x)y) = (v, (v, F(z))) whenever v € E

for ||V|| almost all x, see |4.3.5; for such x, we have
spt(v, F(z)) C {g(x)} = spt f(z).

(2) Suppose @ is a positive integer, g is a Lipschitzian Qg(Y")-valued
function on R™, and V € IV,(R") satisfies ||V| = QZ". Then
the formula f(z) = Q Y|g(z)|| for z € R™ defines a generalized V
weakly differentiable integral Young function of type Y, see |3.2.7] and
4.3.11] Based on |[Menl(, 2.5], it can be shown that there exists
G e L. (Y(||VI, f), Hom(R" Y")) such that

(v, [DA(y) o G(x,y)df (x)y) = (v, (v, F(x))) whenever vy € E

for ||V|| almost all z; for such z, we have

spt(v, F'(x)) C spt g(z) = spt f(x).



(3) Suppose Y = R2 V € IV,,(R") with |V = £", and f: R" — P(R?)
is defined by f(z) = £?L C, where C denotes the unit square in R
Then, f is generalized V weakly differentiable with F' = 0. However,
whenever 0 # X € Z0(R? R?) with div X = 0, its associated function
G : R" x R* — Hom(R",R?) defined by (v,G(x,y)) = X(y) for
(z,y) € R" x R? satisfies

(v, [Dy(y) o G(x,y)df(x)y) = 0= (7, (v, F(x))) whenevery € E
for ||V|| almost all z; for such =z, we have
spt G(x,-) =spt X C C' = spt f(z).
Such vector fields X can be constructed as in B.4.21]

In the first two examples, for ||V|| almost all z, there exists an f(x) almost
unique map G(z,-) : ¥ — Hom(R"™,Y) representing F'(z) € Hom(R", E*)
via the equation

(v, [ Dy(y)oG(z,y)df(x)y) = (7, (v, F(z))) whenever v € R" and v € E.

The third example shows that such representations are not unique for general
Young functions. Initially, we were targeting only the concept of and com-
pactness theorem for generalized V' weak differentiability of integral Young
functions; following the two model cases (i.e., the first two examples), we
intended to work with the following property which, in retrospect, could
be called strong generalized V weakly differentiability: it is satisfied by a
VIl + |8V|| Young function f of type Y if and only if there exists G €
L (Y(||V, f), Hom(R",Y")) such that

J(0(x),Dy(y) o G(x,y)) df () yd||V] z
= [([~df(x))b(z) en(V,z)d||5V] 2
— f (fydf(x)) SeDO(x)dV (z,9)

whenever v € E and 0 € 2(U,R"™). Although, as the third example shows,
such functions G' may fail to be unique, the main advantage of this defini-
tion would be to avoid heavy functional analytic machinery. However, we
could not establish any compactness theorem. Thus, we have made a more
functional analytic definition (the one employed in this thesis) which allows
us to obtain a compactness theorem and which readily generalizes to include
GBV Young functions in our treatment. Clearly, strong generalized weak
differentiability implies generalized weak differentiability, but the converse is



an open problem even if the Young function is associated with a Y-valued
function. That is, if g is a [|[V]| + |0V measurable Y-valued function and
the Young function f defined by f(z) = 84 for € dmn g is generalized V'
weakly differentiable, then it is unknown whether g is necessarily generalized
V' weakly differentiable; in fact, it is not even clear whether, for v € R", we
are ensured that

spt(v, F(z)) C spt f(x) for ||V] almost all z.

Finally, we shall present the compactness theorem for generalized V' weakly
differentiable Young functions.

Theorem D (see . Additionally to the hypotheses of the compactness
theorem. for pairs of varifolds and Young functions, Theorem[B, suppose that
1 < p < oo, ||[Vi]| is absolutely continuous with respect to ||Vi|| and f; is
generalized V; weakly differentiable for positive integers i, and, whenever K
1s a compact subset of U and 0 < s < oo, we have

sup { [, [h(V,2)[Pd||Vi|| z:i € {1,2,...}} < o0
sup { [, |E(x)\(R”®ES)‘deV;Hx:i €{1,2,...}} <

where F; is the weak derivative of f;. Then, we can further conclude that
the limit ||V|| Young function f in the conclusion is generalized V weakly
differentiable.

The additional condition on the first variation of varifolds excludes the afore-
mentioned example of two rays, in which the limit Young function is not
generalized V' weakly differentiable but only GBV.

Future research. With the foundations of the theory of general Young
functions, we shall address the subclass of integral Young functions, for in-
stance, the class of generalized weakly differentiable [or GBV] integral Young
functions; also, their compactness theorems should be established. To study
such integral Young functions, we may need the representation theorem of
derivatives, the constancy theorem, and Poincaré type inequalities.

A common scenario in our theory is that Young functions carry the geo-
metric information of integral varifolds; for instance, Young functions may be
the tangent map, the normal map, or height functions. Our study allows us
to investigate how the geometric information is carried over to the limit; such
a situation often occurs in the blow-up analysis of integral varifolds. On the
other hand, the differentiability of Young functions may provide definitions
of geometric quantities in the multiple-valued setting.



1.3 Terminology and notation

Mostly, the terminology and the notation agree with [Fed69] and [AII72]. We
also introduce additional notation and definitions.

Basic notation and definitions. The set of positive integers is denoted
by &, see [Fed69l 2.2.6]. The extended real number system is denoted by
R, see [Fed69, 2.1.1]. The difference of sets A and B is denoted by A~ B.
The domain and image of a function f are denoted by dmn f and im f.
The topological closure and interior of a set A are denoted by Clos A and
Int A, respectively. The open and closed balls with center a and radius r are
denoted by U(a,r) and B(a,r), respectively, see [Fed69, 2.8.1]. If (X, p) is
a metric space, A C X, and x € X, then the distance of x to A is defined
by dist(z, A) = inf{p(x,a):a € A}. For integration, the alternate notations
[ fdu, [ f(z)dpx and u(f) are employed; in this respect, u integrability
of f means that [ fdu is defined in R and p summability of f means that
J fdp € R, see [Fed69, 2.4.2]. Inner products are denoted by e, see [Fed69,
1.7.1]. If V is a vector space, v € V, and f € Hom(V,R), then we denote
(w, f) = [(v).

Directed set and limit. We say a set A is directed by the order < if
and only if < is a reflexive and transitive relation on A such that every subset
of A with at most two members has an upper bound, see [Kel75, Chapter
2, p. 65]. A function f mapping a directed set A into a topological space X
converge to z € X if and only if for each neighborhood U of z there exists
a € A such that f(5) € U whenever a < f3, see [Kel75, Chapter 2, p. 66]; in
this case, we denote limgey f(o) = 2. Similarly, in case X = R, we define
limsup,c 4 f(a) = inf{sup{f(5):a X f € A}:a € A}.

Numerical summation. Whenever A is a set and f is an R-valued
function, ) _, f(z) denotes the numerical sum of f over A; in case A =
dmn f, we abbreviate ) f =" _, f(z), see [Fed69, 2.1.1].

Pushforward of measures. Suppose ¢ measures a set X, Z is a set,
and f is a Z-valued function with dmn f C X. The pushforward of ¢ by f
is defined to be the measure fx¢ over Z such that

(f40)(B) = ¢(f'[B]) whenever B C Z,

see [MS25al 2.9, 2.10].

The space of locally summable functions. Suppose i is a measure
over an open subset U of R™ such that every open subset of U is y measur-
able. We denote by L°¢(u) the space of all real-valued functions f such that
/ x |fldu < 0o whenever K is a compact subset of U. Taking a sequence of
compact subsets K; of U such that U = |J;°, K; and K; C Int K4 for all
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i € P, the space LI°°(1) endowed with the pseudo-metric

p(F.9) =D 2 mf { [y IF gl 1} for f.g € Li(n)

becomes a complete pseudo-metric space.

Locally convex final topology and inductive limits. We employ
the terms symmetric, absorbent, locally convex space and locally convex
topology, inductive limits of locally convex spaces, and strict inductive limit
of locally convex spaces in accordance with [Bou89al I, §4, No. 1, p. 31],
[Bou87, I, §1, No. 5, Definition 4], [Bou87, 11, §4, No. 1, Definition 1], [Bou87,
I1, §4, No. 4, Example 11}, and [Bou87, II, §4, No. 6], respectively. If F is the
inductive limit of locally convex spaces F,, then we denote F' = lim F,.

Suppose A is a set, F'is a vector space, F, is a locally convex space for o €
A, and f, : F, — Fis a linear map for o € A. Then, the locally convex final
topology on F' induced from the maps f, is the finest locally convex topology
on F' such that f, is continuous whenever a € A; moreover, a fundamental
system of neighborhoods of 0 of F' is given by the family of all absorbent,
convex, symmetric subsets V of F such that f;![V] is a neighborhood of 0 of
F, whenever a € A, see [Bou87, II, §4, No. 4, Proposition 5]. If F' = lim £,
then F' carries the locally convex final topology induced from the maps f, :
F, — F, see [Bou87, II, §4, No. 4, Example II]. The locally convex final
topology satisfies the following universal property: if G is a locally convex
space and L : F' — (G is a linear map, then L is continuous if and only if
L o f, is continuous whenever a € A, see [Bou87, 11, §4, No. 4, Proposition
5]

The space of continuous functions with compact support, its
dual space, and Daniell integrals. Suppose X is a locally compact
Hausdorff space and Z is a locally convex space. The space (X, Z) of
continuous functions from X into Z with compact support in K is endowed
with the topology of uniform convergence and the space

H(X,7) = LJ{Ji/K(X7 Z): K is a compact subset of X'}

is endowed with the locally convex final topology with respect to the inclusion
maps Ak (X, Z) — A (X, Z) for compact subsets K of X, see [BouO4al III,
§1, No. 1]. In case Z = R, we will simply write % (X) and £ (X). Denote
H(X)T = (X)N{f:f >0} The topological dual space £ (X)* equals
the space of all Daniell integrals on 2 (X), see [Fed69, 2.5.13|, and it is
endowed with the weak topology; that is, the initial topology induced from
the maps u — pu(f) corresponding to f € (X)), see [Fed69, 2.5.19]. For
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p € A (X)*, we define ut, u=, |u| € A (X)* such that

p(f) =sup{u(g):0 < g < fg€ #(X)} whenever f € #(X)",
po= (=)' pl =,

see [Fed69, 2.5.5, 2.5.6]. For p € #(X)*, we have p~ = 0 if and only if
pu(f) > 0 whenever f € #(X)T; in this case, there exists a unique Radon
measure over X representing u, see [Fed69) 2.5.13, 2.5.14].

Functions and submanifolds of class k. Functions that are k£ times
continuously differentiable and submanifolds defined by such functions are
termed of class k, see [Fed69, 3.1.11, 3.1.19]. A function is termed to be of
class oo if it is of class k for all k € &2. If U is an open subset of a finite-
dimensional Banach space and Z is a Banach space, then & (U, Z) denotes
the space of all functions of class co from U into Z, see [Fed69, 4.1.1].

Absolute continuity. Suppose X is a metric space, ¢ and v are Borel
regular measures on X such that every bounded subset of X has finite mea-
sure, and we define a Borel regular measure by

Y4(A) = inf{¢)(B) : B is a Borel set and ¢(A~ B) =0}

whenever A C X. In case ¢, = 1, we say 1 is absolutely continuous with
respect to ¢, see [Fed69, 2.9.1, 2.9.2]. In general, following [Menl6l Section
1, pp. 991-992], the definition of 1, is also employed when X is merely a
countable union of open sets on which ¢ and ¢ have finite measure.

Approximate tangent cones. Whenever m € &, j; measures an open
subset U of a normed space X, a € U, and +:U — X is the inclusion map,
we abbreviate Tan™ (t4p, a) as Tan™(u, z), see [Fed69l 3.2.16] and [Menl6),
Section 1, p. 992].

Distributions. Whenever n € &2, U is an open subset of R", and Z
is a separable Banach space, Z(U, Z) denotes the vector space of Z-valued
functions of class oo with compact support, of which the topology is defined
as in [Menl6, 2.13] and 2'(U, Z) denotes the dual topological vector space
to 2(U,Z). For T € 2'(U, Z), | T|| is defined to be the largest Borel regular

measure over U such that
|T|[(G) =sup{T'(g):9 € Z(U, Z),sptg C G,|g| <1}

whenever G is an open subset of U, see [Menl6, 2.18]. If |7 is a Radon
measure (equivalently, T is representable by integration), this concept agrees
with [Fed69, 4.1.5]. In this case, T'(g) continues to denote the value of the

unique ||7||1y continuous extension of T to Ly (||T'||, Z) at g € L (||T]], Z), see
[Menl6l, 2.19]; for every ||T|| measurable set A, we define T« A € 2'(U, Z)

12



by (T'c A)(g) = T(ga), where ga(z) = g(x) for x € A and ga(z) = 0 for
x €U~ A, see [Menl6l 2.20].

Varifolds and distributional boundary of sets. Whenever n € &,
U is an open subset of R", and m is a non-negative integer, the space of var-
ifolds, rectifiable varifolds, and integral varifolds of dimension m are denoted
by V., (U), RV,,(U), and IV,,,(U), respectively; whenever B is a .7 mea-
surable subset of R"™ which meets every compact subset of R™ in an (J¢™,m)
rectifiable subset of R"™, we define v,,(B) € V,,(R") by

Vi(A) = ™ {x:(x, Tan* (™ L B, 1)) € A}

whenever A C R" x G(n,m), see [All72, 3.1, 3.5]. Whenever V € V,,(U)
such that ||8V]| is a Radon measure, there exists an R™-valued function
n(V,-) defined by the requirement that, for z € U,

. OV (byy - 1)
=1 R St L
o) eu = I SV BG)

whenever u € R",

where b, . is the characteristic function of B(z, ) on U; hence x € dmnn(V,-)
if and only if the above limit exists. Following [MS25b, 3.20, 3.21], this
definition adapts [AlI72, 4.3] in the spirit of [Fed69, 4.1.5]; in particular,
n(V,-) is ||V measurable, [n(V,-)| =1 for ||[8V]| almost all =, and

8V)(g) = [ n(V,z) e g(z)d[[8V][z for g € Li([|8V],R").

Similarly, following [Menl6, p. 992] and [MS25b, 3.21], we also define a ||V]|
measurable R"-valued function h(V,-) by the requirement that, for = € U,

. 5V(bm«-u)
h =] e
Veoyeu=—= I WB@

whenever ©u € R"

which satisfies
SV(g) = — [h(V,z) e g(x)d||V]|z+ [n(V,z)eg(x)d ([[8V] = I8V [jvy) =

whenever g € Li(]|0V||,R"). If B is ||V]| 4 [|6V| measurable, then the
distributional V' boundary of B is given by

VOB = (8V)L B — 8(VL B x G(n,m)) € Z'(U, R,

see [Menl6l 5.1].
Definitions in the thesis. The strong topology on # (X) is defined
in 2.1.1 The integral indecomposability of integral varifolds is introduced
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in 2.2.1, The notion of appropriate classes of rectifiable varifolds is intro-
duced in [2.3.1} For an appropriate class P, the notions of indecomposability,
components of varifolds, and decompositions of varifolds with respect to P
are introduced in [2.3.6], [2.3.7], and 2.3.8 respectively. The notion of projective
tensor product is defined in m The space P(X) of probability Radon mea-
sures and its topology are defined in [3.2.1} The notions of Young functions
and their associated graph measures are defined in [3.2.4] and [3.2.8] The test
function space E is introduced in [3.3.1] The pseudo-metric d on P(X) is de-
fined in3.3.6] The notion of Lipschitzian Young functions is defined in(3.3.9
The pushforward and product of Young functions are defined in [3.3.19| and
3.3.20L The convolutions of measures and the convolution of Young functions
are defined in |3 3. 21| and |3 3. 25| respectively. The test function spaces F and
H are introduced in [3.4.8 and [3.4.22] respectively. The dzstmbutzons (distri-
butional derivative) associated with Young functions are defined i 1n . The
notions of Young functions of generalized V' bounded variation and functzons
of (V,Z) bounded variation are introduced in [4.1.9) and [4.1.12} respectively.
The appropriate class RV, (U, C) of varifolds is introduced in The
notion of functions of class k£ with values in a locally convex space is defined
in 4.2.5, The notions of generalized V' weakly differentiable Young functions
and (V, Z) weakly differentiable functions are introduced in [4.3.1{ and 4.3.7]
respectively.
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Chapter 2

Integral decompositions of
varifolds

2.1 Topology

In this section, we present the necessary results about the strong topology
on the space . (X).

Definition 2.1.1 (see [Bou87, I11.14, Example 4]). Suppose X is a locally
compact Hausdorff space. There exists a unique locally convex topology on
H(X)* termed strong topology such that the sets

H(X) N {p:|u(f)| <rforall fe B}

corresponding to r € R, r > 0 and bounded subsets B of J# (X)) give a local
base at 0.

Remark 2.1.2 (see [Bou87, I11.12, Examples 1, 3] and [Bou87, 111.23, Corol-
lary 1]). The space £ (X)* equipped with the strong topology is complete.

Remark 2.1.3 (see [Menl6l 2.11, 2.12] and [Bou87, IIL.5, Proposition 6]).
Suppose X has a sequence of compact subsets K; such that K; C Int K;,4
for i € & and X = J;°, K;. Then, the strong topology on & (X)* is
metrizable; in fact, it is generated by the family of semi-norms, with value

sup{u(f): f e #(X),spt f C K;,|f| <1}

at u € A (X)*, corresponding to i € .
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2.2 Integral indecomposability

Definition 2.2.1. Suppose m,n € &, m < n, U is an open subset of
R", V €IV, (U) and ||dV|| is a Radon measure. Then V is called integrally
indecomposable if and only if there exists no W € IV,,(U) such that W <V,
W0, V=W #0, V]| = [W[+][V-WI|, and |8V = [[sW | +[[d(V - W)]|

The rest of this section contributes to the relation between the integral
indecomposability and the distributional boundary of sets.

Lemma 2.2.2. Suppose that m,n € & with m < n, U is an open subset of
R", V € V,,(U), ||8V]] is a Radon measure, E is ||V || + |0V || measurable
with VOE =0, and W =V L E x G(n,m). Then, we have

18V = IS + [I8(V = W),
Proof. 1t follows from [MS25b, 5.1]. O

Remark 2.2.3. In contrast to it may happen that V is an integral
varifold, ||V|| has density 1 everywhere, and there exists an integral varifold
W such that W and V — W are integrally indecomposable and ||0V|| =
IOW ]|+ ||8(V — W)]|, but there exists no Borel set E such that W =V L E x
G(n,m) and VOE # 0. Let

R, =R*n{(z,y):2 >0,y = 0},

Ry =R’ N {(x,y):|y| = V3z}.
Define V,W € IV(R?) to satisfy |[V| = 2#'L(R; U Ry) and |W| =
AV L Ry. Therefore, W and V — W are integrally indecomposable, ||§V|| =
28(0,0, IBW | = 80,0y = |6V = W), and if W =V L E x G(2,1) for some

Borel set E, then
IV OE|| = 80,0)-

Next, we will show that if V' € IV,,,(U) and [[6V|| = ||8V |||y, then the
converse of 2.2.2 holds.

Theorem 2.2.4. Suppose that m,n € &, m < n, U is an open subset of
R", VW € IV,,,(U), [|8V]| + ||d8W]| is a Radon measure and

A={z:0"(||V],z) > 0 and ®™(||W],z) > 0}.
Then,
h(V,x) =h(W,z) for ™ almost all x in A.
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Proof. In view of [All72), 3.5(1Db)], the theorem [Men13, 4.8] reduces the prob-
lem to the case of submanifolds of class 2. O

Remark 2.2.5. In case ||8V|| is absolutely continuous with respect to ||V,
we have V is integrally indecomposable if and only if there exists no W &
IV, (U) such that W <V, W #£ 0,V — W # 0, and

||0W || is absolutely continuous with respect to |||,
|I6(V — W)|| is absolutely continuous with respect to ||V — W]|.

In fact, from [2.2.4] we have
1OV vy = NI8W lywry + 18V = W)l jv—w,

and the assertion follows. Therefore, the present definition of indecompos-
ability extends [Monl14l, 2.15] when spt ||V is compact and ||8V'|| is absolutely
continuous with respect to ||V]|.

Corollary 2.2.6. Suppose that m,n € &2, m < n, U is an open subset of
R", V €IV, (U), |8V is a Radon measure, ||8V'|| is absolutely continuous
with respect to ||V]|, E is |V]|+|8V]| measurable, and W =V L E x G(n,m)
satisfies |[OV|| = ||SW]| + [|&(V — W)]||. Then, VOE = 0.

Proof. In view of 2.2.4] we have
18V vy = 8W [y + 18V = W)l —wr
and hence
1WA = [18W [y = 0 = [[3(V = W) = I8V = W)l jv—w-

Therefore, whenever g € (U, R"), we have

(V)L E)(g ——fU (V,x) e g(x)d|W| z
= — [y h(W.z) e g(z) d[|W]| =
= (8W)(9)
This shows VOE = 0. O

2.3 Integral decomposition

Definition 2.3.1. Suppose m,n € &, m < n, U is an open subset of R"
and P C RV,,,(U). Then P is called appropriate if and only if
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(1) fV,W € P, then V+W € P.
(2) If V e P, then @™ (||V|,z) > 1 for ||V|| almost all .
(3) P is closed with respect to the strong topology.

Now, we aim to provide examples of appropriate classes; for this purpose,
the following lemma is a powerful tool to verify the closedness of a class with
respect to the strong topology.

Lemma 2.3.2. Suppose V; forms a sequence in RV,,(U). Then the following
statements are equivalent.

(1) V; is Cauchy with respect to the strong topology.
(2) ||Vill is Cauchy with respect to the strong topology.
(3) ©"(IVill, ) is Cauchy in LE(A™).

In this case, the limit V' of V; satisfies V€ RV,,,(U) and @™ (||V||,-) is the
limit of ©™(||Vi|l,-) in L*¢(™). In particular, RV,,(U) and IV,,(U) are
closed subsets of V,,,(U) with respect to the strong topology.

Proof. Note that if W7, W, € RV,,(U) and G is an open set with compact
closure in U, then applying [MS25b, 3.3] with

T = Wil = Wall, & =2"L|0([Wil],-) — @™ ([[Wal|,-)],
k= sign(@"([|Wi]],-) — ©"([[W2],-)),

we have ||T'|| = ¢ and

Je 1™ (WAl 2) — @™ ([Wel, )| dA™ 2
= sup{[|Wi[l(g) = [IW2|(9): 9 € #(U),sptg C G,[g| <1}

On the other hand, we have

Wi(f) = Wa(f) = [ f(z, Tan™ (W + Wal|, 2)) d[[W: ]| =
— [ f@, Tan™ (| Wy + Wa|, ) d[[Ws| =
< supim |f] [i |©7([Wil, z) — O™ (||[Wal|, x)| ™ 2

whenever f € (U x G(n,m)) with spt f € K x G(n,m) and K is a
compact subset of U, and note that |pg(W; — Wa)| < px|Wp — Wa|, where
p: U x G(n,m) — U is the projection map. Now, the main assertion is
obvious.
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Note that the subset D of L°¢(#™), which consists of all non-negative
functions 6 such that {z:0(x) > 0} is countably (™, m) rectifiable, is
closed. Denote by @ the limit of @™(||Vi]],-) in L¢(s#™). Since 6 € D, it
follows from [Fed69, 2.10.19(3)] and [MS25a), 2.25] that 2™ L 6 is the weight
of some member V' of RV,,(U). Finally, applying the results in the previous
paragraph with W; = V; and Wy = V, we deduce that V is the limit of
V; with respect to the strong topology, and that if V; is integral whenever
1€ P, thensois V. m

Lemma 2.3.3. Suppose m,n € & and U is an open subset of R"™. Then the
following statements hold.

(1) If C is a closed subset of R satisfying inf C' > 1 and c+d € C whenever
c,d € C, then the class

P =RV, (U)n{V:0"(||V|,z) € C for |V| almost all x}

1S appropriate.

(2) Ifn' € 2, U is an open subset of R™, f: U — U’ is of class 0o, and
flspt||V|| is proper, then we have

O™ ([ f4VIl,y) € € Jor [[f4VIl almost all y

whenever V € P.

(3) Ifm=n,U=R", 0<r<o0,0<d< o0, and the sequence W; € P
satisfies that

W;LU(0,7) x G(m,m) — dv,,(U(0,7)) asi— o
with respect to the weak topology, and that

lim sup{(6W;)(¥) : ¥ € Py, (R™,R™),supim || Dy|| <1} =0, (1)

1—>00
then d € C.

Proof. Clearly, follows from m, and follows from [All72, 3.5(1b),
3.5(3)]. To prove (3), we denote by e1, ez, ..., e, the standard base of R™
and let T; € 2'(R™, R) be such that

T:(¢) = (W]l U(0,7))(¢) whenever ¢ € Z(R™ R).
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Then, we have (D, T;)(¢) = (8W;)(¢e;) whenever ¢ € P, (R™ R) and
7 =1,2,....,m. It follows from that there exist numbers 0 < k; < 00
such that lim;_,. k; = 0 and such that

((D; T5)(¢)] < kisupim || D g

whenever ¢ € Zg,)(R™,R) and j = 1,2,...,m. Letting 0 < X\ < 1
and applying Allard’s strong constancy lemma [Men21l, 3.7] (for the original
formulation, see [AlI86], Section 1]), there exists 0 < ¢; < oo such that

zliglo sup{|T;(¢) — ¢; [ ¢dZL™|: ¢ € Do) (R™ R),supim|¢| < 1} = 0.

It follows from [Men21l, 2.34(3)] and that W; L U(0, Ar) x G(m,m) —
¢V (U(0,Ar)) — 0 as ¢ — oo with respect to the strong topology. There-
fore, we conclude that lim; ., ¢; = d and that W; . U(0, \r) x G(m,m) —

dv,,(U(0,Ar)) as i — oo with respect to the strong topology. Finally, it
follows from (1)) that dv,,(U(0, Ar)) € P; that is, d € C. O

Theorem 2.3.4 (General compactness theorem). Suppose m, n, U, C, and
P are as in G; is a sequence of open subsets of U such that U =
U2, Gi, and M; is a sequence of non-negative real numbers. Then, the class

P{V:(|VII+ |8V])(G;) < M; whenever i € Z}
15 compact with respect to the weak topology.

Proof. From the proof of [All72, 6.4], it is enough to show the following
statement: if U = R™, T € G(n,m), V; is a sequence in P such that V; —
dv,,(T) as i — oo with respect to the weak topology and such that

lim [|8V;||U(0,4r) =0 for some 0 < r < oo,

1—00
then d € C. Denote by T+ € G(n,n —m) the orthogonal complement of T
in R™. Let X = R" N {z:sup{|Tz|,|T* 2|} < 2r}. From 2.3.3(2), we have

W; = Tu(ViL X x G(n,m)) € RV,,(T),
O™ (|[W;ll,z) € C for ||W;]| almost all z,

whenever i € . Choose v € P2 (T+,R) such that v|U(0,r) = 1.
Because V; L X x G(n,m) = v, (X NT) as i — oo with respect to the weak
topology by [AII72, 2.6(2d)], we conclude that

W; = dv,(TNU(0,7)) asi— oo
with respect to the weak topology, and observe that
sup{|(8V;)((voT*) (¢ oT)) = (W) (¥)] : ¢ € Do) (T, T),supim || D[] < 1}
tends to 0 as i — oo. By [2.3.3|(3), the assertion follows. O
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Remark 2.3.5. The set C' mentioned in could be Z, RN {t:1 <t},
or
{IJU®RNA{t:2 <t});

the last class also occurs in [PS23].

Definition 2.3.6. Suppose m,n € &, m < n, U is an open subset of R", P
is an appropriate subset of RV,,,(U), V € P and ||8V] is a Radon measure.
Then V is called indecomposable with respect to P if and only if there exists
no W € P ~{0} such that V—W € P ~{0} and [|8V|| = ||oW||+|6(V =W )]].

Definition 2.3.7. Suppose m,n € &, m < n, U is an open subset of R",
P is an appropriate subset of RV,,(U), W,V € P and ||8V| is a Radon
measure. Then W is called a component of V' with respect to P if and only
ifW 0, WV 8V = |[6W]| + [|d(V — W)|| and W is indecomposable
with respect to P.

Definition 2.3.8. Suppose m,n € &, m < n, U is an open subset of R", P
is an appropriate subset of RV, (U), V' € P and ||3V] is a Radon measure.
Then a countable subfamily H of P together with a map £: H — &7 is called
a decomposition of V with respect to P if and only if

(1) Each member of H is a component of V' with respect to P.
(2) Dwen EW)W (k) = V (k) whenever k € # (U x G(n,m)).
3) 2wen EW)IBWII(f) = [[BVII(f) whenever f € A (U).

Example 2.3.9. Let 0 < 6§ < 7 be such that cosf = 1/4. Consider the six
rays

Ri={t

Ry = {t(cosf,sinh):0 <t < oo},

(1,0):0 < t < o0},
(
R3 = {t(cos(m — 0),sinf):0 < t < o0},
(-1
(
(

Ry ={t(—-1,0):0 < t < o0},
R5 = {t(co (7?— ), —sinf):0 <t < oo},
Rg = {t(cosf, —sinh):0 < t < oo},

in R? and the associated varifolds V; € IV;(R™) with ||V;|| = 2##* L R;. Note
that the integral varifold defined by

V=2Vi+Vo+V3+Vy+Vs+ V)
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2V3 2V;

Vv Vi Va Vi+Vy
+ + —

2Vs 2V
2+ 1) 2Vi + Vi)
2(Va + V)

Figure 2.1: Two decompositions of V'

is stationary. Let

le{‘/l+‘/417‘/2+‘/57‘/3+%}7
Hy = {Vi +2(V5 4+ V5), Vi + 2(Vo + Vi), Vi + Vi }

and define & : H; — & for i = 1,2 by
im¢é ={2} and imé& = {1}.

Then, (H;,&;) for i = 1,2 are distinct decompositions of V' with respect to
IV, (R?), see figure . It shows that there may exist different types of
decompositions for a varifold, and the components need not have constant
density. Furthermore, the decompositions may fail to be unique even if ||V||
has density 1, see also [Menl6l, 6.13].

To prove the main theorem, the following a priori estimate is a key obser-
vation: under smallness conditions on the first variation, the weight measure
on a ball has a positive lower bound. This will provide, locally, an upper
bound of the number of varifolds in a decomposition; moreover, it also sug-
gests a way to construct a decomposition.

Lemma 2.3.10 (a priori estimate). Suppose 0 < ¢ < o0, 0 < d < o0,
m,n € Z, m <n, U is an open subset of R", a € U, r > 0, B(a,r) C U,
VeV, (U), ||d8V] is a Radon measure and

(V] a) > d,
10V |B(a,t) < ca(m)t™ for0<t<r.

Then, there holds
IV|B(a,r) > a(m)(d — er)r™.
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Proof. From [Menl6, 4.5, 4.6], we have

sV IB(a,s) < [V][B(a,r)
T [y (@ — @) en(Via) df5V]| 2 A2

whenever 0 < s < r; note that the last term is less than
[T tm8V B (a, t) AL t < ca(m)(r — s)
hence, letting s — 0+,
r " VIB(a,r) = a(m)O™([[V], a) — ca(m)r = a(m)(d — cr)
which means |V||B(a,r) > a(m)(d — cr)r™. O

Definition 2.3.11. Suppose m,n € &, m < n, U is an open subset of R",
and P is an appropriate subset of RV ,,(U). Then, = denotes the class of all
functions & such that

dmn ¢ is a finite subset of P ~{0}, im¢ C &,
Y EMsW | = [Isv(&)ll,

Wedmné

where the map v : = — P is defined by

VO = D EWW(f) whenever f €% (U x G(n,m)).

Wedmné

Furthermore, ¢ € Z is called mazimal with respect to a Borel set B if and

only if [[W][(B) > 0 for all W € dmn ¢ and

dE=>p

v(p) =v()

and ||X||(B) > 0 for all X € dmnp. We say W splits V' in P if and only if
WeP, VeP, V-WeP, and [|[8W| + ||6(V —W)| = ||8V].

whenever p € = satisfies

Theorem 2.3.12. Suppose m,n € &, m < n, U is an open subset of R",
P C RV ,,(U) is appropriate, V- € P and |0V is a Radon measure. Then,
there exists a decomposition of V' with respect to P.
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Proof. Assume V # 0. Define §; = a(m)2™" 4™ g, =271 fori € &2
and let A; denote the the Borel set of a € R" satisfying

la| <i, U(a,2¢,) CcU, 1<O™(||V]],a) < oo,
10V ||B(a,r) < a(m)ir™ for 0 <r < ¢

whenever ¢ € . Clearly, A; C A4y fori € & and |V|(U~UZ, Ai) =0
by [AllI72, 3.5 (1a)] and [Fed69, 2.8.18, 2.9.5]. For each i € &, we infer from
2.3.10 that

|W||B(a,e;) > 6; whenever a € A; and W € P satisfy

. (2.1)
W <V, [|sW] <8V, and @ (W], a) = 1

and hence

i) E< D W)W {e:dist(z, A) < &}

Wedmné
= [[v(§)|{z: dist(x, A;) < &} < o0

whenever ¢ € = satisfies v(§) <V, |[ov(§)|| < ||18V], and ||W|[(A;) > O for
each W € dmn¢.

Since V' # 0, there exists A € & such that ||[V|[(Ay) > 0. From now on,
we replace A; by A;,, fori € &, Let

R=Pn{W:W <V, [[sW] < |8V},
P,=Rn{W:|[W|(A;) >0} wheneveriec &.

Then, we may select functions ¢; : P, — Z such that v(¢;(W)) = W and
¢;(W) is maximal with respect to A;; in particular, dmn ¢;(W) C P; whenever
W e P,.

From now on, we will use the convention that co-0 = 0. Let X be the class
of all sequences 71, Zs, Z3, ... in P satisfying Z; =V and Z;; € dmn¢;(Z;)
and abbreviate lim Z = lim;_, Z; € P for Z € ¥, where the limit is taken
with respect to the strong topology. Let C' = ¥ N{Z:lim Z # 0} and define
v:Y— Z2U{co} by

v(2) = HCi(sz)(Zm)

Note that for Z € 3, and 7,7 € & with ¢ < j, we have
J
Hck(zk)(ZkH)ZjH < Z,

k=i
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hence

J
v(Z)lim Z < HCk(Zk)(Zk-H)Zj-{—l <V
k=1

thus, im(v|C) C £.
Now, we aim to prove C'is countable,

Zu( )JlimZ <V, and Z 2)|I8lm Z|| < [|8V]|.
ZeC ZeC

For i € &2, let F; be the set of all finite sequences Z;, Zs, ..., Z; such that
Zy =V and Z;1; € dmne;(Z;) for 1 < j <i—1. We define, for 1€ Z, the
restriction map

R:SU |J F—F, R(Z2)=ZZn{k:1<k<i}.
i<je?
Observe that whenever i € &2, Y € F;, and F is a finite subset of 3 satisfying
R;[F| = {Y'}, there exists j € & such that j > i and R;|F is injective and

that
i—1

> Hck X)) (X)) X = [ [ er (Vi) (Vi)Y (2.2)

X€F;,Ri(X)=Y k=1 k=

whenever i, j € & with ¢ < j. Therefore, we have

S () imZ <[] el Ze)(Zis) Z;

ZeF ZeF k=1

Z Hck Xk XkJrl (23)

X€F;,R;i(X)=Y k=1
1

= ek (Vi) (Yier1)Ys;

IN

.
I

B
Il
—

similarly, we have

S u(2)|5tim 2] < H (Vi) (Yiesn) | | (2.4)

ZeF

Choosing by [Menl6, 2.2, 2.23] countable dense subsets of #Z (U x G(n, m))"
and . (U)", we conclude from (£2.3)), (2.4) with i« = 1 and [Fed69, 2.1.1(3)]
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that

ZV(Z) lim Z(f) < V(f) whenever f € # (U x G(n,m))",

VA

> w(2)|I51im Z|[(g) < ||5V||(g) whenever g € £ (U)*;

Zex

(2.5)

in particular, C' is countable by [Fed69, 2.1.1(12)].
Next, to show the equalities in (2.5)) hold, we shall first prove that, for
JC™ almost all x,

> v(Z)e"([limZ],x) = ©"(|V],z). (2.6)

zZeC

If z € U satisties @™ (||V]|,z) = 0, then ({2.6) is trivial. To the other case,
let B consist of all x € |J;2, A; such that

O™ (W, z) € {0} U (RN {t:1 < 1)),
©"(|[lim Z||,2) = Jim ©"(||Zi] )

whenever W € |, im Z and Z € C; in particular,

eO"(||Zi],x) = Z c(ZyW)e™(||W,xz) forallz e B (2.7)
Wedmn ¢; (Z;)

whenever Z € ¥ and i € &. For ¢ € B and Z € X, we abbreviate
O(x) = lim © (|22
and the crucial observation is that
Oz(x) >0 implies Z € C and Oz(z) = O™ (||lim Z||, x);
in fact, if € A;, then by [AlI72) 2.6(2c)] and (2.1]), we have
|lim Z||B(z,&;) > ¢;

and the assertion follows. Therefore, E, = ¥N{Z:0z(z) > 0} C C whenever
x € B. Similarly as (2.5)), we derive from ({2.7]) that

S u(2)0(x) < ©(|V],x) < oc,

A
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and it follows that F, is finite whenever z € B. Accordingly, letting x € B,
there exists ¢ € &2 such that R;|E, is injective for i < j € £2; furthermore,
we observe that

R;[E,|=F;,n{Z:©™(]|Z;]|,x) >0} wheneveri < je . (2.8)
By (2.7) and (2.8]), we have

O"(|VI,x) = D> [ [ ex(Z)(Zes)®™(11Z5],7)

ZEF]' k=1

= 3 [ez)Zer1z].2)

Z€EE, k=1
whenever i < j € &; letting j — oo, we conclude
> v(2)©"([lim Z|, x) = @™ (| V], 2).
ZEE,
Therefore, (2.6 holds for all € B, and it remains to prove

" ({z:0™(|V],z) >0} ~B) =0.
Note that since ||[V||(U ~J;=; Ai) = 0, we have

A" ({z:@"(|V ]|, z) > 0} NUAi> =0.

Thus, it is enough to show J™(| =, A;~B) = 0. From [All72, 3.5(1b)],
we write [[im Z|| = 2™ O™ (||[im Z||,-) and || Z;|| = 2™ O™ (|| Zi], ")
whenever Z € C and i € &. Since ||Z;]| converges to || lim Z|| with respect
to the strong topology and ||Z;|| is non-increasing, it follows from that

O"(|[lim Z||,z) = lim ©™(||Z;||,z) for s™ almost all z.
1—00

Then, the assertion follows from that C'U |J,.,im Z is countable. From

(2.6, we deduce
> v Z| = ||V ];

zZeC
it follows that Tan™(||lim Z||, ) = Tan™(||V||,z) for || lim Z| almost all x
whenever Z € C, hence

> v(Z)limZ =V,
zeC

> v(2)|slim Z|| = |5V |].
zeC

(2.9)
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Furthermore, it follows from (2.3 that for i € & and Y € F;,

i—1
Z Z)lim Z < Hck Y5) (Yi1)Y;
k=1

Z€eC,Ri(Z)=Y

hence from [Fed69, 2.1.1(9)] that

Z Z)lim Z = Z Z (Z) lim Z

zeC YEF; ZeC,Ri(Z)=

< Z Hck(Yk)(Yk—H)Y

YEF,; k=1

=V

which forces

i—1
> v2)limZ =[] a(Ye)(Yisa)Y; forie P andY € F;
Z€eC,Ri(Z)=Y k=1

similarly, we have

1—1
> v(@)8lim Z| = [ [ (Vi) (Yisa) |8Yi]| fori € 2 and Y € F.
ZeC,R{(Z2)=Y k=1
In particular, lim Z splits Z; in P whenever Z € C and i € &.

Finally, we will prove lim Z is indecomposable with respect to P whenever
Z € C. If it were not the case, there would exist W € P ~{0} such that

W <limZ lmZ—W e P~{0}
and  [|8lim Z| = |8W| + ||5(lim Z — W)].

We could choose i large such that ||W]|(A4;) > 0 and || lim Z — W||(4;) > 0,
since [|[W]| + ||[lim Z — W|| < [|V||. Then, W would split Z; 1, |W||(4;) >0
and

[Zigr = W[(As) = [[lim Z — W|(A;) > 0,

in contradiction to the maximality of ¢;(Z;) with respect to A;.
Let H={limZ:Z € C} and define ¢ : H — & by

EW) = Z v(Z) for WeH,
CeZlim Z=W
then (H,¢) is a decomposition of V' with respect to P. O]
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Remark 2.3.13. The structure of the proof of [2.3.12] is similar to the one of
[Men16| 6.12]. However, since we allow to decompose varifolds not just by re-
striction to subsets, we should take the multiplicity of varifolds into account,

which makes it much more complicated to verify the condition [2.3.8][2).

29



Chapter 3

Young functions, graph
measures, and test function
spaces

3.1 Topological tensor product and inductive
limit

In this section, we study the interaction between inductive limit and topo-
logical tensor product in the category of locally convex spaces.

Lemma 3.1.1. Suppose F' is the strict inductive limit of a sequence of Ba-
nach spaces F; with F; C F;1 fori € &. Then, F is complete and Haus-
dorff, F; is a closed subspace of F' for all i € &2, and every bounded subset
(in particular, compact subset) of F' is contained in some F; and bounded
there.

Proof. Tt follows from [Bou87, II, §4, No. 6, Proposition 9] and [Bou87, I1I,
§1, No. 4, Proposition 6. O

Lemma 3.1.2 (see [Bou87, II, §4, No. 4, Corollary 2]). Suppose A and L
are sets, {Jx: A\ € L} is a partition of A, G, is a locally convex space for
a € A, F\ is a vector space for X\ € L, E is a vector space, grq : Go — F)\ 18
a linear map for a € Jy and X\ € L, hy : F\x — E s a linear map for A € L,
and we endow F\ with the locally convex final topology with respect to gy
forae Jy and X € L.

Then, the locally convex final topology on E induced by hy for X € L

agrees with the locally convex final topology induced by hy o gy for a € Jy
and \ € L.
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Definition 3.1.3 (see [Bou87, II, §4, No. 5, Definition 2]). Suppose A is
a set, I, is a locally convex space for @« € A, and F is the direct sum of
F,. Then, the direct sum topology on F'is the locally convex final topology
induced by the canonical injections F, — F'.

Lemma 3.1.4. Suppose A and B are sets, F5 and F, for (a,8) € A x B
are locally convex spaces, F, is endowed with the locally convex final topology
induced by the linear maps f5 : FP — F, for 3 € B whenever o € A. Then,
the locally convex final topology T on @, ., Fu induced by the linear maps
@D.ca 12 for B € B agrees with the direct sum topology T' of @ e Fa-

Proof. Denote the canonical injections by

io: Fo > @PF., is:F! - PF)
acA acA
In view of [3.1.2] 7 is the locally convex final topology induced by the linear
maps (P,c f2) 01l for (o, 8) € A x B, and T" is the locally convex final
topology induced by the linear maps i, 0 f for (o, 8) € A x B. On the other

hand, we have
(@ff) 0 =iq o0 fi

acA

whenever (o, 3) € A x B. It follows that 7 = T". O

Lemma 3.1.5 (see [Bou87, II, §4, No. 3, Proposition 4]). Suppose A is a set,
F, is a locally convex space for a« € A, F is a vector space, and fo : F — F,
s a linear map for a € A. Then, the initial topology on F with respect to f,
for a € A is a locally convex topology.

Remark 3.1.6 (universal property). The following universal property of the
Cartesian product of locally convex spaces follows from the corresponding
property of topological vector spaces.

Suppose A is a set, G and F,, for a € A are locally convex spaces, F' is
the Cartesian product of F, for a € A, f, is the projection map for each
a € A, and g, : G — F, is a continuous linear map for each @ € A. Then,
there exists a unique continuous linear map h : G — F' such that f,oh = g,
whenever a € A.

Lemma 3.1.7 (see [Bou8T7, II, §4, No. 5, Proposition 7]). Suppose A is a
set, F, is a locally convex space for a« € A. Then, the canonical injection

Gr -]~

a€A a€A

is continuous. If A is finite, then this map is an isomorphism of locally
conver Spaces.
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Remark 3.1.8. Suppose F' is the inductive limit of locally convex spaces Fy,.
In view of |3.1.4] and [3.1.7, we have

limg (F)" =~ (lim F7,)
Definition 3.1.9 (see [SW99, III, 6.1 — 6.3]). Suppose V and W are locally
convex spaces. The projective tensor product topology of V' & W is the finest
locally convex topology on V' & W such that the natural bilinear map p :
VxW —V ®W is continuous.
Furthermore, if V and W are normed, then V ® W is normed by the
projective tensor product norm with value

inf{z]vini|:§:Zvi®wi,vi eVow, e Wi = 1,...,n}

n

i=1 i=1
at e VoW,
Remark 3.1.10. The projective tensor product topology satisfies the following
property: whenever Z is a locally convex space and g : V x W — Z is a
continuous bilinear map, there exists a unique continuous linear map h :

V @W — Z such that h = g o p. In case that V', W and Z are normed, we
have [|g|| = [|A]]

Remark 3.1.11. Suppose f; : V4, — W and fy : Vo — W, are continuous
linear maps between locally convex spaces. Then, their tensor product f; ®
fo:Vi® Vo — W, ® Wy is continuous with respect to the projective tensor
product topologies.

Remark 3.1.12. Suppose V', W, and Z are normed spaces. It is straightfor-
ward to verify the following isometries of normed spaces

VoW oZeVeWeZ), VaWw~WaeV,
Hom(R",R) ® V ~ Hom(R", V).

Remark 3.1.13. Associating with a locally convex space V', the following
isomorphism of locally convex spaces

R"®@V ~ V",
yields a natural transformation.

Remark 3.1.14. Suppose F' is the inductive limit of locally convex spaces Fy,.

By [3.1.8] [3.1.13| there holds
lig(R" @ F,) ~ lim(F,)" =~ (lim F,)" = F"~R"®@ F =R" ® (li; F,) .

Note that these inductive limits are strict if /' is the strict inductive limit of

F; fori e £.
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3.2 Young functions and graph measures

In this section, we introduce Young functions and graph measures, and we will
focus on the compactness property of graph measures, leaving the discussion
about Young functions to the next section.

Definition 3.2.1. Suppose X is a locally compact Hausdorff space. We
define P(X) to be the space of all probability Radon measures over X, and
it is endowed with the subspace topology induced from ¢ (X)*.

Lemma 3.2.2. Suppose X is a locally compact Hausdorff space. Then, the
weak topology on P(X) agrees with the initial topology induced from the maps
p [ gdu corresponding to bounded continuous functions g : X — R.

Consequently, a sequence ji; converges to p weakly if and only if [ g dp; —
[ gdu whenever g : X — R is a bounded continuous function.

Proof. Clearly, the weak topology of P(X) is weaker than the initial topology.
Denoting by e,(1) = [ g du, then it is enough to show that e, : P(X) — R is
continuous with respect to the weak topology whenever g : X — R is a non-
negative bounded continuous function. By [Fed69, 2.2.5] and approximation
with functions in .# (X)), we can show that

p(g) =sup{u(f):0< f <g,f € X (X)}

whenever © € P(X) and ¢ : X — R is a non-negative bounded continuous
function; in this case, it follows that e, equals the supremum of the family
of continuous functions ey corresponding to f € (X)) with 0 < f < g, and
therefore e, is lower semi-continuous. Replacing g with M — g, where M is
a large number such that M — ¢ > 0, we have e, = —(ep—, — M) is upper
semi-continuous. O

Remark 3.2.3. The initial topology mentioned in the lemma is usually termed
weak topology in texts on probability theory (see [Kle20) 13.14(ii)]), and the
lemma shows that these two notions of weak topology agree.

Definition 3.2.4. Suppose X and Y are locally compact Hausdorff spaces
and p is a Radon measure over X. By a u Young function f of type Y, we
mean a g measurable function with values in P(Y).

Remark 3.2.5. Suppose & : Y — J#(Y)* is given by 8,(5) = B(y) whenever
yeYand f € #(Y), g maps a subset of X into Y, u(X ~dmng) = 0, and
f = 8o0g. Recall from [Fed69| 2.5.19] that & is a homeomorphic embedding,
it follows that g is u measurable if and only if f is u measurable.
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Lemma 3.2.6. Suppose F' is the strict inductive limit of a sequence of sep-
arable complete locally convex spaces F; whose topology is metrizable with
F, C Fyyq forie &, D is a dense subset of F', pu measures a set X, and f
maps a subset of X into F* such that u(X ~dmn f) = 0, where F'* denotes
the topological dual space of F' endowed with the weak topology.

Then, f is p measurable if and only if (B, f(+)) is p measurable whenever
g eD.

Proof. 1t is immediate from [Menl6), 2.22]. O

Example 3.2.7. Let m,Q € &. Suppose [ is a Z™ measurable Qqo(R")-
valued function in the sense of [AIm00, 1.1]. By [DLSII, 0.4], there exists
Z™ measurable R"-valued functions fi, fa,..., fg such that f = 8o fi+ 80
fa+ -+ 80 fg; in particular, Q7' f is a Q™ Young function of type R"
by [3.2.6

Definition 3.2.8. Suppose X and Y are locally compact Hausdorff spaces,
1 is a Radon measure over X, and f is p Young function of type Y. Then
the graph measure Y (i, f) associated with p and f is the Radon measure
over X x Y such that (see

Y (1, f)@) = [[¥(z,y)df(x) ydpa
whenever ) € Z (X xY).

Remark 3.2.9. The notion of graph measure is well-defined. By [BouO4al, 111,
§4, No. 1, Lemma 1(ii)], for ¢ € # (X xY) and i € &, there exist k; € P,
a; € #(X)and B € F(Y) for j =1,...,k; such that

< i ' whenever (z,7) € X xY

Y(wy) = Y a(@)B5(y)

‘ )
J=1

and hence

ki

Hm ‘fiﬁ(% y)df(@)y =3 aj(z) [ B(y) df(z)y

=1

=0 for p almost all x.

Thus, the map = — [ (z,y)df(z)y is u measurable.

Remark 3.2.10. Suppose m,n € & and g is a £ measurable function with
values in R™. Then, f = 8§ o g is a Z™ Young function of type R"; letting
G(z) = (x,9(x)) for x € dmng, we have that Gx.Z™ is a Radon measure
by [MS254, 2.11] and [Fed69, 2.2.2], and that the graph measure Y (£, f)
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associated with the pair (£, f) equals G4.£™. Compared with the notion
of measure-function pairs introduced by Hutchinson (see [Hut86, 4.1.1]), our
setting does not require any summability condition on functions g; also, this

example shows our notion of graph measure generalizes the one in [Hut86,
43.1].

Remark 3.2.11. Young functions are named after Laurence C. Young for their
connection with Young measures. Suppose m,n € & and U is a bounded
open subset of R™. Using our terminology, the Young measures associated
with a bounded sequence of functions g; in Lo (Z" L U) form a £™ U
Young function f of type R™ such that

Y(Z"LU f)=1lmY(ZL" U, 80g),

1—+00
see [AFP00, 2.30(i)] and [3.2.9]

Example 3.2.12. Suppose m,n € & and U is an open subset of R". Em-
ploying the notation of Allard’s varifold disintegration (see |All72, 3.3]), for
each varifold V € V,,(U), the formula z + V@ defines a ||V|| Young func-
tion of type G(n,m) such that V = Y (||[V]|,V")). A similar statement also
holds for Young’s generalized surfaces (which are termed oriented varifolds in
[Hut86l Section 3]), see [Fle20} Part I, Section 4, (b), Section 10] and [Fle57,
Section 3].

The following lemma shows that the disintegration formula in the defini-
tion of graph measures holds for a much larger class of functions.

Lemma 3.2.13. Suppose X and Y are second-countable locally compact
Hausdorff spaces, p is a Radon measure over X, and f is a p Young function
of type Y. Then, we have

JvdY(u, f) = [[¢(z,y)df(x)ydua
whenever v is a Y (i, f) integrable R-valued function.

Proof. Let F consist of all Y (u, f) measurable subsets A of X x Y such that
the formula remains true with 1 replaced by the characteristic function y
of A.

Step 1. Note that every open subset of X x Y is a countable union
of compact subsets of X x Y, and the disintegration formula holds for ¢ €
A (X xY). In view of [Fed69, 2.4.7], ' contains all the open subsets of
X x Y and F is stable under countable increasing unions. If A; € F for
i € & satisfies Y(u, f)(A1) <ocoand A4y C A;fori e &, then (-, A, € F
by [Fed69, 2.4.9].
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Step 2. If Y(u, f)(A) = 0, there exists a countable nonempty subfamily
G C F of open subsets in X x Y such that A C (G and Y (p, f)(G) = 0.

Therefore, we have

["xa(z,)df(z) < [ xne(z,-)df(x) =0 for u almost all x

and this shows I contains all the sets A with Y (i, f)(A4) = 0.

Step 3. If Ais a Y(u, f) measurable set with Y (u, f)(A) < oo, then
there exists a countable nonempty subfamily G C F' of open subsets in X xY
such that A C (G and Y (u, f)((G) ~A) = 0, hence

I xne)~alz,-)df(x) =0 for yu almost all z;

it follows that

[ xa(z,)df(z) = [ xne(z,-)df(z) for p almost all z,

hence A € F'. Note that X x Y is countably Y (u, f) measurable. Therefore,
F contains all Y (u, f) measurable sets.
Now, the assertion follows from [Fed69, 2.3.3, 2.4.8, 2.4.4(6)]. O

To prove the compactness theorem and disintegration theorem, we want
to reduce the problem by replacing Y with its one-point compactification Z;
for this purpose, we study the relation between the Radon measures over Y
and their image under the inclusion map ¢ : Y — Z.

Lemma 3.2.14. Suppose Z is a compact Hausdorff space, C is a closed
subset of Z, and M 1is a nonempty compact family of Radon measures over

Z such that ¢(C) =0 for all ¢ € M. Then, there holds

%ier%sup{qﬁ(ZwL):gb e M} =0,

where P is the family of compact subsets of Z ~C directed by the order =
such that Ly < Lo if and only if Ly C Lo for Ly, Ly € P.

Proof. Let A =limsup;cpsup{¢p(Z ~L):¢ € M} and let F' consist of those
f e A (Z) satistying 0 < f < 1, and C C Int{z: f(z) = 1}. Since M is
compact, whenever f € I, there exists ¢y € M such that

V() = ¢(f)  whenever ¢ € M;

furthermore, letting L = Z ~Int{z: f(2) = 1}, we have L € P and ¢(f) >
¢(Z ~ L) whenever ¢ € M, hence ¢(f) > A. Observe that {Clos{v,: f >

36



g € F}:f € F} forms a family of closed subsets of M that possesses the
finite intersection property, then there exists

NS ﬂClOS{wg:fdeF}.

fer

Since ¢y(f) > ¥y(g9) > X and f — ¢(f) for ¢ € M is continuous whenever
f > g€ F, we conclude ¢(f) > X whenever f € F, thus A < inf{o(f): f €
F}=¢(C)=0. O

Lemma 3.2.15. Suppose X and Y are locally compact Hausdorff spaces, Z
is the one-point compactification of Y, and M is a family of Radon measures
over X x Z. Then, the following statements are equivalent.

(1) Clos M is compact and ¢(K x (Z~Y)) =0 whenever K is a compact
subset of X and ¢ € Clos M.

(2) sup{p(K x Z):¢ € M} < oo whenever K is a compact subset of X
and
%ingSUP{(b(K X (Z~L)):pe M} =0,

where P is the family of compact subsets of Y directed by the order <
such that L1 =< Lo if and only if Ly C Ly for Ly, L, € P.

Proof. To show implies , we observe that for a compact subset K of
X and a compact neighborhood G of K, there exists f € Hgyz(X x Z)T
such that 0 < f <1land K x Z C {x: f(z) = 1}, then mapping ¢ € Clos M
onto the finite Radon measure (¢ f)|29%4 over G x Z defines a continuous
map; from [3.2.14] we infer

%ig}l)sup{gb([( X (Z~L)):¢pe M} =0.

Conversely, for a compact subset K of X, a compact neighborhood G of
K, and L € P, there exists f;, € # (X x Z) such that

0< frL <1, Kx(Z~Y)CInt{z: fr(x)=1}, sptfrCGx(Z~L);
it follows that
WK x (Z~Y)) <(fr) <sup{d(G x (Z~L)):¢ € M},

hence (K x (Z ~Y)) = 0 whenever ¢ € Clos M. O

37



Lemma 3.2.16. Suppose X andY are locally compact Hausdorff spaces, Z is
the one-point compactification of Y, 1 : X XY — X X Z is the inclusion map,
and the continuous monomorphism j : # (X xY) — H (X x Z) is given by
extension by zero to X x Z. Then, there hold the following statements.

(1) If X is a countable union of compact subsets and 1 is a Radon measure
over X XY such that (K X Y') < oo whenever K is a compact subset
of X, then vy is a Radon measure over X x Z.

(2) If ¢ is a Radon measure over X X Z such that ¢(K x (Z~Y)) =0
whenever K is a compact subset of X and 1 is the Radon measure
representing j*(¢), then we have v = ¢|2X*Y and ¢ is the Radon
measure representing the member in & (X x Z)* induced by 1.

(8) Suppose M is a compact family of Radon measures ¢ over X X Z such
that (K x (Z~Y)) = 0 whenever K is a compact subset of X. The
dual map j* : K (X x Z)* — H (X xY)* embeds M homeomorphically
into A (X xY)*.

Proof. To prove ([I]), we first infer from [Fed69, 2.1.2] that every open subset
of X x Z is 141 measurable. Next, noting that X x Y is an open subset of
X x Z, we have

(Lp)(W) = (W N (X xY))
= sup{¢(C): C is compact, C C W N (X xY)}
< sup{(txy)(C):C is compact, C C W}
whenever W is an open subset of X x Z. Let ¢ > 0 and let K; be a sequence of
compact subsets of X such that X = |J;2, K; and K; C Int K4, for i € 2.

Since 1 is a Radon measure and ¥(K; X Y) < oo, there exists a sequence of
compact subsets L; of Y such that

V(K x (Y~ L)) < 2.
Then W = (J;2, (Int K;) x (Z ~ L;) is an open superset of X x (Z ~Y') such
that (cgy))(W) <e. For AC X x Z, writing A = (AN(X xY))U (AN (X x

(Z~Y))), from the estimate above and the fact that 1 is a Radon measure,
we conclude

(tpt))(A) = inf{(ep))(W): W is open, A C W}

whenever A C X x Z.
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As j is continuous, so is j*. To prove ({2)), we compute by [Fed69, 2.4.18]
that for f € #(X x Z) with spt f C X x Y,

JfdQy) = [ foudy =5%()(for) =¢(i(for) = [ fdo.

Then, the first conclusion of ({2)) follows. For arbitrary f € (X x Z), letting
K be the image of projection of spt f onto X, there exists a compact subset L
of Y such that ¢(K x (Z~ L)) and (tx9)(K x (Z ~ L)) are small; therefore,
it allows us to approximate the integrals of f with the integrals of those
functions whose supports are contained in X x Y, and the second conclusion
of follows. By , J*|M is injective. Recalling that every continuous
bijection from a compact space into a Hausdorff space is a homeomorphism,

follows. OJ

Theorem 3.2.17 (Compactness). Suppose X and Y are locally compact
Hausdorff spaces, X s a countable union of compact subsets, and M is a
class of Radon measures over X XY satisfying

sup{I'(K xY):T' € M} < oo,
%ir%sup{F(K x(Y~L)):TeM}=0,
€

whenever K is a compact subset of X, where P is the family of compact
subsets of Y directed by the order X such that Ly = Lo if and only if Ly C Lo
for L1, Ly € P.

Then, Clos M is compact, the push-forward py maps Clos M continuously
into # (X)*, and pxl' is a Radon measure over X whenever I' € Clos M,
where p: X XY — X is the projection map.

Proof. Let Z be the one-point compactification of Y, let 1 : X XY — X x Z
be the inclusion map, let j be as in[3.2.16] and let M’ = {1,I": " € M}. From
3.2.16, the members of M’ are Radon measures over X x Z. Applying
3.2.15| with M replaced by M’, we see that Clos M’ is a compact family of
Radon measures ¢ over X x Z satisfying ¢(K x (Z~Y)) = 0 whenever
K is a compact subset of X; thus, Clos M = j*[Clos M’] is compact and
1405*| Clos M" = 1¢yos v by applied with M replaced by Clos M’ .
By [Fed69. 2.2.17], gu(t4I') = pxl' is a Radon measure over X whenever
I' € Clos M, where q : X x Z — X is the projection map, and the continuity
of py follows from the continuity of (j*| Clos M’)~!. O

Remark 3.2.18. The proof also shows that ¢ maps Clos M continuously into
(X xZ)*. In particular, if X xY is second-countable (and hence metrizable
by [Kel75, Chapter 4, Theorem 16]) and M consists of a convergent sequence
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[ and I' = lim; , I';, then we have (4" = lim; ,o ¢txI;. It follows from
[AFPO0, 1.62] that
lim [¢gdl; = [g¢dl

1—+00
for any bounded Borel function g such that Clos p[spt g] is compact and the
set of discontinuity points of g has I' measure zero.

Next, we shall present a disintegration theorem that suits our setting, see
also [AFPOQ, 2.28].

Lemma 3.2.19. Suppose X and W are locally compact Hausdorff spaces, K
and L are compact subsets of X and W, respectively, Z is a Banach space.
and the map
L2 Z5W (2
s characterized by
t(n)(x) = n(x,-) whenever x € X andn € Z*W,

where B4 is the set of all functions f : A — B. Then, the restriction

WA (X X W, Z) : Hiewr, (X X W, Z) — (X, KL (W, Z))
defines a norm-preserving isomorphism of Banach spaces.

Proof. Clearly, we have supim |n| = supim |¢(n)| whenever n € (X X
W, Z). For topological spaces A and B, we denote by € (A, B) the space
of all continuous functions f : A — B endowed with the compact-open
topology. In case that B is a normed space, it is straightforward to verify
that this topology agrees with the locally convex topology induced by the
semi-norms with value sup |f|[K] at f € (A, B) corresponding to compact
subsets K of A. It follows that the inclusion map H#x (X, B) — ¢(X, B)
is a homeomorphic embedding whenever B is a normed space and K is a
compact subset of X. Since the restriction

UE(X x W,2Z): C(X x W, Z) — C(X, €W, Z))
defines a bijection by [tD08, 2.4.7], the assertion is obvious. O

Remark 3.2.20. The above lemma is a generalization of [Bou04al 111, §4, No.
1, Lemma 1 (i)] to vector-valued functions.

Theorem 3.2.21. Suppose X and Y are second-countable locally compact
Hausdorff spaces, p : X xY — X 1is the projection map, and I is a Radon
measure on X X Y. IfT(K xY) < oo for every compact subset K of X,
then pyl' is a Radon measure over X and there exists a pxI" Young function
f of type Y such that I' = Y (pul', f). Moreover, such a function f is puI’
almost unique.
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Proof. Suppose Z is the one-point compactification of Y, ¢ : Y — Z is the
inclusion map, and ¢ : X X Z — X is the projection map. Then Z is a
second-countable compact Hausdorff space and by , p=(1xxe)xl
is a Radon measure over X x Z; in particular, pxI' = gxp is a Radon measure
by [Fed69, 2.2.17]. Clearly, we have u(X x (Z~Y)) =0.

By [3.2.19] the function S : (X, # (Z)) ~ # (X x Z) given by

S(u)(z,y) = u(z)(y) forue (X, H(2))

is a linear isomorphism and apply [Fed69, 2.5.12] with E = J#(Z) endowed
with the sup-norm topology (which is separable by [Menl6l, 2.2, 2.23]), L =
H(X), Q= (X, #(Z)), T = oS, then there exists a Radon measure
¢ over X and a ¢ measurable function k& with values in J# (Z)* with respect
to the weak topology such that |k(z)| = 1 for ¢ almost all  and such that

[S(u)dp=T(u) = [(u(z),k(z))dpx whenever u € # (X, H (2)).
For 5 € #(Z)*, we have
0< [a(z)B(z)du(z,2) = [a(x)(B,k(z))dpx whenever a € J# (X)";

thus, (8, k(z)) > 0 for ¢ almost all x. As # (Z)T is separable, we conclude
for ¢ almost all x, k(x) is monotone, hence 1 = |k(z)| = k(z)(Z). Therefore,
k is a ¢ Young function of type Z and = Y (¢, k), hence pxl' = quu = ¢.
By [3.2.13] we conclude that k(z)(Z ~Y) = 0 for ¢ almost all z.

Note that extension by zero gives a continuous monomorphism
j:H(Y)—= H(2),
hence a continuous linear map
JreA(Z) = A(Y),

where % (Z)* and J# (Y')* are endowed with the weak topology. Therefore,
f=7"okis apygl’ Young function of type Y such that

Jydl = fJ ;N () dpa (2, y)
= [((W(z,"), k(z)) dpx
= [ 7f@>d
—-ﬁfﬁ)m y)df(z)yd(psl) z

whenever ) € Z(X xY).
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Finally, suppose ¢ is a pxI' Young function of type Y such that
Y(pxl',g9) = Y(psl', f).

By and [3.2.16|[L), we see z — 1x(g(z)) for z € dmng is a pul’
Young function of type Z. Note that k(z)(Z ~Y) = 0, hence by [3.2.16([2),

ty(f(x)) = k(x) for puI' almost all . By [3.2.13| and [Fed69l, 2.4.18], we
compute for u € (X, #(Z))

T(u) = [ (ule)
— JJ S

k(2)) d(pgl) @
)z, o
= [ S(u

df(z)yd(pyl) x

), ¢ Y (pyl, f) (2,9)
= [S(u)(x,(y) AY (p4, 9) (x,y)
= [ S(u)(x, c(y)) dg(x) y d(p4T) =
= ffS u)(z, 2 db#(g( ) zd(pxl) x
= [(u(z),14(9(2))) d(pyT) z.

From the uniqueness of k, we conclude t4(g(z)) = k(x), hence by m.
g9(x) = j*(tu(g(x))) = (j* o k)(z) = f(z) for pul’ almost all z.

Finally, we will finish this section with the compactness theorem for pairs
of rectifiable varifolds and Young functions; for this purpose, we need two
more items.

, LY

)
() d
y)d

)

Definition 3.2.22. Suppose m,n € &, U is an open subset of R", and C
is a closed subset of R satisfying inf C' > 1 and

c+deC whenever ¢c,d € C.

Then, RV,,,(U, C') denotes the class of m-dimensional rectifiable varifolds V'
such that @™ (||V]|,z) € C for ||V]| almost all .

The following lemma shows that if V'€ RV,,(U), then there is a one-to-
one correspondence between ||V Young functions and V' Young functions
obtained from precomposition with the functions 7 and p as in the lemma.

Lemma 3.2.23. Suppose V € RV, (U) and define T by
7(x) = (z, Tan™(|V]],z)) whenever Tan™(||V ||, z) € G(n,m).
Then, the following statements hold.

(1) V =gl IV]-
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(2) For AC U x G(n,m), A is V measurable if and only if 77[A] is ||V]||

measurable.
(3) T(p(x,S)) = (z,5) for V almost all (x,S), where p: U x G(n,m) — U
1s the projection map.

Proof. By [MS25al, 2.11] and [AIl72, 3.5(1b)], 74||V|| is a Radon measure and
V =714||V|. Let A C U x G(n,m). Clearly, if 77'[A4] is ||V|| measurable,
then A is V = 74||V|| measurable. If A is V' measurable, then there exists a
Borel set B such that A C B and V(B ~ A) = 0, hence |V||[77![B~ A] = 0.
Therefore,

7 HA] = 7Bl ~ 7B~ A

is [|V|| measurable and (2) follows. To prove (3), we note that

T {(z,9):(z,9) # (z, Tan™(||V]],2))}] = 2,
and the assertion follows from . m
Theorem 3.2.24 (Compactness). Suppose m, n, U, and C are as in

Y is a second-countable locally compact Hausdorff space, L; is a sequence
of compact subsets of Y such that | J;, L; =Y and L; C Int Lj, whenever
j€ P, and (Vi, f;) is a sequence of pairs of V; in RV, (U, C) and ||V;|| Young
functions f; of type Y such that

Jlim sup{Y (|[Vi], fi) (K x (¥ ~ Ly)):i € £} =0,
sup{([[Vill + [I8Vi[)(K) i € 2} < o0

whenever K is a compact subset of U.
Then, there exists V€ RV ,,,(U,C), a ||V| Young function f of type Y,
and a subsequence (V;,, fi.) of (Vi, f;) such that, as k — oo,

Vie Vo Y(Vi, fi,op) = Y(V. fop), Y([Vill, fi) = YIVI, f),
where p: U x G(n,m) — U is the projection map.

Proof. By [All72, 2.6(2a)], [Menl6, 2.23],[2.3.4} |3.2.17} and [3.2.21] there exist
a subsequence (V;,, f;.), V € RV, (U, C), and a V Young function g of type
Y such that

From [3.2.23] we infer that f(x) = (g o 7)(x) for x € dmn 7 defines a ||V
Young function of type Y such that

Y(V;k,fikop)—)Y(‘/,fOp), Y(||‘/Zk||7fzk)_>Y(”V”7f) aSk:_>OO7
where 7 is as in [3.2.23] O
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3.3 The space of probability Radon measures
and operations on Young functions

In this section, we first define a metric on the space of probability Radon
measures and study its topological and metric structures. Then, we show
that the class of Young functions is stable under several operations.

Definition 3.3.1. Suppose Y is a finite-dimensional Banach space. For
0 < s < 00, the space E consists of functions v : Y — R of class 1 such that
7(0) = 0 and spt Dy C B(0,s). We endow E, with the norm whose value
equals

supim || D]l at vy € E,

and we endow E = | J{E;:0 < s < oo} with the locally convex final topology
induced by the inclusion maps E; — E.

Remark 3.3.2. Suppose Y is a finite-dimensional Banach space. Letting
k = dimY and employing the linear isomorphism Y ~ R’ the standard
mollification argument in Euclidean spaces also works for Y.

Remark 3.3.3. By Taylor’s theorem, we readily check that
|v(y)| < inf{|y|,s}supim || Dv| foryeY
whenever v € E;.

Lemma 3.3.4. Suppose Y s a finite-dimensional Banach space and 0 <
s < 00. Then, the canonical map P(Y') — (Es)* is continuous with bounded
image, where (Ey)* is endowed with the dual norm topology.

Proof. By [Fed69, 2.10.21], the function space
Esn{y:supim || D[l < 1}

is contained in the compact space F' of Lipschitzian functions f : Y —
R with f(0) = 0 and Lip f < 1, where F' is endowed with the topology
of uniform convergence on each compact subset of Y, or equivalently, the
topology induced by the metric p with value

=._; supim|(f — g)|B(0,9)]
A9 =2 2 - gB.g * 9 EF X
Note that

supim |y — y2| = sup{|1(y) — %2(v)|:y € Y N B(0, s)}
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whenever 7v;,72 € Ey. Then, it is straightforward to show that the function
space Es N {y:supim || D~v| < 1} is totally bounded with respect to the
supremum metric. With the help of 3.2.2] it follows that every convergent
sequence in P(Y') also converges in (Fj)*. Since P(Y) C J#(Y)* is metriz-
able by [Menl6], 2.23], the continuity of the canonical map follows, and the
boundedness of its image is immediate by O

Lemma 3.3.5. Suppose Y is a finite-dimensional Banach space. There holds

Y1 — ol = sup{y(y1) = ¥(y2) :7 € E,supim || D[] < 1}
whenever yi,ys € Y.

Proof. Since |y(y1) — v(y2)| < |y1 — y2|supim || D~y| whenever v € E, it
suffices to show there exists a sequence 7; € E such that

iliglo%(yl) —7%i(y2) = ly1 — yal.

Note that there exists L € Hom(Y,R) such that L(y; — y2) = |y1 — yof
and ||L|| < 1. Whenever i € &, since L; = sup{inf{L,i}, —i} is uniformly
continuous and L;(0) = 0, there exists §; : Y — R of class 1 such that
B;(0) = 0, supim || D3]] < 1, and supim |L; — B;] < i~!. Choose a function
¢:Y — R of class 1 such that 0 < ¢ < 1, ¢|B(0,1) = 1, supim || D¢|| <1,
and spt ¢ is compact, and we define ¢;(y) = (1 —i~1)p(i3y) whenever y € YV’
and i € &. Then, we have v; = ¢;6; € E, supim || D~;|| <1 for i > 1, and
L(y) = lim;_,o vi(y) for all y € Y and the assertion follows. O

Definition 3.3.6. Suppose Y is a finite-dimensional Banach space, we define
the pseudo-metric d on P(Y') by

d(p,v) =sup{[~vdu— [ydv:y € E,supim || D~|| < 1}
whenever u, v € P(Y).

Remark 3.3.7. If p,v € P(Y) satisty d(pu,v) = 0, we have [~vdp = [~vdv
whenever v € (YY) with Lip~y < oo; it follows that u = v.

Remark 3.3.8. By approximation, we readily show that

d(p,v) =sup {[ydp— [~vdv:v:Y — R,Lipy < 1}
=sup{[ydp— [vdv:iy e X (V) Lipy <1}.

whenever p, v € P(Y).
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Definition 3.3.9. Suppose (X, p) is a pseudo-metric space and Y is a finite-
dimensional Banach space. A function f : X — P(Y) is termed to be
Lipschitzian if and only if there exists 0 < M < oo such that

A(f(x), F(y)) < Mp(z,y) whenever z,y € X,

where d as in[3.3.6] The Lipschitz constant of f is defined to be the infimum of
all such numbers M. We say f is locally Lipschitzian if and only if whenever
x € X, there exists a neighborhood U of x such that f|U is Lipschitzian.

Remark 3.3.10. Note that if X is a metric space and f is a Lipschitzian
P(Y)-valued function, then we have d(f(x), f(y)) < oo whenever z,y € X
in particular, d|(im f x im f) is a metric and f is Lipschitzian in the usual
sense.

Remark 3.3.11. By [3.3.8, we have
d(80, 1) = [ |y|dpy whenever p € P(Y).
Let
P(Y)=P{)Nn{p: [lyldpy < oo} .
Then, (P1(Y)), d) is a metric space.

Next, we shall investigate the relation between the weak topology and
the d topology on P1(Y") when Y is a finite-dimensional Banach space.

Remark 3.3.12. The notation P(Y") is taken from [Vil09, 6.4], on which the
metric d agree with 1-Wasserstein distance, see [Vil09, 6.1, 6.5]. The following
characterization of d convergence on P(Y") is a special case of [Vil09, 6.9].

Lemma 3.3.13 (see [Vil09, 6.8, 6.9]). Suppose Y is a finite-dimensional
Banach space, p; is a sequence in P1(Y'), and p € P1(Y'). Then, the following
two statements are equivalent.

(1) tim;so0 d(pi, p) = 0.
(2) i — p weakly as i — oo and lim;_o [ |yl dpsy = [ |yl dpy.
Proof. Suppose lim;_,o, d(p;, 1) = 0, then
lim [yl dusy = lim d(8o, 1) = d(80, 1) = [ [yl dpry.

Whenever ¢ > 0 and f € (YY), since f is uniformly continuous, there
exists a function v : Y — R of class 1 such that spt~y is compact and
supim |f — | < €, hence we have

i (f) — ()] < 28 + [pi(y) — p(v)| < 26 +supim || Dy||d(p, p).
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Therefore, we conclude p; — p weakly as ¢ — oo.
To prove the converse, letting € > 0, we will first show that there exists
0 < s < oo such that waB(O o ly|duy < e and

fYNB(o,S) ly|du; y < e  whenever i € Z.

Since p is a Radon measure, there exists f € J#(Y') such that 0 < f < 1 and
J (@ = f(y)lyldpy < /2. From the hypothesis, there exists N € & such
that

\[f@lylduwey — [ fF@)lyldpy| + | [yl dpey — [yl duy| <e/2

whenever ¢ > N. Then, we have
fywsptf lyldp;y < e whenever i > N

and the assertion follows. On the other hand, by [Fed69, 2.10.21], the set
Hg0,)(Y)N{y:Lipy < 1} is compact in the Banach space J#g (o (Y); since
each member of P(Y") defines a continuous linear functional over J#g ), we
have

Jim sup{ [ ydp; — [y du:y € Ao (Y),Lipy <1} =0
whenever 0 < r < oco. It follows that lim; o d(p;, pt) = 0. O

Remark 3.3.14. Since the weak topology on the space of Radon measures
over Y is metrizable by [Menl6], 2.23], it follows that the map

(Py(Y),d) > P(Y) xR

defined by p— (p, [ ly| dpy) is a homeomorphic embedding.

Remark 3.3.15. The d topology is strictly finer than the weak topology on
P(Y) provided dimY > 1; for instance, letting 0 # v € Y and p € P1(Y),
the sequence u; = (1 —i ')+ 1718;, converges weakly to p as i — oo but

lim [yl dpiy = [ |yldpy = [o] > 0.

However, these two topologies induce the same subspace topology on the
weakly closed subsets

Ale) =PY)N{p:p{a} > e whenever a € spt u} C P1(Y)

whenever ¢ > 0. To show this, suppose ¢ > 0 and p; is a sequence in
A(e) that converges weakly to some p € P(Y). Whenever 0 < r < oo and
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a € sptu, by [AlIT2, 2.6(2c¢)], there exists N € & such that u;(U(a,r)) > 0,
hence 1;(U(a,r)) > €, whenever ¢ > N it follows that

n(B(a,r)) = lim sup pni(Bla,r)) = .

Thus, we conclude p € A(e). Since lim; f (1 — f)du; = f
whenever f € #(Y) and note that v(S) > 0 implies v(S) > ¢
S CY and v € A(e), there exists 0 < s < oo such that

henever

sup{p; (Y ~B(0,s)):i € £} =0 for some 0 < s < 00;

by [3.2.2}
lim [lyldpiy = lim [inf{|y|, s} dpiy = [inf{ly|, s} duy = [ Iyl dpy.

The following two lemmas show that the class of Young functions is stable
under pushforward by Borel functions pointwise and taking the Cartesian
product of measures pointwise.

Lemma 3.3.16. Suppose X and Y are second-countable locally compact
Hausdorff spaces and f : X =Y s a Borel function. Then, the pushforward

(fau)(A) = u(f'[A]) whenever p € P(X) and ACY,

defines a Borel function fu : P(X) — P(Y). Moreover, if f is continuous,
then so is f4.

Proof. By [Kel75, Chapter 4, Theorem 16], [MS25al, 2.11], and [Fed69, 2.2.2],
fup is a Radon measure over Y. Note that it is enough to show p —
J gd(fep) is a Borel function whenever g € % (V) by [Menl6l, 2.23]. Since
Jgd(fap) = [(go f)dp whenever € P(X) and g : Y — R is a bounded
Borel function by [Fed69, 2.4.18], it reduces to show p + [ hdpu is a Borel
function whenever h : X — R is a bounded Borel function.

For i € &, let B; be the family of all Borel functions h : X — R with
supim |h| < i such that p — [ hdu is a Borel function on P(X). By
the set B; contains all continuous functions from X into R N {r:|r| < i}.
By [Fed69, 2.4.9] and employing the terminology of [Fed69l, 2.2.15], B; is
a Baire class, hence contains all Baire functions with image contained in
RN {r:|r| <i}; applying [Fed69, 2.2.15] with Y = RN {r:|r| < i}, we see
B; contains all Borel functions h : X — R with supim |g| < i. Therefore,
the main conclusion follows.

For the postscript, it is enough to show p— [ gd(faep) = [(go f)duis
continuous whenever g € # (Y'), which is immediate from m [
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Lemma 3.3.17. Suppose X and Y are second-countable locally compact
Hausdorff spaces. Then, the product of measures

(u,v) = px v whenever p € P(X) and v € P(Y)

defines a continuous function P(X) x P(Y) - P(X x Y).

Proof. By Fubini’s theorem [Fed69, 2.6.2], i X v is a Borel regular measure,
hence by [Fed69, 2.2.2], a Radon measure whenever u € P(X) and v € P(Y').

It is enough to show that es(u,v) = [ fd(u x v) defines a continuous
function on P(X) x P(Y) whenever f € Z (X xY). If f € Z(X xY)
satisfies f(z,y) = a(z)5(y) whenever (z,y) € X x Y for some a € # (X)
and § € (YY), then ey is continuous. Therefore, in view of [BouO4a, III,
§4, No. 1, Lemma 1 (ii)], for each f € (X x Y), e is the uniform limit of
a sequence of continuous functions, hence itself a continuous function. O

Remark 3.3.18. The two lemmas above are variants of [Kec95, 17.28, 17.40].

Definition 3.3.19. Suppose Y and Z are second-countable locally compact
Hausdorff spaces, pu is a Radon measure over a locally compact Hausdorff
space X, f : Y — Zis a Borel function, and g is a  Young function of type Y.
Then, we define the p Young function fug of type Z by (fug)(z) = fu(g(z))
whenever z € dmn g.

Definition 3.3.20. Suppose X and Y are second-countable locally compact
Hausdorff spaces, p is a Radon measure over X, and f and g are g Young
functions of type Y. Then, we define the u Young function f x g by (f x
g)(x) = f(x) x g(z) whenever x € dmn f Ndmng.

We finish this section by introducing the sum of two vector-valued func-
tions and the product of two real-valued functions in the context of Young
functions.

Definition 3.3.21 (see [Kle20, 14.20]). Suppose p and v are measures over
a vector space Y, and A:Y xY — Y is defined by

A(z,y) =x+y whenever x,y € Y.

Then, the measure p* v = Ay(p X v) is termed the convolution of i and v.

Remark 3.3.22 (see [Kle20| 14.21]). Suppose Y is a finite-dimensional Banach
space. We readily verify the following basic properties of convolutions of
measures.

(1) Whenever pu,v € P(Y), we have p*x v = v * pu.
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(2) If pv € P(Y), then uxv e P(Y).

(3) Ifp,v e P(Y)satisty p= 3" ) f(2)8; and v =3 5 g(y)8, for some
finite subsets A and B of Y and functions f: A — R and g: B — R,

then H*xV = Z(x,y)eAXB f(x)g(y)5x+y

Lemma 3.3.23. Suppose Y is a finite-dimensional Banach space. Then, the
convolution of measures

(u,v) = pwxv  whenever u,v € P(Y)
defines a continuous function P(Y) x P(Y) — P(Y).
Proof. Combine [3.3.17] and [3.3.16) n

Remark 3.3.24. Similarly, if Y = R, the multiplication on R induces a con-
tinuous function P(R) x P(R) — P(R).

Definition 3.3.25. Suppose X is a locally compact Hausdorff space, Y is a
finite-dimensional Banach space, p is a Radon measure over X, and f and
g are p Young functions of type Y. Then, we define the p Young function
f*gby (f*xg)(x)= f(x)* g(x) whenever x € dmn f Ndmng.

Lemma 3.3.26. Suppose Y is a finite-dimensional Banach space, d is as in
3.3.0. Then, there holds
dlp v, Axn) <d(u, ) +d(v,n) whenever u,v, \,n € P(Y).

Consequently, the convolution f+g of two Lipschitzian P(Y')-valued functions
f and g is again Lipschitzian and Lip f * g < Lip f + Lipg.

Proof. The assertion follows from 3.3.22((1), and the estimate

[rd(p*X) = [ydw X)) = [ ([v(@+y)duz — [y(z+y)dve) dAy
< d(p,v)

whenever pu, v, A € P(Y) and v € 2 (Y) with Lipy < 1. O

3.4 The test function spaces

Hypotheses. In this section, we always assume Y is a finite-dimensional
Banach space with dimY > 1, E is the function space associated with Y as
in3.3.1, n € &, and U is an open subset of R™.

The goal of this section is to prove an embedding theorem of % (X, E)
into ¢ (X xY,Hom(Y,R)), see[3.4.17] and the embedding theorems for other
test function spaces of interest follow immediately. For this purpose, we first
present basic results about the space £ (X, 7).

50



Lemma 3.4.1. Suppose X is a locally compact Hausdorff space and W and
Z are Hausdorff locally convex spaces. Then, the following four statements

hold.

(1) If f: W — Z is a continuous linear map, then post-composition with
f defines a continuous linear map H# (X, W) — # (X, Z).

(2) If Z is the product of finitely many locally convex spaces Zy, Za, . .., Zn,
then we have the isomorphism of locally convex spaces

H(X,Z) ~ ﬁ%(X, Zi);

in particular, we have # (X, Z") ~ # (X, Z)".

(3) If Z is normed, then the topology of #i(X,Z) is given by the norm
with value supim |f| at f € Hx (X, Z).

(4) If K; is a sequence of compact subsets of X such that K; C Int K1 for
i€ P and X = ;o K, then H (X, Z) is the strict inductive limit of
K, (X, Z) fori e P; in particular, the given topology on Hx, (X, Z)
agrees with the subspace topology induced by # (X, 7).

Proof. 1t is straightforward to verify (/1) from the definitions. The statements
and are proved in [Bou04a, III, §1, No. 1]. To prove ({), it is enough
to check the inclusion map H#,(X,Z) — Kk, (X,Z) is a homeomorphic
embedding whenever ¢ < j, and this is straightforward from the definitions.

Finally, the postscript of (4] follows from O

Lemma 3.4.2. Suppose X is a second-countable locally compact Hausdorff
space, K is a compact subset of X, and Z is a separable Banach space. Then,
the function space Hyx (X, Z) is a separable Banach space.

Proof. 1t follows from [Bou04al III. §1, No. 1, page 1] that #x(X,Z) is a
Banach space. Since 5 (X) is separable by [Menl6l 2.2, 2.23], it follows
from [Bou04al ITI, §1, No. 2, Proposition 5] that #x (X, Z) is separable. [

Lemma 3.4.3. Suppose Z is a normed space, X is a locally compact Haus-
dorff space, K; is a sequence of compact subsets of X such that Ky = O,
Ky C Int K; wheneveri € &, and X = J;2, K;. Then, the subsets

Vo= (X, Z)N{f:|f(x)] <a@) ™ foric P andr € X ~K; 1}

corresponding to each o € 27 form a fundamental system of neighborhoods

of 0 of (X, Z).
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Proof. Clearly, V, is a neighborhood of 0 in ¢ (X, Z) whenever a € 27.
Let V be a convex neighborhood of 0 in # (X, 7). There exists § € 27
such that

B(0,3(i) "N #x,(X,Z) CV N K, (X,Z) whenever i € 2.

Choose non-negative functions ¢; € J# (X) for i € & such that
Spt ¢7, C (Int Ki—i—l) ~ Ki—l and Z 2_j¢j(l‘) =1
j=1

whenever i € & and = € X, and choose a € 27 such that
a(i) ' supim |¢;| < B(i +1)"" whenever i € 2.
Note that if i,5 € & and f € V,, N Hk, (X, Z), then
spto;f C (Int Kj41)~K; 1 and supim|e,;f| < B +1)7"
therefore

¢jf€Vﬂ<%/Kj+1(X,Z), if j <1,
¢jf:0, if j > 1.

Since V' is convex, 0 € V, and f = 2321 279(¢;f)+27"-0, we conclude that
f eV, hence V, CV. H

Remark 3.4.4. The proof of is adapted from the proof of [Sch66| p. 66,
Théoreme I1.

Next, we will study the topological vector structure of E.

Remark 3.4.5. We shall verify that E is a separable Banach space. Suppose
fi is a Cauchy sequence in E;. By [3.3.3] the sequence f; is also Cauchy with
respect to the supremum metric. From [Bou89b, X, §1, No. 6, Corollary
1 of Theorem 2], there exist continuous functions f : ¥ — R and F :
Y — Hom(Y,R) such that f; — f and D f; — F uniformly. By Taylor’s
theorem, we can show that D f exists and equals F. It follows that E, is
complete. Note that the derivative D provides an isometric embedding of F
into the separable metric space #go,s) (Y, Hom(Y, R)), see[3.4.2} hence E; is
separable.

Remark 3.4.6. Note that for 0 < r < s < oo, the inclusion map F, — Ej
is a norm-preserving embedding. Therefore, E is the strict inductive limit
of the sequence F; for i € &. From [3.1.1] we have that E is complete and
Hausdorff, that E; is a closed subspace of E whenever 0 < s < oo, and that
every compact subset of E is contained on some E, and bounded there.
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Remark 3.4.7. The derivative defines a norm-preserving embedding
Es — JB0,5)(Y, Hom(Y, R)),
hence a continuous injective linear map
E — 2 (Y,Hom(Y,R)).

If Y = R, then both maps above are isomorphisms of locally convex spaces
since the formula

y) = f01<y, f(ty))dt whenever y € R

defines a member in E; whenever f € g (R, Hom(R,R)). If Y = R"
with n > 2, then both maps are not surjective; in fact, we may choose a
non-negative function w € Z(R, R) such that w(r) = 1 for |r| < 1 and define

f(x) = w(|x)|)(xe, —21,0,...,0) whenever x = (z1,x2,...,2,) € R".
Then, there exists no v € E such that Dy = f; here we identify R"” with
Hom(R™ R).

To show the map £ — # (Y, Hom(Y, R)) as above is still a homeomorphic
embedding for dimY > 2, we need to study the fundamental system of
neighborhoods of 0 in FE; for this purpose, we introduce another function
space F that is isomorphic to E as locally convex spaces when dimY > 2,
but its members have compact support.

Definition 3.4.8. We define
E,={3:7:Y = Risof class 1, spt7 C B(0,s)} whenever 0 < s < 0o
endowed with the norm 4 — supim || D7||, and the space
E:U{ES:0§8<OO}

is endowed with the locally convex final topology induced by the inclusion
maps Fy — FE.

Remark 3.4.9. Similar arguments as in and show that F is the
strict mductlve limit of the separable Banach spaces E as 1 — 0o; it follows
from 1| that the given topology on E; agrees with the subspaces induced
from E
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Remark 3.4.10. The map ¥ — 7—7(0) defines an norm-preserving embedding
from Es into £, whenever 0 < s < oo, hence a continuous injective linear
map from E into E. For dimY > 2, these maps are isomorphisms of locally
convex spaces.

Lemma 3.4.11. Suppose Ly = @ and L; = B(0,i) NY fori € &. Then,
the subsets W consisting of 7 € E satisfying

F ()| + [ DF(W)|| < (i)™ wheneveri € & andy € Y ~ L,

corresponding to each o € P? form a fundamental system of neighborhoods
of 0 of E.

Proof. Clearly, the set Wa is convex, symmetric, and absorbent whenever
a € 27, Note that if

i€ P, e=(2) " infla(j) i =1,2,...,i}
FeB(0,e)NE;, veY, |v=1, and y(t)=(i—t),
then we have

I < fy I{=0. DF(y(s)|dL" s

< fo IDF(y(s))l| AL s
< e

whenever 0 < ¢t <. Thus, B(0,e)N E,CcW,N Ei, and we conclude W, is a
neighborhood of 0 in E whenever a € 27, N
Let V be a convex neighborhood of 0 in E. Then, there exists 3 € &7
such that B B
B(0,8() )N E; CVNE; wheneveriec Z.

Choose non-negative functions ¢; : Y — R of class 1 for i € & such that
Spt ¢l C (Int Li+1) ~ Li*l and Z 2_Z¢Z (y) =
whenever i € 2 and y € Y, and choose o € #? such that
a(i) P supim(|ég| + | D ¢sl]) < B + 1) whenever i € L.
Note that if i,j € & and 7 € W, N E;, then
spt ;7 C (Int Lj1)~Lj—y and  supim||D(¢;7)[| < B +1)7"
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therefore

67 € VN E,, ifj<i,
67 =0, ifj>i.

Since V is convex, 0 € V, and 5 = 2321 279(¢;7) + 27"+ 0, we conclude that
5 € V, hence that W, C V. O

Remark 3.4.12. Suppose X is a second-countable locally compact Hausdorff
space. Whenever W, and V,, are as in |3 4. 11| and |3 4. 3| respectively, the
images of W X W and V, x V, under multiplication are contained in W,

and V, respectively. It follows from [Bou87, I, §1, No. 6, Proposition 5] that
maps E x E — E and ¢ (X) x # (X) — 2 (X) induced by multiplication
are continuous.

To prove the embedding theorem, we still need several lemmas.

Lemma 3.4.13. Suppose o € P?. Then, there exists a positive convex
decreasing function h : R — R of class 1 such that

h(z) < a(i)™'  whenever v >i—1 andi € Z.
Proof. Define 8 and d in 27 by

Bli) =sup{a(j): 1 < j <i}+1;
8(3) = 2°®)

whenever 7 € 2. Note that § satisfies
a(i) < (i) <o(i+1)/2 and (i)' =0 +1)"' >8(+1)" =56 +2)7!

whenever i € &2. Then, the function f : R — R defined by

1 1 1 |
)y =0 <6(1> - 5(2)) v it <0
1 1 1 >@—@—U)ﬂieyﬂ_1§x§i

5())  \6(i) o(i+1)
is a convex decreasing function such that
f(z) < a(i)™" whenever + >i—1and i€ Z.

Choose a function g : R — R of class 1 such that ¢ > 0, [¢dZ' =1, and
sptg CRN{z: -1 <z <0}
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Let h be the convolution f * g, and we will verify that h has the desired
properties. Clearly, h is a positive function of class 1. Since

h(z) — f(x) = fRﬂ{y:—lgySO}(f(x —y) — f(x))g(y) 4Lty <0,

it follows that A < f. To show that h is decreasing, we compute

hz+t)—h(z) = [(f((x—y)+1t) = f(z —y)g(y) dL y <0

whenever z € R and ¢t > 0. For z,z € R and 0 < A < 1, we compute

(f *9)(Az + (1= N)2) = [ f( M“Hl —A) ¥)gly) L'y
—ff +(1 =Nz —y))gly)dL'y
< )\ff T —y ( )d.,ip1
AN Jfz—y)gly)dLty
ZA(f*g)() (1- )(f*g)()
and it follows that h is convex. m

Lemma 3.4.14. Suppose X is a locally compact Hausdorff space, K is a
compact subset of X, and eitherY = R, F; = H#g(o,(R), and F = (R), or

F, = E; and F = E. Then, the locally convez final topology T, on K (X, F)
induced by the inclusion maps #x (X, F;) — Hx (X, F) fori € & is identical
to the topology T of uniform convergence on Hy (X, F).

Proof. Since the inclusion map

is continuous whenever i € & by [3.4.1|(1)), it follows that 75 C 7.
Conversely, let V' be a convex neighborhood of 0 of (¢ (X, F'), T;). Then,
there exists f € 7 such that

B(0,8(i)~") Nk (X, F)) C VN Hx(X,F) whenever i € 2.

Let Ly =@ and L; = B(0,i) NY for i € &. Choose non-negative functions
¢; + Y — R of class 1 such that

spt ¢; C (Int Li41) ~ L1 and Z 27'0(y) =

whenever i € & and y € Y, and choose a € &7 such that

a(i)_l supim(|¢;| + || D ¢s||) < B(7 + 1)~ whenever i € 2.
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Let n € J#k (X, F) such that imn C U,, where U, equals either V,, or Wa
as in with X and Z both replaced by R and [3.4.11] respectively. By
B-4.1){4), B.4.9, and B.1.1] there exists i € £ such that imn C F;. Since
multiplication by ¢; induces a continuous linear map from F' into Fjy; by

3.4.12 B.4.3){4), and the function 7; defined by n;(z) = ¢;n(z) for

z € X belongs to A (X, Fj+1) by B.4.1|(I). Observe that

sup im ;| < B(j + 1)~

whenever j € &2. Note that n; = 0 for j > i. Therefore, we have

=Y 27n+27-0eV

j=1
since V' is convex and 0 € V. It follows that 77 C 7s. O

Remark 3.4.15. Suppose F; and F' are as mm From “. m and
3.1.1, we have that

H (X, F) :G%/K(X,F)m{f:imfcﬂ}

i=1
and that
K (X, F)N{f:im f C F;} = #x(X,F;) whenever i c Z.

Thus, #x (X, F) is the strict inductive limit of £ (X, F;) as i — oo. Fur-
thermore, in view of |3.1.2| and [3.4.14], if K; is a sequence of compact subsets
of X such that K; C Int K;;; whenever i € & and Uf; K; = X, then the
locally convex final topology on # (X, F') induced by the inclusion maps
Kk, (X, F) — (X, F) for i € & is identical to the locally convex topology
induced by the inclusion maps Hx, (X, F;) — H# (X, F) for i,j € &. Note
that the inclusion J#, (X, Fj) — ¥k, (X, F}) is a homeomorphic embedding
whenever i,j € & and k = sup{i, j}; in particular, (X, F) is the strict
inductive limit of #x, (X, F}) as i — oc.

The assertions remain true if we replace F; and F' with E; and F, respec-
tively because for dimY = 1, we have Jg o) (R) E; and Ji/( )~ E by

-and for dimY > 2, we have E, ~ E, and E ~ Eby
Remark 3.4.16. Whenever K is a compact subset of X and 0 < s < oo,

recall from that the derivative gives a norm-preserving embedding £y —
80,5 (Y, Hom(Y,R)), hence a norm-preserving embedding

Hic(X, E) = Hic(X, Ao (Y, Hom(Y, R))),
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and it follows from [3.2.19] that so is
%K(X, ES) — %KXB(O,S)(X X K HOHI(Y, R))

By[3.1.2, [3.4.7, [3.4.10] and [3.4.14] we see % (X, E) carries the locally convex
final topology induced by the inclusion maps #x (X, E;) — J# (X, E) cor-
responding to compact subsets K of X and 0 < s < oo; therefore, the last
embedding induces a continuous injective linear map

L (X, E) — # (X xY,Hom(Y,R)).

By and [3.4.10, the map [ : (X, E) — 4 (X,E) defined by
I(n)(x) = n(z) — n(x)(0) for n € F(X,F) and x € X is a continuous
injective linear map and so is the composition 7 = ¢ o I; moreover, ¢ satisfies

(n)(x,y) = D(n(x))(y) for (x,y) € X x Y and n € X (X, E).

If dimY = 1, then the embeddings in the previous paragraph are norm-
preserving isomorphisms and hence ¢ is an isomorphism of locally convex
spaces.

If dimY > 2, then [ is an isomorphism. The following theorem shows
that if X is a countable union of compact sets, then 7 is a homeomorphic
embedding (even for the case dimY = 1); therefore, so is .

Theorem 3.4.17. Suppose X is a locally compact Hausdorff space, Ky = &,
K; is a sequence of compact subsets of X such that K; C Int K; 1 whenever
ie P and\J2, K; =X, let Ly = @ and L; = B(0,7) NY whenever i € 2,
and let C; = K; x L; whenever i € & U {0}.

Then, the subsets W, consisting of n € H (X, E) satisfying

()W) + DOE@) I < ali)™

whenever i € & and (x,y) € (X xXY) ~C;_1, corresponding to each o € &
form a fundamentai system of neighborhoods of 0 of # (X, E). Furthermore,
the map ©: # (X, E) — 2 (X x Y,Hom(Y,R)) defined by

tn)(z,y) = D(n(x))(y) for (z,y) € X x Y

1s a homeomorphic embedding.

P

Proof. Clearly, the set Wa is convex and symmetric; by the first paragraph
of [3.4.15, W, is absorbent whenever e € 7. Note that if

i€ P, e=2) infla() i =1,2,..., i},
reX, veY, |v=1, and y(t)=(i—1t)v,
n € B(0,¢) N Hx, (X, E;)
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then we have

(@) (y(£)] < fy [(=v.D(n(a))(y(s))] L s

< [y ID(())(y(s)|| AL s
< te

whenever 0 < t < i. Thus, B(0,£) N, (X, E;) C W, N Ak, (X, E;), and we
conclude W, is a neighborhood of 0 in ¢ (X, E) whenever o € 7.

Let V' be a convex neighborhood of 0 in JZ (X, E) Then, by [3.4.15| there
exists B € 27 such that

B(0, 8(i) 1) Nk, (X, E)CVn e, (X, E;) whenever i € 2.

Choose non-negative continuous functions f; : X — R and non-negative
functions ¢g; : Y — R of class 1 for i € &2 such that

spt f; € (Int K1)~ K;—1 and  sptg; C (Int L 1) ~ L;4

whenever 7 € & and such that

Zfz(x) =1 and Zgi(y) =1

whenever (z,y) € X x Y. For i € &, we define a continuous function ¢;

with values in E by

ws((50) (50)- () (£1) oo

Note that
(X x V)N {(z,y): ¢i(2)(y) # 0} C (Int Cpiy) ~Cy_y fori e P
and that
i2i¢i(a:)(y) =1 for (v,y) € X xY.
Choose a € 227 sulclri that
a(i)" (|oi(x) ()| + | D(ds(x))W)]) < B+ 1)~

whenever (z,y) € X xY andi € Z. Ifi,j € & andn € W, N Ak, (X, EZ),
then the function ¢;n defined by

(p;n)(z) = ¢;(x)n(xr) whenever x € X
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satisfies ¢;n € Hxk, (X, Ejﬂ) because of [3.4.12| and [3.4.9} and

sup{supim || D((¢;n)(2))[|:z € X} < B(j +1)7

therefore

¢j77 evn '%/Kjﬂ (X> Ej—i—l) lf] < i,
oin=0 if j>u.

Since V is convex, 0 € V, and = 32", 279 (¢;n) + 277 - 0, we conclude that

j=1
n € V, hence Wa cV.

Finally, by [3.4.16] we have 7 is continuous, injective, and linear; hence,
it remains to prove that 77! is_continuous. Let o € 27 and let W, be
a neighborhood of 0 of J# (X, E) defined as above. Now, we aim to find
§ € 27 such that .

Vs Nim7 C t[W,]

where Vj is a neighborhood of 0 of # (X x Y, Hom(Y,R)) as in with X,
K;, and Z replaced by X x Y, C;, and Hom(Y, R), respectively. By
there exists a positive convex decreasing function h : R — R of class 1 such
that h(i — 1) < 27'a(i)~! whenever i € &. Then, we define § € 27 to
satisfy

§(3)~ < inf{—h'(7),2 'a(i)" '} whenever i € &

and let V5 be as in If
ie P, nel'Vsln A (X, E),
veY, |v=1, and y(t)=(—1)v,

then we have

() ()| < [ [{(—v, D(n(x))(y(s))| dL" s
< S IID(n(x))(y(s))]| AL s
< fot —n(i—s)dZL s

< My (®)])
whenever z € X and 0 < ¢t <. It follows that |n(z)(y)| < h(]y|) whenever
(z,y) € X x Y, hence 7 [Vs] N 5k, (X, E;) C W,,. O

Corollary 3.4.18. Suppose X is a locally compact Hausdorff space, Ky = O,
K is a sequence of compact subsets of X such that K; C Int K; 1 whenever
i€ P and Jo K, = X, and let C; = K; x (B(0,7) NY) whenever i €
2 U{0}.
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Then, the map v : # (X, E) — (X x Y,Hom(Y,R)) defined by

v(n)(z,y) = D(n(x))(y) for (z,y) € X x YV

is a homeomorphic embedding. Furthermore, the subsets W, consisting of
n € A (X, E) satisfying

ID((z))(W)|| < a@i)™"  wheneveri € P and (v,y) € (X xY)~C;4

corresponding to each o € 27 form a fundamental system of neighborhoods

of 0 of # (X, E).

Proof. 1t follows from [3.4.16] [3.4.17] and [3.4.3] O]
Corollary 3.4.19. The map E — 2 (Y,Hom(Y,R)) defined as in is

a homeomorphic embedding.
Furthermore, the subsets W, consisting of v € E satisfying

IDy(y)|| < (i)™ wheneveri € & and |y| >i—1

corresponding to each o € 27 form a fundamental system of neighborhoods

of 0 of E.

Proof. 1If dimY = 1, it is proved in [3.4.7, and the postscript follows from
If dimY > 2, it follows from [3.4.18 applied with X and K; = X for
1 € & being a singleton. ]

Corollary 3.4.20. The dual map #(Y,Hom(Y,R))* — E* is an epimor-
phism.

Proof. 1t follows from [3.4.19 and the Hahn-Banach theorem [Bou87, 11, §4,
No. 1, Proposition 2]. ]

Remark 3.4.21. The following example shows that the dual map is not in-
jective for dimY = k > 1. Assume Y = R*. Whenever w € 2(R,R),
0 ¢ sptw’, and L is a non-zero anti-symmetric endomorphism on R*, the

functional € ¢ (R, Hom(R*, R))* defined by
p(d) = [(X(y),6(y))dL*y for 6 € 2 (R* Hom(R", R))

belongs to the kernel of the dual map # (R*, Hom(R* R))* — E*, where
X € 2(R",R") is defined by

X(y) =w(y)L(y) fory e R,

because div X = 0.
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To unify the test function spaces from domain and codomain, we also
introduce the test function space on the product.

Definition 3.4.22. Whenever C' is a compact subset of U x Y, we define
He to consist of all functions n: U x Y — R" such that

(1) n(z,-) ev € E whenever z € U and v € R".
(2) The function
(z,y) = D(n(z,-))(y) € Hom(Y,R")

is continuous with compact support in C.

We endow H¢ with the norm (see [3.4.23) whose value at n € Hc is

sup{[| D(n(z, )y :(x,y) € U x Y},

and endow H = |J{Hc¢:C is a compact subset of U x Y} with the locally
convex final topology induced by the inclusion maps Ho — H.

Remark 3.4.23. We shall verify that H¢ is a normed space. Let n € He. Note
that [3.4.22|(1)) implies that n(z,0) = 0 whenever z € U. If (z,y) € U x Y,

then we have
n(z,y) = [y (y.D(x, ) (ty)) AL ¢

in particular, n is continuous. If n satisfies
sup{|| D(n(z,))(y)ll:x € U and y € Y} = 0,

then n = 0. Thus, H¢ is a normed space.
Remark 3.4.24. Let K be a compact subset of U and 0 < s < oco. From

3.4.22 and |3.4.23|, the map
HyxB(0,s5) — Jf/KxB(o,s)(U xY,Hom(Y,R"))

defined by
n = [(z,y) = Dn(z, ) (y)]
is a homeomorphic embedding of Banach spaces; noting from that

E%/KxB(O,s)(U X Y, HOIn(Y, Rn)) ~ Ji/KxB(O,s)(U X Y, HOHI(Y, R))n,
so is the map

I Hy«B(o,5) = t%/KXB(O,s)(U x Y, Hom(Y,R))".
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On the other hand, recall from that the map
L K (U, Es) = Hixno,5)(U x Y, Hom(Y,R))
defined by
v(n)(z,y) = D(n(x))(y) whenever (z,y) €U XY

is a norm-preserving isomorphism of Banach spaces, and so is the product

map g = [[;_, ¢. Since im f = im g, it follows that g~ 'o f defines an isomor-

phism between the normed spaces Hyp(o,s) and H#x (U, E,)™; in particular,
Hp«B(0,s) 1s a separable Banach space.

Consequently, letting K; be a sequence of compact subsets of U such
that U = |J;2, K; and K; C Int K4, whenever i € &2, we see H is the strict
inductive limit of H,«B(0,:), hence by a complete Hausdorff space such
that H¢ is a closed subspace of H whenever C'is a compact subset of U x Y.

Theorem 3.4.25. The map H — J¢ (U x Y,Hom(Y,R")) defined by
n— (Dn(x,-))(y) whenevern € H and (z,y) € U xY

1s a homeomorphic embedding.

Furthermore, if Ko = @ and K; is a sequence of compact subsets of U
such that U = Ufil K; and K; C Int K;,1 whenever i € &, then the subsets
W, consisting of n € H satisfying

supim (D n(z, ) @)l < (i)™

whenever i € & and (v,y) € (U xY)~(K;—1 x B(0,i — 1)), corresponding
to each o € 27 form a fundamental system of neighborhoods of 0 of H.

Proof. Let K; be as in the postscript. With the help of [3.4.24 [3.1.8] [3.4.15|
3.4.1|[2), we have the following isomorphisms

H = lim H, xB(0,)
~ hgeﬂi/Ki(U, E)"
~ (lim (U, B;))"
~ (U E)".

Thus, by [3.4.18 [3.1.§] and [3.4.1][2)), the composition

H~ (U E)" — (U x Y,Hom(Y,R))" ~ % (U x Y,Hom(Y,R"))

defines a homeomorphic embedding, and the postscript follows from |3.4.18

[]
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Remark 3.4.26. In case Y = R, the homeomorphic embedding
H — (U x R,Hom(R,R")) ~ % (U x R,R")

is surjective; in fact, for ¢ € # (U x R,R"), the function n : U x R — R"
defined by

n(z,y) = [ ¢, 2)dL" 2
is a member in H whose image under the embedding equals ¢.
Lemma 3.4.27. Suppose A is a directed set, (F,, fsa) s an inductive system
of locally convex spaces relative to A, (Dqy, da) is an inductive system of vec-
tor spaces relative to A, we denote by (F, fo,) and (D, d,) the inductive limit

of (Fa, fsa) and (Dy, 0pa) respectively, for o € A, D, is a dense subspace of
F,, and the inclusion map 1o : D, — F, satisfies

fﬁa Olg =130 (55(1 whenever a < 3 € A.

Then, the vector space D =, 4 0a[Da] can be identified as a dense subspace
of F'. Moreover, if D, is endowed with the subspace topology induced by .,
G is a complete Hausdorff locally convex space, and the family of continuous
linear maps g, : Do — G for a € A satisfies

Jo = gp © 0o wWhenever a < B € A,

then the inductive limit of the unique extensions of g. equals the unique
extension of the inductive limit of go; here, by convention, we also view G
as the limit of the constant inductive system (G,1¢g) of locally convex spaces
relative to A.

Proof. From [Bou04b, 111, §7, No. 6, Proposition 7|, the inductive limit ¢ of
the inclusion maps ¢, : D, — F, is a monomorphism, and we identify D as
its image under ¢ in F'. Since D,, is dense in F,,, we have

im f, C Closim(f, ot,) = Closim(¢0,) whenever a € A.
It follows that
F= U{imfa ra€ A} C U{Closim(L 00,):x € A}
C Clos|_J{im(t06,):a € A}
= Clos ([D].

To prove the postscript, we denote by h, the unique continuous extension of
go for a € A, and these h,, satisfy

ho = hgo fga whenever a < g3 € A.
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Then, the inductive limit h of h, exists and satisfies
ho(t06y) =ho(faoty) =ga whenever a € A.

It follows that h ot equals the inductive limit of g,. Finally, if D is endowed
with the subspace topology, then A is the unique continuous extension of the
inductive limit of g,. O]

Remark 3.4.28. Let K be a compact subset of U and 0 < s < oco. Then
Pk (U,R™) and &(Y,R) N E; are dense in #x (U, R™) and Ej, respectively.

By considering the composition of the two monomorphisms
2k (U R") @ (&(Y,R) N Ey) —» #x(UR") @ E, — k(U R" ® Ey),

where the former one is the tensor product of inclusions, and the latter one
¢ is characterized by

(0 @7)(r) =60(r) @y whenever § € # (U,R") and v € E,

we identify 2k (U, R") ® (&(Y,R) N E;) as a subspace of #x (U, R" ® Ey) ~
HgB(0,5)- From [BouO4al, III, §1, No. 2, Proposition 5], the image of the
canonical monomorphism

f%/K(U7 R) ® Es N %K(U7 Es)

is dense; hence the image of #x (U, R")® Es ~ (Jx (U, R) ® E,)" under ¢ is
dense in Ak (U, R"®Ey) ~ H#x (U, Es)". Since Zx(U,R")®(&(Y,R)NE;) is
dense (with respect to the subspace topology induced from #x (U, R" ® E;))
in #Zx(U,R") ® Es, hence in #x (U, R" ® Ej).

Let K; be a sequence of compact subset of U such that U = | J;°, K; and
K; C Int K, whenever i € &. Applying with

A=2, D;,=9k (UR")® (&Y, R)NE;),
Fy = %, (UR" ® E;) ~ Hg,«B(0,i),

we conclude that Z(U,R") ® (£(Y,R)NE) is dense in % (U, R"® E) ~ H.
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Chapter 4

Differentiability of Young
functions

Hypotheses. Throughout this chapter, we suppose m,n € &, U is an open
subset of R", and Y is a finite-dimensional Banach space. Whenever 7 is a
finite-dimensional Banach space, we denote, by E(Z), Es(Z), E(Z), Ey(Z)
and H(Z), the test function spaces associated with Z as in Section [3.4} when
it is clear from the context, we will omit the variable Z.

4.1 Young functions of generalized bounded
variation

In this section, we define the distributional derivatives of Young functions
on varifolds and the notion of generalized bounded variation of Young func-
tions on varifolds, see [4.1.7 and 4.1.90 Also, we present the basic properties
of Young functions of generalized bounded variation, and the compactness
theorem is established.

Definition 4.1.1. Suppose p is a probability Radon measure over Y and Z
is a vector space. Then, we define a linear map 1, ® p : Z @ Ly(pn) — Z
characterized by

(1z@u)(v®@~y)=([~ydu)v whenever v € Z and v € Ly (u).
We will instead write (17 @ u)(§) = [ € dp whenever € € Z @ Ly (p).

Remark 4.1.2. Suppose 0 < s < oo, Z is a normed space, £ € Z ® E,, and
write £ = Zle v; ® y; for some k € Z, v; € Z, and v; € Es. Then, we have
k

k
[ edu] <ol [fvidu] <5 Jog| supim | Dy

i=1 i=1
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by [3.3.3 and it follows that | [ ¢ du| < s|¢].

Definition 4.1.3. Whenever X is a normed space and Z is an inner product
space, we define the bilinear form

X (Z@X) =X
to satisfy

ve(w@z)=(vew)x
whenever v,w € Z, and = € X.

Remark 4.1.4. If v € Z and £ € Z ® X with £ = Zle w; ® x; for some
ke P, w; € Z, and z; € X, then we have

k k
el <Y fvewila] < Jol Y fwil|]
i=1 i=1

It follows that |v = | < |v||€], or equivalently, || = || < 1; in particular, = is
continuous.

Remark 4.1.5. Suppose u is a probability Radon measure on Y. Then, we
have [vw&du =wve ([&du) whenever { € R*® E and v € R™.

Lemma 4.1.6. Suppose Z is a normed space. Then, the map (Z ® E;) X
P(Y) — Z defined by

(& p) = [Edu for &€ Z® By and p e P(Y)
18 continuous.

Proof. We endow (E;)* with the dual norm topology. Since the dual pairing
defines a continuous bilinear map Fs x (Es)* — R, by , its associated
linear map Es ® (E;)* — R is continuous. On the other hand, the natural
bilinear map (Z ® E,) x (Es)* — (Z® E,) ® (E,)* is continuous by definition.
Thus, the map in the conclusion can be expressed as the composition of
continuous maps

(Z@E) xP(Y) = (Z®@FE,) x (E)" = (Z® E,) ® (E,)*
~7ZR(E,@(Es)) > Z9R~Z

with the help of [3.3.4] [3.1.12] and [3.1.11] O

Similar to [Menl16, 8.1}, for 0 < s < oo and Young functions f of type YV
on varifolds, there exists a unique distribution related to the derivative of f;
the notions of differentiability of f will be characterized by the behavior of
these distributions corresponding to 0 < s < .
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Lemma 4.1.7. Suppose V € V,,,(U), f is a |V| + |10V Young function of
type Y, and 0 < s < oo. Then, there exists T* € P'(U,R™ ® Ey) uniquely
characterized by the requirement that

T3 (0(x) @) = [ ([ydf(2)) 0(z) en(V,2) d|[8V ] =
—f(fvdf )S e DO(x)dV (x,S)

whenever § € (U, R") and v € E;.
Proof. Define T° € 2'(U,R" ® E;) by

= [ (J4(x)df(x)) en(V,z)d[|sV ]z

— [Se([Dy(z)df(z)) dV (z,5)

whenever ¢ € (U, R"® E;), where we employ from the isomorphism
of normed spaces

Hom(R",R" ® F) ~ Hom(R",R") ® Ej

and the |V + |8V measurability of the functions = — [ (z)df(z) and

z — [Dy(z)df(z) for x € dmn f is assured by 4.1.60 The uniqueness
follows from [Menl6l 3.1]. O

Lemma 4.1.8. Suppose B : 2(U,R") x (&(Y,R) N E) — R is a bilinear
map. Then, the following statements are equivalent.

(1) There exists T € H* such that T(,,(v(y)0(x)) = B(0,v) whenever
0ec 2(UR") and v EY,R)NE.

(2) For 0 < s < oo, there exists T° € 2'(U,R" ® E;) representable by
integration such that T¢, (6(x) ® v) = B(0,v) whenever 6 € (U, R")
and v € &(Y,R) N E.

Proof. Tt follows from [3.4.28| O

Definition 4.1.9. Whenever V' € V,,(U) and f is a ||[V| + |8V Young
function of type Y, we define the bilinear map B by
B(0,~) = [ ([ydf(x))0(x) en(V,z)d[[8V] =
— [ ([ ydf(z)) SeDO(z)dV (z,S)

whenever § € Z2(U,R") and v € &(Y,R) N E. Then, f is termed to possess
generalized V' bounded variation if and only if B satisfies one of the conditions

in 418
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Remark 4.1.10. In view of the Young function f is of generalized V'

bounded variation if and only if T is representable by integration whenever

0 < s < 0o, where T* is the distribution associated with f as in [£.1.7
Similarly, we may define T': H — R by

T(¢) = [[ o(z,y) en(V,z)df(z)yd||dV ]|z
— [J S eD(6(,y))(x)df(z) ydV (,5)
whenever ¢ € H. Then, by [1.1.8] we see f is of generalized V' bounded
variation if and only if 7" is continuous.

We shall compare our definition with the one in the single-valued case
when Y = R.

Remark 4.1.11. Suppose Y = R, g is a |V + ||0V|| measurable real-valued
function, f = 8o g is as in3.2.5 G = {(z,y):9(z) > y} C U x R, and
T € 2'(U x R,R") satisfies

T(¢p) = [VI{z:(z,y) € D)} o(-,y)dL y whenever ¢ € 2(U x R, R™),
where

Vo{x:(x,y) € G} = (V) {x:(x,y) € G}
— (Vi {z:(x,y) € G} x G(n,m)).

It follows from [Menl6, 8.1, 8.2 that

Ty (V' (y)0(z)) = B(6,y) whenever § € 2(U,R") and v € £(R,R)N E.

Let I be the isomorphism H ~ (U x R,R") described in |3.4.26, If T is
representable by integration, then 7o [ € H* satisfies

(T 0 Iag) (1(9)0(2)) = B(6,7)
whenever § € Z(U,R") and v € &(R,R) N E. Conversely, letting T be as
in [4.1.10] then we have
T (Y ()0(2)) = B(8,7) = Tiw) (7(9)6(x))

whenever § € 2(U,R") and v € &(R,R) N E. Since T is continuous, we
infer from and [Menl6| 3.1] that T = (T o I"1)|2(U x R,R"), hence
T is representable by integration.

This shows extends the definition [MS25bl 4.2] of real-valued func-
tions of generalized V' bounded variation.
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Next, to extend the subgraph characterization of functions of generalized
bounded variation in [MS25D) 4.2] to our setting, we first define functions of
bounded variation on a varifold whose values are contained in the topological
dual of some separable Banach space.

Definition 4.1.12. Suppose V € V,,(U), Z is a separable Banach space,
and f is a ||V 4 [|dV]| measurable Z*-valued function with respect to the
Z topology. We say f is of locally (V,Z) bounded variation if and only if
IfI] € Licc()|V || + ||8V]]) and there exists T € 2(U, R™ ® Z) representable
by integration such that

T (0(z) @ 2) = [(2, f(2))0(z) en(V,z)d[|dV] 2
— [{(z, f(x))S eDO(zx)dV (z,5)

whenever § € 2(U,R") and z € Z.

The following lemma shows that every Young function of type Y can be
viewed as a measurable function with values in (E)* whenever 0 < s <
oo, and provides an equivalent definition of Young functions of generalized
bounded variation.

Lemma 4.1.13. Suppose V€ V,,(U) and f is a ||V ||+]dV]| Young function
of type Y. Then, [ can be viewed as a member of Lo (||[V|| + |[8V]], (Es)*)
whenever 0 < s < 0.

Moreover, f is of generalized V' bounded variation if and only if f is of
locally (V, Eg) bounded variation whenever 0 < s < 0.

Proof. The main assertion is a consequence of [3.3.4 and the postscript follows
immediately. [

Theorem 4.1.14. Suppose V- € V,,(U), fis a |V + |0V Young function
of type R, g : (dmn f) x R — R is defined by g(x,y) = f(x){t:y <t < oo}
forx edmn f and y € R, and W € V,,.1(U x R) satisfies

W(k) = [[k((z,y),S x R)dZL ydV (z,5)

whenever k € (U xR) x G(n+ 1,m + 1)).
Then, g is a |[W|| + ||0W || measurable R-valued function and we have

To() =TI (pov)) = [(gov)(z.y) df(z) zd||V]

whenever ¢ € (U x R,R" x R), where T is the linear map associated with

f asin T, € 2'(U x R,R" x R) is the distribution associated with g
as inl4.1.14 with V replaced by W and Z =R ~R*, I : H — # (U xR,R")
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denotes the linear isomorphism described in and p: R" x R — R"
and g : R® x R — R are the projection maps.
In particular, [ is of generalized V' bounded variation if and only if g s

of locally (W, R) bounded variation.

Proof. We first prove that g is ||W/]| + [[6W] measurable. For y € R,
we denote by [y] the largest integer that does not exceed y and define
gi : (dmn f) x R — R by

gi(z,y) = f(x){t:[iy]/i <t < oo} forz e dmnfandyeR.

By [3.2.13] we see g;(-,y) is || V|| +[|0V|| measurable whenever y € R. On the
other hand, g;(z,y) = f(x){t:k/i <t < oo} whenever z € dmn f, k € 2,
and k/i <y < (k+1)/i. We conclude from [Fed69, 2.6.2(2)] that g¢; is
IV + |18V]]) x £ measurable. Since |W]| + ||8W] = (V|| + [|8V]]) x £*!
by [KM17, 3.6(1)(5)], and g(z,y) = lim;_,s g;(z,y) for z € dmn f and y € R,
we see g is ||W]| + ||dW|| measurable.

If v € &R, R) satisfies spt Dy is compact and inf spty > —oo, then by
Fubini’s theorem, we have whenever x € dmn f,

fvdf ff{y —00<y<t}7( y) ALy df(z) t_f7 g(z,y)dLy. (%)
Then, we compute by [KMI17, 3.6(4)(5)(6)] and () that

Ty() = [[ 9(z y)pov)(z.y) en(V,z)d[[sV||zdL"y
- ffg(fc,y)S°D(pow)(ny)(x) AV (z,5) L'y
—ffg z,y)((qo¥)(z,) () dV (z,5) L1y
=T;(I  (pov)) — [[(gov)(z,y)df(z)yd||V] =
Since I[H N & (U x R,R")] = 2(U x R,R"), we conclude from [3.4.28] that

T, is representable by integration if and only if 7' is continuous. O]

Remark 4.1.15. The lemma above is an analogy of [MS25b, 4.2] in the
multiple-valued function setting.

Next, we will present the compactness theorem for Young functions of
generalized bounded variation.

Theorem 4.1.16 (Compactness). Suppose C' is as in Vi form a se-
quence in RV ,,,(U,C) such that ||8V;|| is a Radon measure, f; is a Young
function of type Y of generalized V; bounded variation whenever i € &, and

lim sup{Y (Vi ) (K x (Y ~B(0,1)):i € 2} =0, (4.)
sup {(IVill + |8Vl + | T ) (]) 2 € 2} < o, (4.2)
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whenever K is a compact subset of U and 0 < s < oo, where T} is the
distribution associated with f; as in[{.1.7.

Then, there exists V€ RV ,,,(U,C), a |V| + ||8V]| Young function f of
type Y of generalized V' bounded variation, and a subsequence (Vi,, fi,) of
(Vi, fi) such that, as k — oo,

Vie = Vo Y(Vie, fisop) = YV, fop),  Y(IVill, fi) = Y IV, £),

where p : U x G(n,m) — U is the projection map.

Proof. By |3.2.24] there exist a varifold V' € RV ,,,(U,C), a ||V Young func-
tion g of type Y, and a subsequence (V;,, fi,) of (V;, fi) such that

Vie = Vo YV, fi,op) = Y(Vigop), Y([Vil, fi,) = Y(IVI, 9),
By [Fed69, 2.9.2], there exists a Borel subset of U such that |8V =
|10V || B and ||V ||(U ~ B) = 0. Define for z € dmng

g(x if r € BNdmng,
flay =490
60 ifr e U~B.
Then, fis a ||V + [|dV] Young function of type Y such that f(z) = g(z)

for ||V]| almost all z, and
Y(IVI, ) =Y(IVI,g) and Y(V,fop)=Y(V,gop).

Next, we will show that f has generalized V' bounded variation.

Suppose 0 < s < oo, T is the distribution associated with f as in
v e P(UR"® Ey), and G is an open set such that spt ¢ C G and Clos G is
a compact subset of U. From m and [AII72 4.11], we estimate

[ ([(z)df(z)) en(V,z)d||dV ] =
< [slo(@)djsV] =
< ssupim [[|8V][(G)
< ssupim || sup{||0V;||(Clos G) :1 € &},
and by 3.2.1§
| JJ S =D(x)df(z)dV (z,9)
= limsup| [ § = Du(x) (1) 4V (2, 5)
—thUP|f(f¢ ) dfi,(x)) e n(Vi, 2) d[[8V;, || = — T ()]
< supim [ sup{(s[[dVi|| + [ T7][)(Clos G) :i € Z}.

Therefore, it follows from (4.2)) that T* is representable by integration, hence
f possesses generalized V' bounded variation. O

72



Remark 4.1.17. We always have
Jf 8 # D) df(@)dV (z,8) = lm [[ S » D(x) dfy, () AV, (x.5)

for v € (U, R" @ E;) and 0 < s < oo. However, it may happen that T}
fails to converge to T; for instance, we may take V; to be the union of two
open rays RN {r:i ™' <r < oo} and RN {r:—co <r < —i~'} on which f;
is single-valued and has valued 1 and —1, respectively.

The following two lemmas show the relation between the distributions
associated with a Young function f and its pushforward hy f by a function

h.

Lemma 4.1.18. Suppose V€ V,,(U), Z is a finite-dimensional Banach
space, f is a ||V + ||0V]| Young function of type Y, h 1Y — Z is a map
of class 1, 0 < r < 00, 0 < s < oo, h ' [ZNB(0,7)] € Y NB(0,s), and
Q:E.(Z) — Es(Y) is defined by

Q(y)=~voh—(yoh)(0) whenever~ € E,.(Z).
Then, we have
Ty, (@) =T{(1r» ® Q) 0¢))  whenever ¢ € Z(U,R" ® E,(Z)),

where Ty, and T} are the distributions associated with the |[V|| + [[8V/]]
Young functions hyf and f as in[{.1.7

Proof. Let M = sup{||Dh(y)||:v € B(0,s)}. Then, the linear map 2 satis-
fies ||| < M, hence

Lip(1r» ® ) = |[1rn ® Q| < M;
it follows that €2 and 1gr» ® 2 are continuous. For x € dmn f and ¢ €
2(U,R"® E.(Z)), writing ¢(z) = Zle v; ® y;, we employ from (3.1.12 the

isomorphism of Banach spaces

Hom(R",R" ® B) ~ Hom(R",R") ® B whenever B is a Banach space,
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and compute

k

J (@) Al f)(w) = 3 f v @ dlhgf) (@)

k

= S (o m s

= (S Q) df(@)vi + (35 0 h)(0);

=1
k

= Z JAre @ Q)(v; @ %) df () + 30, [ ® 7 dSp)
=1

= [(Ars @ Q)((2)) df () + [ (x) d8ho);
on the other hand, since 1g» ® € is linear, we have
SaD((1rr @ Q) o))(z) = Q(S = Dep(x)) whenever (z,5) € U x G(n,m).

Finally, note that the distribution associated with the constant Young func-
tion 80y as in vanishes, and the assertion follows. O

Theorem 4.1.19. Suppose V€ V., (U), Z is a finite-dimensional Banach
space, fis a ||V|| + ||[8V]| Young function of type Y, and h : Y — Z is a
locally Lipschitzian function, 0 < r < 0o, 0 < s < oo, and h [ZNB(0,r)] C
Y NB(0,s). Then, we have

||T[L’#f|| < Lip(h|B(0,s +¢))|ITF]|  for alle >0,

where T;L"#f and T} are the the associated distributions of hyf and f as in
[£.1.7

Proof. If dimY =0, then Y = {0} and both f and hyf are constant Young
functions. It follows that 77 = 0 and Ty , = 0.

Let e >0,k =dimY >0, I : R*¥ — Y be a linear isomorphism, and
¢ € 2(RF) be such that ¢ > 0 and [ ¢ d.Z* = 1. Then, the smooth functions
h; : Y — Z defined by

hi(y) = [h(y — I(z)) - i*¢(ix) dL*z fory €Y and i € &

satisfy h(y) = lim;_,o hi(y) for y € Y, and Lip(h;|B(0, s)) < Lip(h|B(0, s +
g)) for i sufficiently large. By and [Fed69, 2.4.9], we have

S €d(hyf)(w) = lim [ €d(hip)(x)
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whenever x € dmn f and £ € R" ® E,.(Z); employing [Fed69, 2.4.9] again,
there holds

Ty, (W) = im Ty (¢) whenever ¢ € Z(U,R" ® E,(Z)).

1—00
Therefore, the assertion follows from 4.1.18| O

Corollary 4.1.20. Suppose V € V,,(U), Z is a finite-dimensional Banach
space, f is a Young function of type Y of generalized V' bounded variation,
and h :'Y — Z is a proper locally Lipschitzian function. Then, the pushfor-
ward Young function hyf is of generalized V' bounded variation.

4.2 Characterizations of GBV functions

In this section, we investigate other equivalent definitions of Young functions
of generalized bounded variation on varifolds.

Lemma 4.2.1. Suppose dimY > 0. The locally conver space E does not
have a countable base at 0; in particular, its topology is not metrizable.

Proof. Suppose Uy, Us, ... is a sequence of neighborhoods of 0 in E and
r1,T9,... are positive numbers such that

B(0,r;) N E; C U; whenever i € &.

Let v € Y with |[v| = 1, let y; = (i — 1/2)v , and define p; € E* by
wi(y) = (v, D(y;)) whenever i € &. Let g : Y — R be a function of class
1 such that (v,Dg¢(0)) # 0, sptg C B(0,1/2), and supim| Dg| = 1. Note
that the linear functional i : £ — R defined by

[e.e]

n(7) =Y (I Dg(O)) " mi(y) fory e E

i=1
satisfies p|E; = 20 (1| D g(O)|) "' E; € (E;)* for j € & and hence is a
member of £*. If we define

fity) =rigly —yi) fory ey,

then f; € B(0,r;) N E; C U;, D fi(y;) = 0 for i # j, and D f;(y;) = ;D g(0).
It follows that

(v, D g(0))| :
sup{|u(f)|: f e U} > =————== >0 whenever i € Z.
1D g(0)]]
Therefore, if Uy, U,, ... formed a local base of 0 in E, then p would fail to
be continuous at 0. ]
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Remark 4.2.2. To study the differentiability of functions f : U — FE, the no-
tion of differentiation in Fréchet spaces (see [Ham82l Part I]) is not available
for our setting.

Definition 4.2.3. If F is the strict inductive limit of a sequence of Banach
spaces F; with F; C F;1 for i € &, then a function f : U — F is said to
be of class k if and only if, for any x € U, there exists ¢ € & and an open
neighborhood V' of z such that f[V] C F; and f|V : V — F; is of class k.

Remark 4.2.4. If © < j € &2, then the inclusion map F; — F} is a home-
omorphic embedding and its image is a closed subspace of Fj;. It is thus
straightforward to verify that if f is of class £ and V' is an open subset of U
such that f[V] C Fj for some ¢ € &, then f|V : V — F; is of class k.

Definition 4.2.5. We denote by €*(U, R"® E) the vector space of functions
f:U—R"® FE of class k and let

CHUR"®E)=%¢"UR"® E)N{f:spt f is compact}.

Remark 4.2.6. Recall from [B.1.13] [3.1.14] [3.4.1](2), and that if K; is a
sequence of compact subsets of U such that U = Ufil K; and K; C Int K; 4
fori € &, then 2 (U, R"®F) is the strict inductive limit of %, (U, R"® E;).
Similarly as in [3.4.28] since €} (U, R)N#x, (U, R) and #%, (U, R)® (R"® E;)
are dense in #x, (U, R) and #%, (U, R" ® E;), respectively, we conclude that
CHU,R"® E) N Ak, (U,R" @ E;) is dense in #%, (U,R" @ E;). It follows
from that €}(U,R" ® E) is dense in # (U,R" ® E).

Lemma 4.2.7. Suppose L : €}(U,R" ® E) — R is linear. Then, the fol-
lowing statements are equivalent.

(1) L possesses a continuous linear extension to & (U, R"® E).

(2) Whenever K is a compact subset of U and 0 < s < oo, there exists
0 < M < oo such that

|L(1)] < M sup im [¢|
whenever ¢ € €H(U,R" ® E,) and spt¢ C K.
Proof. Combine [4.2.6| and [3.4.27] O]

Definition 4.2.8 (Alternative definition 1). Suppose V € V,,(U) and f is
a [[V] + ||V Young function of type Y. We define the linear map L :
¢ (U,R"® E) — R by

L) = [[n(V,z) = y(z)df(z)d]|oV]z
— [[ SeDuy(x)df(x)dV (z,9)
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whenever ¢ € €}(U,R" @ E). Then, f is termed to possess generalized V
bounded variation if and only if L satisfies [1.2.7|(1]) or [£.2.7)(2).

Remark 4.2.9. Since L,(0(z) ® v) = B(0,v) whenever § € 2(U,R") and
v € &(Y,R)NE, where B is as in [4.1.9 we conclude from [3.4.27 and |3.4.28|

that is equivalent to [4.1.9]

Remark 4.2.10. We define the linear map ¢ : €} (U,R"® F) - HN €' (U x
Y,R") by

uet()(z,y) = (ump(x))(y) whenever (z,y) € U xY and u € R".

Note that the map Es; xY — R defined by (v,y) — () is of class 1 because
v — y(y) is linear whenever y € Y, hence ¢ is well-defined. However, ¢ is
not surjective; in fact, the mixed second order derivatives D,, D, ¢() exist
whenever ¢ € €1/(U,R"® E), v € R", and w € Y, where D, and D,, denote
the operators of directional derivatives.

Definition 4.2.11 (Alternative definition 2). Suppose V € V,,(U) and f
is a ||[V] 4 ||8V]] Young function of type Y. We define the linear map 7 :
&(U x Y,R") N H — R by

T(¢) = [/ n(V.z) & d(z,y) df (z) ydl|oV] x
— [/ SeDo(z,y)or)df(x)ydV (z,5)

whenever ¢ € &(U XY, R")NH, where t : R — R" xY satisfies «(z) = (z,0)
for x € R™.

Then, f is termed to possess generalized V' bounded variation if and only
if whenever K is a compact subset of U and 0 < s < oo, there exists 0 <
M < oo such that

T(¢)| < Msup{||D¢(z,y) okl :2 €Uy €Y}

whenever ¢ € &(U x Y,R") N HgxB(0,5), Where £ : Y — R" x Y is given by
k(y) = (0,y) fory € Y.

Remark 4.2.12. Note that T(, . (v(y)0(x)) = B(0,v) whenever 0 € 2(U,R")
and v € &(Y,R) N E. From , we see dmnT N Hgp(o,s) is dense in
Hy«B(0,5) Whenever K is a compact subset of U and 0 < s < oo; it follows
from [3.4.27| that [4.2.11] is equivalent to [4.1.9
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4.3 Generalized weakly differentiable Young
functions

In this section, we present the definition of generalized weakly differentiable
Young functions on varifolds as well as the compactness theorem for such
functions.

Definition 4.3.1. Whenever V' € V,,(U), f is of generalized V' bounded
variation, and T* is associated with f as in for 0 < s < oo, we term f
generalized V' weakly differentiable if and only if || T%|| is absolutely contin-
uous with respect to |V|| for 0 < s < oo. In this case, there exists a ||V||
measurable function ¥ with values in (R"® F)* endowed with the R" ® E|
topology such that

[ IF*|d||V]| < oo whenever K is a compact subset of U

and

T*(¢) = [(W(x), F*(x)) d||V] z
whenever ¢ € Ly (||T%||,R" ® E;) and 0 < s < co by [MS25bl, 3.2]. Such F*
is ||V]| almost unique by [MS25b] 3.3].

Remark 4.3.2. Note that T"|2(U,R" ® E;) = T* whenever 0 < s < r < 0.
From the uniqueness of F**, we have

Fr(z)|[R"® Es = F*(x) for |V] almost all x
whenever 0 < s <r < 0o. Let D consist of all x € U such that
Fi(z)]R"® E; = F/(z) whenever i,j € & with j < i,
then ||V||(U ~ D) = 0. Therefore, the relation
(n,F(x)) = ilirglo(n, F'(r)) whenever n € R"® E and x € D

defines a ||V|| measurable function with values in (R" ® E)* with respect to
the weak topology by [3.1.14] and [3.2.6] Accordingly, we have

T() = [((x), F(z)d|V]
whenever ¢ € ¥ (U, R" ® E).
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Remark 4.3.3. Consider the isomorphism (R"® E)* ~ Hom(R", E*) and let
v € R". By [3.4.20] we may represent (v, F(x)) by a member p in the dual
space £ (Y, Hom(Y,R))* such that

(v: (v, F(x))) = u(Dv)  whenever v € E.

However, if dimY > 2, such representations are far from unique even when
constraint to satisfy sptu C spt f(x); for instance, suppose V € IVi(R)
satisfies ||V = £, Y = R?, and f(z) = £? C for x € R, where C' denotes
the unit square in R2?, then f is generalized V weakly differentiable with
derivative F' = 0, but there exists 0 # p € 2 (Y, Hom(Y,R))* representing

(1, F(x)) € E* such that spt u C spt f(x), see|3.4.21}

Remark 4.3.4. Let I : E — E be the linear map defined by 7 — 7 — 7(0)
for ¥ € E. Note that supim | D I(3)|| = supim | D7| whenever 5 € E. If
f is generalized V' weakly differentiable, then for 0 < s < oo, there exists a
|V || measurable function F* with values in (R™ ® E,)* with respect to the
R" ® F, topology such that

[ |Fs(z)|d||V||z < 0o whenever K is a comapct subset of U

and

J@@), P@)dVile = [ (f @) df@) en(V.z)d|sV ]2
— [ S e [Di(z)df(x)dV (x,5)

whenever 1 € 2(U,R"* ® E*) and 0 < s < oo; in fact, we may take F*(z) =
F*(z)o(1rn®1) whenever z € dmn F**. The converse is true when dimY” > 2
because [ \ES is a norm-preserving isomorphism onto £ whenever 0 < s < oo.
Remark 4.3.5. Suppose g is a ||[V]|+ ||0V|| measurable Y-valued function and
[ =28ogisasin[3.2.5 If gis a generalized V weakly differentiable function in
the sense of [MSI18, 4.2], then f is generalized V' weakly differentiable in the
sense of and their derivatives V' D g and F'* are related by the equation

(v,D7(g(x)) oV Dyg(z)) = (v @7, F*(x))

whenever 0 < s < o0, v € E,, and V € R".

Remark 4.3.6. By4.1.19] if Z is a finite-dimensional Banach space, h : Y — Z
is a proper locally Lipschitzian map, and f is generalized V' weakly differen-
tiable, then so is hy f.
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Similar to 4.1.12f and |4.1.13] we define the weak differentiability of mea-
surable functions with values contained in the topological dual of some sepa-
rable Banach space and the relation of such functions to generalized weakly
differentiable Young functions is studied.

Definition 4.3.7. Suppose V € V,,,(U), Z is a separable Banach space, and
f is a function of locally (V, Z) bounded variation. We say f is (V, Z) weakly
differentiable if and only if ||T'|| is absolutely continuous with respect to ||V||,
where T is the distribution associated with f as in[4.1.12]

In this case, there exists a ||V|| measurable (R™ ® Z)*-valued function F
with respect to the R® ® Z topology such that |F| € L<(|[V]|) and

To(0(x) © 2) = [(B(x) @ 2, F(x)) d||V ]|

whenever z € Z and 6 € 2(U,R"™) by [MS25b], 3.2]. Such F' is ||V almost
unique by [MS25b] 3.3].

Lemma 4.3.8. Suppose V € V,,,(U) and f is a |V + |0V Young function
of type Y. Then, f is generalized V' weakly differentiable if and only if f is
(V, E;) weakly differentiable whenever 0 < s < oo.

Proof. By [4.1.13], the assertion is obvious. O
Theorem 4.3.9 (Compactness). Suppose C' is as in|3.2.29, V; € RV, (U, C),

|8Vi]| is a Radon measure, ||dV;|| is absolutely continuous with respect to
I\Vill, and f; is a generalized V; weakly differentiable Young function of type
Y whenever i € &, such that

Jim sup{Y (Vi F)(K x (¥ ~B(O.0):i € 2} =0, (43
sup{||Vi||(K):i € £} < 0, (4.4)

Tim sup {fm{x:m(m)bt} Ih(V;, 2)| d|| V|| 227 € @} —0, (45
lim sup { [y ooy |2 IVl € 2} =0, (4.6)

whenever K s a compact subset of U and 0 < s < 0o, where I is associated

with f; as in[4.3.1]

Then, there exist V- € RV ,,(U,C), a generalized V' weakly differentiable
Young function f of type Y, and a subsequence (V;,, fi.) of (Vi, fi) such that,
as k — oo,

Vie= Vo Y(Vi, fi,op) = Y (V. fop), Y([Viil, fi) = Y IV, /),

where p: U x G(n,m) — U 1is the projection map.
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Proof. Note that from (4.4)), (4.5) and (4.6 we have
sup{([[V|| + I8Vl + 7| (K):i € P} < o0

whenever K is a compact subset of U, where 7} is associated with f; as in
Then, most of the conclusions follow from |4.1.16, and it remains to
show that f is generalized V' weakly differentiable, or equivalently, that ||7°||
is absolutely continuous with respect to ||V'|| whenever 0 < s < oo, where T
is the distribution associated with f as in [£.1.7]

Let V;, and f;, be the subsequences of V; and f; obtained in the last
paragraph. Suppose € > 0, 0 < s < 0o, and A is a subset of U such that
Clos A is a compact subset of U and ||[V](A) = 0. From and ([4.6)),
there exist t > 0 and an open set G such that

Clos G is a compact subset of U, A C G, [|[V](G)
sup {f(ClosG)ﬁ{z oo BV 2) [ d[ Vil 2 i e 9}
Sup{f(ClosG)ﬂ{x:|Fs Jory | ECIAVi] i € '@}

For g € 2(U,R") with spt g C G and supim |g| < 1, we estimate by [AlIT2]
2.6(2c¢)]

St
<e

3V (g)| = lim | [ g(z) e h(V;,z)d||V;|| z|
< tlimsup ||Vi||(spt g) + &
1—00
< t|[V|(sptyg) +e
< 2¢,

hence [[V]|(A) < [|8V]|(G) < 2e, and we conclude ||[6V]| is absolutely con-
tinuous with respect to ||V||. Let v € 2(U,R" ® E;) with spt¢ C G and
supim [¢] < 1. By 3.2.18 [MS25b] 3.21], and [AII72] 2.6(2c)], we have

[ S e [Di(a)df(2)dV (a,9)
= limsup| [ S's [ Dev(z) dfi (r) Vi (2 5)

<hmsup|f(f?/) ) dfi,(x)) e h(V;,, ) d|[V;, | |

+ limsup |7 ()

k—o0

s(tlimsup [|V;,[[(spt ¢) + €)
k—o00

T tlimsup |V, | (spt ) + 2
k—o00

< 2e(s+1).
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On the other hand, by [MS25bl 3.21] and [4.1.2| we have
[ ([v(z)df(z)) en(V,z)d||5V]z < s [, h(V,2)|d||V] =

Therefore, we conclude ||7%|| is absolutely continuous with respect to ||V||.

]

Remark 4.3.10. The example in shows that the hypothesis on absolute
continuity of the first variation with respect to the weight measure of varifolds
cannot be omitted; in fact, the limit function in this example has a jump
discontinuity at 0 € R.

Lemma 4.3.11. Suppose V- € RV,,(U). Then, every locally Lipschitzian
|V ||41|8V]| Young function f of type Y is generalized V' weakly differentiable.
Moreover, for 0 < s < oo and v € E, the function F*® associated with f as

in[4.5.1) satisfies, for |V| almost every x,
<v ® 7, F*(z)) = (v,V D f,(x)) wheneverv e R",

where f(x) = [vydf(x)

Proof. Let 0 < s < oco. For v € Fg, and 0 € 2(U,R"), letting 7(x) =
Tan™(||V||, z) whenever Tan™(||V||,z) € G(n,m), we deduce from [Menl2]
4.5(4)] that

T/ (y)o(x)en Vw) df( Jyd||sV| =
= [(O(2), ([VIl,m)apD f,(z) o 7(z)) d||V[z
+f(f7df ) T(z) e DO(x)d||V] .

Let D be a countable dense subset of E, such that D is a vector space over
the field Q of rational numbers and let

A=dmn7nN ﬂ dmn(||V||,m)apD f..
yeD

By [Meni2, 4.5(2)], ||V||(U~A) = 0. Note that fy 1, = fy,, + f, for
71,72 € E. For x € A, we define a bilinear form B(z) : R" x D — R over Q
by the requirement

B(x)(v,y) = (v, (||[V]|,m)apD f,(z) or(z)) for v e R" and vy € Ej.

Since ||B(z)|| < lim, o4 Lip(f|B(z,7)) < oo, B(z) extends uniquely to a
continuous bilinear form R™"x E; — R over R; by [3.1.10} there exists F*(x) €
(R™ ® E,)* such that [|[F*(x)| = ||B(z)|| and

(v@~y, F¥(x)) = B(x)(v,y) forveR"and~y e D.
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Since the image of the canonical map R"® D — R" ® Ej is dense, where the
tensor product R™ ® D is taken over Q, we conclude from [Menl2 4.5(1)]
and that F* is |V measurable. By [Menl6l 3.1], the image of the
canonical map Z(U,R") ® E; - 2(U,R" ® Ej) is dense whence we infer

T°(¢) = [(Y(x), F5(z)) d||V||z whenever ¢ € 2(U,R" ® Ej),

and the assertion follows. Finally, the postscript follows from [Menl6l, 8.7].
O

The following lemma shows that the join of two generalized weakly differ-
entiable Young functions is again generalized weakly differentiable provided
one of them is locally Lipschitzian.

Lemma 4.3.12. Suppose V€ RV, (U), Z is a finite-dimensional Banach
space with dim Z > 1, dimY > 1, f is a generalized V' weakly differentiable
Young function of type Y, and g is a locally Lipschitzian |V'|| 4 |0V Young
Junction of type Z. Then, h = [ X g is generalized V' weakly differentiable.
Moreover, for 0 < s < oo and ||V almost all x, the function H® associated

with h as in is characterized by

(v &7, H(2)) = [(v @3y, ), G (2)) df (x) y
+ [(w®7(,,2), F*(x)) dg(z) 2
whenever v € R™ and 5 € E,(Y x Z), where F* and G* are the functions

associated with f and g as in[{.3.4] andY X Z is endowed with the norm with
value sup{|y|, |z|} at (y,2) €Y x Z.

Proof. Define H*(x) as in the conclusion for € dmn F* N dmn G*. Observe
that H* is a ||V[| measurable function with values in (R" @ E(Y x Z))* with
respect to the R" ® Ey(Y x Z) topology such that

[ |H#|d||V|| < 0o  whenever K is a compact subset of U.

Let 0 € 2(U,R") and let Y(y,z) = %(y)%( ) for (y,2) € Y x Z, where
31 € E,(Y) and 3, € E,(Z). Define g5 (x) = [F2dg(x) whenever z € U.
Approximating the locally Lipschitzian functlon g5, by means of convolution
and noting [Menl12l 4.5(3)] and [Menl6, 8.7], we compute

JI7200(x) © 71, F*(x)) dg () ||V
= [ ([ dh(z)) O(z) en(V,z)d||5V | =
— [(f7dh(z))Db(z) e SAV (z,5)
~ [ (/3 df(@)) (6(a). VD gy (o)) V] o
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On the other hand, by 4.3.11],

JI71(6(x) © 7, G*(x)) df (2) d||V]| 2
= [ (J 71 df(2)) (0(z), VD g5, (2)) ||V .

Therefore, the function H* satisfies

J@ @), B @) d[[V|z = [[n(V,z) = §(z) dh(z) d||5V] =
— [[ S aDy(z)dh(z)dV (z,5)

where 1 € 2(U,R" ® E,(Y x Z)) with ¢(z) = 6(z) ® 7 for z € U. Using
mollification, we can show that the image of the canonical monomorphism
Ey(Y)® EJ(Z) = E,(Y x Z) is dense, see [Fed69, 1.1.3, 4.1.2, 4.1.3]. By
[Men16, 3.1}, the previous equation of H* holds for arbitrary @Z € 2(ULR"®
Ey(Y x Z)) and the assertion follows from m O

Remark 4.3.13. The condition that g is locally Lipschitzian can not be omit-
ted. To construct a counterexample, let R;, V;,V, f, g, h be as in [Men16, 8.25]
and let v; be the vector in R? such that |v;| = 1 and R; = {rv;:r € R,r > 0}.
By[£.3.5 8o f and § o g are generalized V weakly differentiable Young func-
tions of type R. Let 0 < s < oo and let T” be the distribution associated
with 8 o A. Then, we compute

T5(¢) — ffS = D@Z)(ZE) d&h(x) dV (ZE, S)
= [vr m9(0)d8(1,1) + [ v3 m1(0) A8y,
+ [ s mp(0)d8 o1y + [ vs m(0) A0

whenever ¢ € Z(R*, R*® E,(R x R)). Hence, | T¢||(R*~{0}) = 0. Choose
v € Es(RxR) and 8 € 2(R? R?) such that spty C B((1,1),271), v(1,1) #
0 and 6(0)ewv; # 0, then T, (6(z) ®7) # 0. Therefore, ||7*[| is not absolutely
continuous with respect to ||V]|, hence 8oh = (8o f) x (80g) is not generalized
V' weakly differentiable.
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