
國立臺灣師範大學理學院數學系 

博士論文 

Department of Mathematics, College of Science 

National Taiwan Normal University 

Doctoral Dissertation 

 

 

泛簇上的楊氏函數 

Young functions on varifolds 

 

周鑫壯 

Hsin-Chuang Chou 

 

 

指導教授：孟悟理 博士 

Advisor: Ulrich Menne, Ph.D. 

 

中華民國114年6月 

June 2025 



Acknowledgements

The author would like to thank his PhD supervisor, Prof. Ulrich Menne, and
his PhD co-supervisor, Dr. Nicolau Sarquis Aiex, for reading the thesis and
constantly giving comments and suggestions during his PhD program. Also,
the author would like to thank Dr. Christian Scharrer for comments on the
introduction. Finally, the author would like to thank Mr. Yu-Tong Liu for
consultation on functional analysis. This project was motivated by questions
in discussions between Prof. Ulrich Menne and Prof. Heiner Olbermann. The
author was supported by the NTNU “Scholarship Pilot Program of the Min-
istry of Science and Technology to Subsidize Colleges and Universities in the
Cultivation of Outstanding Doctoral Students”. The contents in Chapter 2
have been published, see [Cho23] and [Cho22].

i



Abstract

In the thesis, we intend to study the convergence of pairs of surfaces and
smooth functions thereon. To capture their limit, we study the convergence of
pairs of integral varifolds and Young functions (a measure-theoretic model of
surfaces with multiplicity and multiple-valued functions) via their associated
graph measures on the product space. To take differentiability into account,
we develop the notions of weak differentiability and bounded variation of
Young functions; moreover, the compactness properties of pairs of integral
varifolds and weakly differentiable or BV Young functions are established.

To this end, we study the topological vector structures of several test
function spaces and introduce the concept of integral indecomposability—a
notion of indecomposability tailored to our setting. Moreover, an existence
theorem for integral decompositions of integral varifolds is established. The
analysis of integral decompositions is carried out for a larger class of recti-
fiable varifolds, for which a compactness theorem analogous to the one for
integral varifolds is obtained.

Keywords: varifolds, Young measures, multiple-valued functions, Young
functions, graph measures, bounded variation, weak differentiability, com-
pactness, indecomposability, decompositions
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Chapter 1

Introduction

1.1 Motivation

Hypotheses. In this chapter, suppose m and n are positive integers, Y
is a finite-dimensional Banach space, U is an open subset of Rn, and V is
an m-dimensional varifold in U such that ∥δV ∥ is a Radon measure. For
terminology and notation, see 1.3.

Our study is motivated by the following question: In a Euclidean space,
considering a sequence of smooth surfaces and smooth functions thereon
such that over compact subsets, the area of the surfaces and the integrals of
mean curvatures, the functions themselves and their derivatives are uniformly
bounded, what is the limit of these pairs, and what can we say about the
smoothness of the limit? Let us first focus on the first question. Note that
varifolds (see [All72]) are a natural candidate to model the convergence of the
surfaces to retain information on their mean curvature in the limit process.
With this model, we allow surfaces to have multiplicity, and the following
example shows that we should also allow functions to have multiple values.
Consider two parallel lines approaching each other, and on each of them,
the functions have constant values 1 and −1, respectively; in this case, the
expected limit should consist of a line of density 2 and a constant two-valued
function thereon. Therefore, we model such pairs with varifolds and Young
functions as defined below.

Definition (see 3.2.4). Suppose X and Z are locally compact Hausdorff
spaces and µ is a Radon measure over X. By a µ Young function f of type
Z, we mean a µ measurable P(Z)-valued function f , where P(Z) denotes
the space of probability Radon measures over Z endowed with the initial
topology induced from the maps ν 7→

∫
f dν for ν ∈ P(Z) corresponding

to continuous functions f : Z → R with compact support. Moreover, if
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V ∈ IVm(U), we term a ∥V ∥ Young function f of type Z to be integral
if and only if for ∥V ∥ almost all x, letting k = Θm(∥V ∥, x), there exist
z1, z2, . . . , zk ∈ Z such that f(x) = k−1

∑k
i=1 δzi .

Compared with Almgren’s Q-valued functions (see [Alm00] or [DLS11]),
the values of Young functions can be diffuse; also, the number of values can
vary from one point to another as prescribed by the density. Note that L n

measurable Q-valued functions can be canonically identified as integral ∥V ∥
Young functions, where V ∈ IVn(Rn) satisfies ∥V ∥ = QL n. For pairs of
measures and Young functions, we define their associated graph measures.

Definition (see 3.2.8). Suppose X and Z are locally compact Hausdorff
spaces, µ is a Radon measure over X, and f is a µ Young function of type
Z. We define the graph measure Y(µ, f) associated with µ and f to be the
Radon measure over X × Z such that∫

ϕ dY(µ, f) =
∫
ϕ(x, y) df(x) y dµx

whenever ϕ : X × Z → R is a continuous function with compact support.

If X and Z have countable bases and g is a µ measurable Z-valued func-
tion, then the formula f(x) = δg(x) defines a µ Young function of type Z and
Y(µ, f) is the pushforward of µ by the map x 7→ (x, g(x)). The convergence
of pairs of measures and Young functions is then defined to be the weak
convergence of their associated graph measures.

To answer the second question in the first paragraph, we should develop
notions of differentiability for Young functions on varifolds. For 0 ≤ s <∞,
denote by Es the space of all continuously differentiable functions γ : Y → R
such that γ(0) = 0 and spt D γ ⊂ B(0, s), and endow E =

⋃
{Es : 0 ≤ s <∞}

with the locally convex final topology induced from the inclusions Es → E
corresponding to 0 ≤ s < ∞, see 3.3.1. A notion of differentiability of
Y -valued functions on varifolds was introduced by Menne.

Definition (see [Men16, 8.3] and [MS18, 4.2]). A ∥V ∥ + ∥δV ∥ measurable
Y -valued function g is termed to be generalized V weakly differentiable if and
only if there exists a Hom(Rn, Y )-valued function V D g such that∫

K∩{x : |g(x)|≤s}
∥V D g∥ d∥V ∥ <∞

whenever K is a compact subset of U and 0 ≤ s <∞, and such that∫
⟨θ(x),D γ(g(x)) ◦ V D g(x)⟩ d∥V ∥x =

∫
γ(g(x))θ(x) • η(V, x) d∥δV ∥x

−
∫
γ(g(x))S • D θ(x) dV (x, S)
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whenever θ ∈ D(U,Rn) and γ ∈ E. We denote by T(V, Y ) the class of such
functions g.

In the definition, we require the post-composition of g with functions
γ ∈ E, instead of merely the function itself, to satisfy the integration-by-
parts identity because otherwise, the resulting class of functions is not stable
under post-composition (e.g., truncation), see [Men16, 8.27]. Let W (V, Y )
denote the space consisting of g ∈ T(V, Y ) such that g ∈ Lloc

1 (∥V ∥+∥δV ∥, Y )
and V D g ∈ Lloc

1 (∥V ∥,Hom(Rn, Y )); then, we will refer to members of
W (V, Y ) as Y -valued V weakly differentiable functions. If V ∈ IVn(Rn) with
∥V ∥ = L n, then T(V,R) agrees with the space T 1,1

loc (Rn) as in [BBG+95,
p. 244], where the letter “T” in the name of these spaces stands for trun-
cation; moreover, the space W (V, Y ) agrees with the local Sobolev space
W1,1

loc(R
n, Y ). In stark contrast with W1,1

loc(R
n, Y ), it may happen for general

V that f, g ∈ W (V,R) but f + g /∈ W (V,R) and h = (f, g) /∈ W (V,R2), see
[Men16, 8.25]. In other words, weak differentiability of components does not
imply that of the function itself. Such difficulties are also expected for our
general setting; therefore, our definition of that concept for Young functions
genuinely includes the case dimY ≥ 2.

Our goal is to obtain a compactness theorem for pairs of integral varifolds
and [generalized weakly differentiable] integral Young functions. Following
Allard’s approach (see [All72]) to the compactness theorem for integral var-
ifolds, we will start with the theory of general Young functions which com-
prises definitions of different notions of differentiability for general Young
functions.

1.2 Results and strategies

We will outline the results by chapter.
Chapter 2. In the theory of weakly differentiable functions, the be-

havior of functions is closely related to the connectedness properties of the
domain; for instance, to establish a Poincaré inequality for weakly differen-
tiable (single-valued or multiple-valued) functions on varifolds, we shall first
determine the class of functions with zero derivatives; in fact, we expect that
if V ∈ IVm(U) and an integral ∥V ∥ Young function f which is also a ∥δV ∥
Young function has zero derivative, then there exists an integral decomposi-
tion of V into countably many integrally indecomposable varifolds W such
that f is single-valued on each W . Therefore, we start with the integral
indecomposability of integral varifolds before diving into the differentiability
theory of Young functions. In [Men16, 6.2], the notion of indecomposabil-
ity of general varifolds V was introduced by means of the distributional V
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boundary of sets; more precisely, V is termed indecomposable if and only
if there exists no ∥V ∥ + ∥δV ∥ measurable set B such that ∥V ∥(B) > 0,
∥V ∥(U ∼B) > 0, and the distributional V boundary V ∂B of B is identi-
cally zero. Accordingly, a plane of multiplicity 2 is indecomposable. For our
purpose, we instead make the following definition.

Definition (see 2.2.1). Suppose V ∈ IVm(U). Then V is called integrally
indecomposable if and only if there exists no W ∈ IVm(U) such that W ≤ V ,
W ̸= 0, V −W ̸= 0, ∥V ∥ = ∥W∥+∥V −W∥, and ∥δV ∥ = ∥δW∥+∥δ(V −W )∥.

Roughly speaking, we allow an integral varifold V to be decomposed
not only by restriction to subsets of zero distributional V boundary but
also by peeling off sheets without producing extra boundary. For instance,
a plane of multiplicity 2 can be integrally decomposed into two identical
planes of multiplicity 1. It turns out that indecomposability and integral
indecomposability are equivalent if V ∈ IVm(U) has unit density ∥V ∥ almost
everywhere and ∥δV ∥ is absolutely continuous with respect to ∥V ∥, see 2.2.2
and 2.2.6. Therefore, just as decompositions, integral decompositions are
not unique, see 2.3.9. The main goal of this chapter is to show the following
existence theorem for integral decompositions:

Theorem A (see 2.3.12). Suppose V ∈ IVm(U). Then, there exist a count-
able subset H of IVm(U) and a function ξ : H → {1, 2, . . . } such that W is
nonzero and integrally indecomposable whenever W ∈ H, and such that

V (k) =
∑
W∈H

ξ(W )W (k), ∥δV ∥(ℓ) =
∑
W∈H

ξ(W )∥δW∥(ℓ)

whenever k : U × G(n,m) → R and ℓ : U → R are continuous functions
with compact support.

Moreover, our result can be generalized to larger classes RVm(U,C) of
rectifiable varifolds V such that Θm(∥V ∥, x) ∈ C for ∥V ∥ almost all x, when-
ever C is a closed subset of R such that inf C ≥ 1 and c + d ∈ C for
c, d ∈ C; for these classes, we also prove a compactness theorem in an ap-
proach analogous to Allard’s compactness theorem for integral varifolds, see
2.3.1, 2.3.3(1), and 2.3.4.

Chapter 3. Suppose X and Z are locally compact Hausdorff spaces that
possess countable bases. Consider the class of Radon measures Γ over X×Z
such that Γ(K × Z) < ∞ whenever K is a compact subset of X, for which
we study the compactness property and present a disintegration theorem, see
3.2.17 and 3.2.21. Consequently, we have the following compactness theorem
for pairs of varifolds and Young functions.
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Theorem B (see 3.2.24). Suppose V ∈ IVm(U), Vi is a sequence in IVm(U)
such that V = limi→∞ Vi, and fi is a sequence of ∥Vi∥ Young function of type
Y such that whenever K is a compact subset of U , there holds

lim
s→∞

sup{Y(∥Vi∥, fi)(K × (Y ∼B(0, s))) : i ∈ {1, 2, . . . }} = 0.

Then, there exists a ∥V ∥ Young function f of type Y such that, possibly
passing to a subsequence, we have

lim
i→∞

Y(∥Vi∥, fi) = Y(∥V ∥, f); lim
i→∞

Y(Vi, fi ◦ p) = Y(V, f ◦ p),

where p : U ×G(n,m) → U is the projection map.

The boundedness condition assures that the mass of graph measures
cannot escape to infinity; for instance, we exclude the case that Y = R,
Vi = V ̸= 0, and fi are constant functions with value δi for each positive
integer i.

Next, we define typical operations on the space of probability measures,
such as pushforward, Cartesian product, and convolution, see 3.3.19, 3.3.20,
and 3.3.25, respectively. Since Dirac-measure-valued µ Young functions of
type Y must be of the form δg(·) for some µ measurable Y -valued function g,
see 3.2.5, these operations acting on the class of Young functions then cor-
respond to the post-composition, join1, and addition of Y -valued functions.
Note that the notion of addition of multiple-valued functions is also new to
the theory of Q-valued functions, but the addition of two Q-valued functions
will be a Q2-valued function, see 3.3.22(3).

Finally, the definition of generalized V weakly differentiable Y -valued
functions suggests that it is expedient to view Young functions of type Y as
E∗-valued functions; indeed, we use E as the space of test functions in the
target space of Young functions to define the notions of differentiability of
Young functions in Chapter 4. With this in mind, we study the topological
vector space structure of E and give a homeomorphic embedding of E into
a space of continuous functions with compact support, see 3.4.19. Moreover,
we use E to define a pseudo-metric on P(Y ) and the notion of Lipschitz
continuity for Young functions, see 3.3.6 and 3.3.9. To study the differentia-
bility of Young functions via their associated graph measures, we define the
space H of certain test functions η : U × Y → Rn; again, a homeomorphic
embedding of H into a space of continuous functions with compact support
is established, see 3.4.25.

Chapter 4. To present the results in this chapter, we shall define the
distributional derivatives of Young functions on varifolds.

1Suppose A, B, and C are sets and f : A → B and g : A → C are functions. By the
join of f and g, we mean the function A → B × C given by a 7→ (f(a), g(a)).
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Definition (see 4.1.7). Whenever 0 ≤ s <∞ and f is a ∥V ∥+ ∥δV ∥ Young
function of type Y , there exists a distribution T s ∈ D ′(U,Rn ⊗Es) uniquely
characterized by the requirement that

T s
(x)(θ(x) ⊗ γ) =

∫ (∫
γ df(x)

)
θ(x) • η(V, x) d∥δV ∥x

−
∫ (∫

γ df(x)
)
S • D θ(x) dV (x, S)

whenever θ ∈ D(U,Rn) and γ ∈ Es. In this case, we say f possesses gen-
eralized V bounded variation (GBV) if and only if ∥T s∥ is a Radon measure
whenever 0 ≤ s <∞, see 4.1.9.

If Y = R and g is a ∥V ∥ + ∥δV ∥ measurable R-valued function, such
a notion is characterized in [MS25b, 4.2] via the distributional boundary of
the subgraph of g; in this case, if f satisfies f(x) = δg(x) for x ∈ dmn g, then
the two notions of GBV agree, see 4.1.11. Note that our definition allows for
the case dimY ≥ 2 which is new even for the single-valued case. For Young
functions of type R, a characterization analogous to the aforementioned one
in the single-valued case is established, see 4.1.14. Next, we present the
compactness theorem of GBV Young functions.

Theorem C (see 4.1.16). Additionally to the hypotheses of the compactness
theorem for pairs of varifolds and Young functions, Theorem B, suppose that
each fi possesses generalized Vi bounded variation, and that whenever 0 ≤
s <∞, their associated distributions T s

i satisfy

sup{∥T s
i ∥(K) : i ∈ {1, 2, . . . }} <∞ whenever K is a compact subset of U .

Then, we can require the limit Young function f in the conclusion to possess
generalized V bounded variation.

From the compactness theorem of pairs of varifolds and Young functions,
we only obtain a ∥V ∥ Young function f as the limit, and to assure the ∥δV ∥
measurability of f , we shall specify the value of f on the singular part of
∥δV ∥; we readily check that the choice of values does not affect whether f is
GBV. However, in general we do not have weak convergence of derivatives; in
fact, the limit function f may have non-zero derivative even if the derivatives
of the functions fi vanish. For instance, consider the example that Vi is the
union of two disjoint open rays in R pointing in opposite directions with
endpoints approaching each other; on each ray, fi has constant values 1
and −1 respectively. In this example, each fi has zero derivative and Vi
has nontrivial first variation, but the first variation of the varifolds transfers
through the limit to the variation of the limit function, see 4.1.17.

Next, we define generalized V weak differentiability of Young functions.
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Definition (see 4.3.1). We say a ∥V ∥ + ∥δV ∥ Young function of type Y is
generalized V weakly differentiable if and only if it possesses generalized V
bounded variation and, whenever 0 ≤ s <∞, the variation measure ∥T s∥ of
its associated distributions T s is absolutely continuous with respect to ∥V ∥.

In this case, there exists a ∥V ∥ almost unique ∥V ∥ measurable (Rn⊗E)∗-
valued function F such that

T s
(x)(θ(x) ⊗ γ) =

∫
⟨θ(x) ⊗ γ, F (x)⟩ d∥V ∥x

whenever 0 ≤ s <∞, θ ∈ D(U,Rn), and γ ∈ Es, see 4.3.2. Next, we present
three examples. The first two thereof demonstrate the connection of our
general theory to the main model cases. The third one illustrates a difficulty
peculiar to the general setting.

Examples. Consider the isomorphism (Rn ⊗ E)∗ ≃ Hom(Rn, E∗) and let
v ∈ Rn.

(1) Suppose g is a generalized V weakly differentiable Y -valued function.
Then the formula f(x) = δg(x) for x ∈ dmn g defines a generalized V
weakly differentiable Young function of type Y , and their derivatives
V D g and F are related by the equation

⟨v,
∫

D γ(y) ◦ V D g(x) df(x) y⟩ = ⟨γ, ⟨v, F (x)⟩⟩ whenever γ ∈ E

for ∥V ∥ almost all x, see 4.3.5; for such x, we have

spt⟨v, F (x)⟩ ⊂ {g(x)} = spt f(x).

(2) Suppose Q is a positive integer, g is a Lipschitzian QQ(Y )-valued
function on Rn, and V ∈ IVn(Rn) satisfies ∥V ∥ = QL n. Then
the formula f(x) = Q−1∥g(x)∥ for x ∈ Rn defines a generalized V
weakly differentiable integral Young function of type Y , see 3.2.7 and
4.3.11. Based on [Men10, 2.5], it can be shown that there exists
G ∈ L∞(Y(∥V ∥, f),Hom(Rn, Y )) such that

⟨v,
∫

D γ(y) ◦G(x, y) df(x) y⟩ = ⟨γ, ⟨v, F (x)⟩⟩ whenever γ ∈ E

for ∥V ∥ almost all x; for such x, we have

spt⟨v, F (x)⟩ ⊂ spt g(x) = spt f(x).

7



(3) Suppose Y = R2, V ∈ IVn(Rn) with ∥V ∥ = L n, and f : Rn → P(R2)
is defined by f(x) = L 2 ⌞C, where C denotes the unit square in R2.
Then, f is generalized V weakly differentiable with F = 0. However,
whenever 0 ̸= X ∈ DC(R2,R2) with divX = 0, its associated function
G : Rn × R2 → Hom(Rn,R2) defined by ⟨v,G(x, y)⟩ = X(y) for
(x, y) ∈ Rn ×R2 satisfies

⟨v,
∫

D γ(y) ◦G(x, y) df(x) y⟩ = 0 = ⟨γ, ⟨v, F (x)⟩⟩ whenever γ ∈ E

for ∥V ∥ almost all x; for such x, we have

sptG(x, ·) = sptX ⊂ C = spt f(x).

Such vector fields X can be constructed as in 3.4.21.

In the first two examples, for ∥V ∥ almost all x, there exists an f(x) almost
unique map G(x, ·) : Y → Hom(Rn, Y ) representing F (x) ∈ Hom(Rn, E∗)
via the equation

⟨v,
∫

D γ(y)◦G(x, y) df(x) y⟩ = ⟨γ, ⟨v, F (x)⟩⟩ whenever v ∈ Rn and γ ∈ E.

The third example shows that such representations are not unique for general
Young functions. Initially, we were targeting only the concept of and com-
pactness theorem for generalized V weak differentiability of integral Young
functions; following the two model cases (i.e., the first two examples), we
intended to work with the following property which, in retrospect, could
be called strong generalized V weakly differentiability: it is satisfied by a
∥V ∥ + ∥δV ∥ Young function f of type Y if and only if there exists G ∈
Lloc

1 (Y(∥V ∥, f),Hom(Rn, Y )) such that∫
⟨θ(x),D γ(y) ◦G(x, y)⟩ df(x) y d∥V ∥x

=
∫ (∫

γ df(x)
)
θ(x) • η(V, x) d∥δV ∥x

−
∫ (∫

γ df(x)
)
S • D θ(x) dV (x, S)

whenever γ ∈ E and θ ∈ D(U,Rn). Although, as the third example shows,
such functions G may fail to be unique, the main advantage of this defini-
tion would be to avoid heavy functional analytic machinery. However, we
could not establish any compactness theorem. Thus, we have made a more
functional analytic definition (the one employed in this thesis) which allows
us to obtain a compactness theorem and which readily generalizes to include
GBV Young functions in our treatment. Clearly, strong generalized weak
differentiability implies generalized weak differentiability, but the converse is

8



an open problem even if the Young function is associated with a Y -valued
function. That is, if g is a ∥V ∥ + ∥δV ∥ measurable Y -valued function and
the Young function f defined by f(x) = δg(x) for x ∈ dmn g is generalized V
weakly differentiable, then it is unknown whether g is necessarily generalized
V weakly differentiable; in fact, it is not even clear whether, for v ∈ Rn, we
are ensured that

spt⟨v, F (x)⟩ ⊂ spt f(x) for ∥V ∥ almost all x.

Finally, we shall present the compactness theorem for generalized V weakly
differentiable Young functions.

Theorem D (see 4.3.9). Additionally to the hypotheses of the compactness
theorem for pairs of varifolds and Young functions, Theorem B, suppose that
1 < p < ∞, ∥δVi∥ is absolutely continuous with respect to ∥Vi∥ and fi is
generalized Vi weakly differentiable for positive integers i, and, whenever K
is a compact subset of U and 0 ≤ s <∞, we have

sup
{∫

K
|h(V, x)|p d∥Vi∥x : i ∈ {1, 2, . . . }

}
<∞

sup
{∫

K

∣∣Fi(x)|(Rn ⊗ Es)
∣∣p d∥Vi∥x : i ∈ {1, 2, . . . }

}
<∞

where Fi is the weak derivative of fi. Then, we can further conclude that
the limit ∥V ∥ Young function f in the conclusion is generalized V weakly
differentiable.

The additional condition on the first variation of varifolds excludes the afore-
mentioned example of two rays, in which the limit Young function is not
generalized V weakly differentiable but only GBV.

Future research. With the foundations of the theory of general Young
functions, we shall address the subclass of integral Young functions, for in-
stance, the class of generalized weakly differentiable [or GBV] integral Young
functions; also, their compactness theorems should be established. To study
such integral Young functions, we may need the representation theorem of
derivatives, the constancy theorem, and Poincaré type inequalities.

A common scenario in our theory is that Young functions carry the geo-
metric information of integral varifolds; for instance, Young functions may be
the tangent map, the normal map, or height functions. Our study allows us
to investigate how the geometric information is carried over to the limit; such
a situation often occurs in the blow-up analysis of integral varifolds. On the
other hand, the differentiability of Young functions may provide definitions
of geometric quantities in the multiple-valued setting.
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1.3 Terminology and notation

Mostly, the terminology and the notation agree with [Fed69] and [All72]. We
also introduce additional notation and definitions.

Basic notation and definitions. The set of positive integers is denoted
by P, see [Fed69, 2.2.6]. The extended real number system is denoted by
R, see [Fed69, 2.1.1]. The difference of sets A and B is denoted by A∼B.
The domain and image of a function f are denoted by dmn f and im f .
The topological closure and interior of a set A are denoted by ClosA and
IntA, respectively. The open and closed balls with center a and radius r are
denoted by U(a, r) and B(a, r), respectively, see [Fed69, 2.8.1]. If (X, ρ) is
a metric space, A ⊂ X, and x ∈ X, then the distance of x to A is defined
by dist(x,A) = inf{ρ(x, a) : a ∈ A}. For integration, the alternate notations∫
f dµ,

∫
f(x) dµx and µ(f) are employed; in this respect, µ integrability

of f means that
∫
f dµ is defined in R and µ summability of f means that∫

f dµ ∈ R, see [Fed69, 2.4.2]. Inner products are denoted by •, see [Fed69,
1.7.1]. If V is a vector space, v ∈ V , and f ∈ Hom(V,R), then we denote
⟨v, f⟩ = f(v).

Directed set and limit. We say a set A is directed by the order ⪯ if
and only if ⪯ is a reflexive and transitive relation on A such that every subset
of A with at most two members has an upper bound, see [Kel75, Chapter
2, p. 65]. A function f mapping a directed set A into a topological space X
converge to x ∈ X if and only if for each neighborhood U of x there exists
α ∈ A such that f(β) ∈ U whenever α ⪯ β, see [Kel75, Chapter 2, p. 66]; in
this case, we denote limα∈A f(α) = x. Similarly, in case X = R, we define
lim supα∈A f(α) = inf{sup{f(β) :α ⪯ β ∈ A} :α ∈ A}.

Numerical summation. Whenever A is a set and f is an R-valued
function,

∑
x∈A f(x) denotes the numerical sum of f over A; in case A =

dmn f , we abbreviate
∑
f =

∑
x∈A f(x), see [Fed69, 2.1.1].

Pushforward of measures. Suppose ϕ measures a set X, Z is a set,
and f is a Z-valued function with dmn f ⊂ X. The pushforward of ϕ by f
is defined to be the measure f#ϕ over Z such that

(f#ϕ)(B) = ϕ(f−1[B]) whenever B ⊂ Z,

see [MS25a, 2.9, 2.10].
The space of locally summable functions. Suppose µ is a measure

over an open subset U of Rn such that every open subset of U is µ measur-
able. We denote by Lloc

1 (µ) the space of all real-valued functions f such that∫
K
|f | dµ < ∞ whenever K is a compact subset of U . Taking a sequence of

compact subsets Ki of U such that U =
⋃∞

i=1Ki and Ki ⊂ IntKi+1 for all
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i ∈ P, the space Lloc
1 (µ) endowed with the pseudo-metric

ρ(f, g) =
∞∑
i=1

2−i inf
{∫

Ki
|f − g| dµ, 1

}
for f, g ∈ Lloc

1 (µ)

becomes a complete pseudo-metric space.
Locally convex final topology and inductive limits. We employ

the terms symmetric, absorbent, locally convex space and locally convex
topology, inductive limits of locally convex spaces, and strict inductive limit
of locally convex spaces in accordance with [Bou89a, I, §4, No. 1, p. 31],
[Bou87, I, §1, No. 5, Definition 4], [Bou87, II, §4, No. 1, Definition 1], [Bou87,
II, §4, No. 4, Example II], and [Bou87, II, §4, No. 6], respectively. If F is the
inductive limit of locally convex spaces Fα, then we denote F = lim−→Fα.

Suppose A is a set, F is a vector space, Fα is a locally convex space for α ∈
A, and fα : Fα → F is a linear map for α ∈ A. Then, the locally convex final
topology on F induced from the maps fα is the finest locally convex topology
on F such that fα is continuous whenever α ∈ A; moreover, a fundamental
system of neighborhoods of 0 of F is given by the family of all absorbent,
convex, symmetric subsets V of F such that f−1

α [V ] is a neighborhood of 0 of
Fα whenever α ∈ A, see [Bou87, II, §4, No. 4, Proposition 5]. If F = lim−→Fα,
then F carries the locally convex final topology induced from the maps fα :
Fα → F , see [Bou87, II, §4, No. 4, Example II]. The locally convex final
topology satisfies the following universal property: if G is a locally convex
space and L : F → G is a linear map, then L is continuous if and only if
L ◦ fα is continuous whenever α ∈ A, see [Bou87, II, §4, No. 4, Proposition
5]

The space of continuous functions with compact support, its
dual space, and Daniell integrals. Suppose X is a locally compact
Hausdorff space and Z is a locally convex space. The space KK(X,Z) of
continuous functions from X into Z with compact support in K is endowed
with the topology of uniform convergence and the space

K (X,Z) =
⋃

{KK(X,Z) :K is a compact subset of X}

is endowed with the locally convex final topology with respect to the inclusion
maps KK(X,Z) → K (X,Z) for compact subsets K of X, see [Bou04a, III,
§1, No. 1]. In case Z = R, we will simply write KK(X) and K (X). Denote
K (X)+ = K (X) ∩ {f : f ≥ 0}. The topological dual space K (X)∗ equals
the space of all Daniell integrals on K (X), see [Fed69, 2.5.13], and it is
endowed with the weak topology; that is, the initial topology induced from
the maps µ 7→ µ(f) corresponding to f ∈ K (X), see [Fed69, 2.5.19]. For
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µ ∈ K (X)∗, we define µ+, µ−, |µ| ∈ K (X)∗ such that

µ+(f) = sup{µ(g) : 0 ≤ g ≤ f, g ∈ K (X)} whenever f ∈ K (X)+,

µ− = (−µ)+, |µ| = µ+ + µ−,

see [Fed69, 2.5.5, 2.5.6]. For µ ∈ K (X)∗, we have µ− = 0 if and only if
µ(f) ≥ 0 whenever f ∈ K (X)+; in this case, there exists a unique Radon
measure over X representing µ, see [Fed69, 2.5.13, 2.5.14].

Functions and submanifolds of class k. Functions that are k times
continuously differentiable and submanifolds defined by such functions are
termed of class k, see [Fed69, 3.1.11, 3.1.19]. A function is termed to be of
class ∞ if it is of class k for all k ∈ P. If U is an open subset of a finite-
dimensional Banach space and Z is a Banach space, then E (U,Z) denotes
the space of all functions of class ∞ from U into Z, see [Fed69, 4.1.1].

Absolute continuity. Suppose X is a metric space, ϕ and ψ are Borel
regular measures on X such that every bounded subset of X has finite mea-
sure, and we define a Borel regular measure by

ψϕ(A) = inf{ψ(B) :B is a Borel set and ϕ(A∼B) = 0}

whenever A ⊂ X. In case ψϕ = ψ, we say ψ is absolutely continuous with
respect to ϕ, see [Fed69, 2.9.1, 2.9.2]. In general, following [Men16, Section
1, pp. 991–992], the definition of ψϕ is also employed when X is merely a
countable union of open sets on which ψ and ϕ have finite measure.

Approximate tangent cones. Whenever m ∈ P, µ measures an open
subset U of a normed space X, a ∈ U , and ι :U → X is the inclusion map,
we abbreviate Tanm(ι#µ, a) as Tanm(µ, x), see [Fed69, 3.2.16] and [Men16,
Section 1, p. 992].

Distributions. Whenever n ∈ P, U is an open subset of Rn, and Z
is a separable Banach space, D(U,Z) denotes the vector space of Z-valued
functions of class ∞ with compact support, of which the topology is defined
as in [Men16, 2.13] and D ′(U,Z) denotes the dual topological vector space
to D(U,Z). For T ∈ D ′(U,Z), ∥T∥ is defined to be the largest Borel regular
measure over U such that

∥T∥(G) = sup{T (g) : g ∈ D(U,Z), spt g ⊂ G, |g| ≤ 1}

whenever G is an open subset of U , see [Men16, 2.18]. If ∥T∥ is a Radon
measure (equivalently, T is representable by integration), this concept agrees
with [Fed69, 4.1.5]. In this case, T (g) continues to denote the value of the
unique ∥T∥(1) continuous extension of T to L1(∥T∥, Z) at g ∈ L1(∥T∥, Z), see
[Men16, 2.19]; for every ∥T∥ measurable set A, we define T ⌞A ∈ D ′(U,Z)
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by (T ⌞A)(g) = T (gA), where gA(x) = g(x) for x ∈ A and gA(x) = 0 for
x ∈ U ∼A, see [Men16, 2.20].

Varifolds and distributional boundary of sets. Whenever n ∈ P,
U is an open subset of Rn, and m is a non-negative integer, the space of var-
ifolds, rectifiable varifolds, and integral varifolds of dimension m are denoted
by Vm(U), RVm(U), and IVm(U), respectively; whenever B is a H m mea-
surable subset of Rn which meets every compact subset of Rn in an (H m,m)
rectifiable subset of Rn, we define vm(B) ∈ Vm(Rn) by

vm(A) = H m{x :(x,Tank(H m ⌞B, x)) ∈ A}

whenever A ⊂ Rn × G(n,m), see [All72, 3.1, 3.5]. Whenever V ∈ Vm(U)
such that ∥δV ∥ is a Radon measure, there exists an Rn-valued function
η(V, ·) defined by the requirement that, for x ∈ U ,

η(V, x) • u = lim
r→0+

δV (bx,r · u)

∥δV ∥B(x, r)
whenever u ∈ Rn,

where bx,r is the characteristic function of B(x, r) on U ; hence x ∈ dmnη(V, ·)
if and only if the above limit exists. Following [MS25b, 3.20, 3.21], this
definition adapts [All72, 4.3] in the spirit of [Fed69, 4.1.5]; in particular,
η(V, ·) is ∥δV ∥ measurable, |η(V, ·)| = 1 for ∥δV ∥ almost all x, and

(δV )(g) =
∫
η(V, x) • g(x) d∥δV ∥x for g ∈ L1(∥δV ∥,Rn).

Similarly, following [Men16, p. 992] and [MS25b, 3.21], we also define a ∥V ∥
measurable Rn-valued function h(V, ·) by the requirement that, for x ∈ U ,

h(V, x) • u = − lim
r→0+

δV (bx,r · u)

∥V ∥B(x, r)
whenever u ∈ Rn

which satisfies

δV (g) = −
∫
h(V, x) • g(x) d∥V ∥x+

∫
η(V, x) • g(x) d

(
∥δV ∥ − ∥δV ∥∥V ∥

)
x

whenever g ∈ L1(∥δV ∥,Rn). If B is ∥V ∥ + ∥δV ∥ measurable, then the
distributional V boundary of B is given by

V ∂B = (δV ) ⌞B − δ(V ⌞B ×G(n,m)) ∈ D ′(U,Rn),

see [Men16, 5.1].
Definitions in the thesis. The strong topology on K (X) is defined

in 2.1.1. The integral indecomposability of integral varifolds is introduced
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in 2.2.1. The notion of appropriate classes of rectifiable varifolds is intro-
duced in 2.3.1. For an appropriate class P , the notions of indecomposability,
components of varifolds, and decompositions of varifolds with respect to P
are introduced in 2.3.6, 2.3.7, and 2.3.8 respectively. The notion of projective
tensor product is defined in 3.1.9. The space P(X) of probability Radon mea-
sures and its topology are defined in 3.2.1. The notions of Young functions
and their associated graph measures are defined in 3.2.4 and 3.2.8. The test
function space E is introduced in 3.3.1. The pseudo-metric d on P(X) is de-
fined in 3.3.6. The notion of Lipschitzian Young functions is defined in 3.3.9.
The pushforward and product of Young functions are defined in 3.3.19 and
3.3.20. The convolutions of measures and the convolution of Young functions
are defined in 3.3.21 and 3.3.25, respectively. The test function spaces Ẽ and
H are introduced in 3.4.8 and 3.4.22, respectively. The distributions (distri-
butional derivative) associated with Young functions are defined in 4.1.7. The
notions of Young functions of generalized V bounded variation and functions
of (V, Z) bounded variation are introduced in 4.1.9 and 4.1.12, respectively.
The appropriate class RVm(U,C) of varifolds is introduced in 3.2.22. The
notion of functions of class k with values in a locally convex space is defined
in 4.2.5. The notions of generalized V weakly differentiable Young functions
and (V, Z) weakly differentiable functions are introduced in 4.3.1 and 4.3.7,
respectively.
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Chapter 2

Integral decompositions of
varifolds

2.1 Topology

In this section, we present the necessary results about the strong topology
on the space K (X).

Definition 2.1.1 (see [Bou87, III.14, Example 4]). Suppose X is a locally
compact Hausdorff space. There exists a unique locally convex topology on
K (X)∗ termed strong topology such that the sets

K (X)∗ ∩ {µ : |µ(f)| < r for all f ∈ B}

corresponding to r ∈ R, r > 0 and bounded subsets B of K (X) give a local
base at 0.

Remark 2.1.2 (see [Bou87, III.12, Examples 1, 3] and [Bou87, III.23, Corol-
lary 1]). The space K (X)∗ equipped with the strong topology is complete.

Remark 2.1.3 (see [Men16, 2.11, 2.12] and [Bou87, III.5, Proposition 6]).
Suppose X has a sequence of compact subsets Ki such that Ki ⊂ IntKi+1

for i ∈ P and X =
⋃∞

i=1Ki. Then, the strong topology on K (X)∗ is
metrizable; in fact, it is generated by the family of semi-norms, with value

sup{µ(f) : f ∈ K (X), spt f ⊂ Ki, |f | ≤ 1}

at µ ∈ K (X)∗, corresponding to i ∈ P.
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2.2 Integral indecomposability

Definition 2.2.1. Suppose m,n ∈ P, m ≤ n, U is an open subset of
Rn, V ∈ IVm(U) and ∥δV ∥ is a Radon measure. Then V is called integrally
indecomposable if and only if there exists no W ∈ IVm(U) such that W ≤ V ,
W ̸= 0, V −W ̸= 0, ∥V ∥ = ∥W∥+∥V −W∥, and ∥δV ∥ = ∥δW∥+∥δ(V −W )∥.

The rest of this section contributes to the relation between the integral
indecomposability and the distributional boundary of sets.

Lemma 2.2.2. Suppose that m,n ∈ P with m ≤ n, U is an open subset of
Rn, V ∈ Vm(U), ∥δV ∥ is a Radon measure, E is ∥V ∥ + ∥δV ∥ measurable
with V ∂E = 0, and W = V ⌞E ×G(n,m). Then, we have

∥δV ∥ = ∥δW∥ + ∥δ(V −W )∥.

Proof. It follows from [MS25b, 5.1].

Remark 2.2.3. In contrast to 2.2.2, it may happen that V is an integral
varifold, ∥V ∥ has density 1 everywhere, and there exists an integral varifold
W such that W and V − W are integrally indecomposable and ∥δV ∥ =
∥δW∥+∥δ(V −W )∥, but there exists no Borel set E such that W = V ⌞E×
G(n,m) and V ∂E ̸= 0. Let

R1 = R2 ∩ {(x, y) :x ≥ 0, y = 0},
R2 = R2 ∩ {(x, y) : |y| =

√
3x}.

Define V,W ∈ IV1(R
2) to satisfy ∥V ∥ = H 1 ⌞(R1 ∪ R2) and ∥W∥ =

H 1 ⌞R1. Therefore, W and V −W are integrally indecomposable, ∥δV ∥ =
2δ(0,0), ∥δW∥ = δ(0,0) = ∥δ(V −W )∥, and if W = V ⌞E ×G(2, 1) for some
Borel set E, then

∥V ∂E∥ = δ(0,0).

Next, we will show that if V ∈ IVm(U) and ∥δV ∥ = ∥δV ∥∥V ∥, then the
converse of 2.2.2 holds.

Theorem 2.2.4. Suppose that m,n ∈ P, m ≤ n, U is an open subset of
Rn, V,W ∈ IVm(U), ∥δV ∥ + ∥δW∥ is a Radon measure and

A = {x :Θm(∥V ∥, x) > 0 and Θm(∥W∥, x) > 0}.

Then,
h(V, x) = h(W,x) for H m almost all x in A.
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Proof. In view of [All72, 3.5(1b)], the theorem [Men13, 4.8] reduces the prob-
lem to the case of submanifolds of class 2.

Remark 2.2.5. In case ∥δV ∥ is absolutely continuous with respect to ∥V ∥,
we have V is integrally indecomposable if and only if there exists no W ∈
IVm(U) such that W ≤ V , W ̸= 0, V −W ̸= 0, and

∥δW∥ is absolutely continuous with respect to ∥W∥,
∥δ(V −W )∥ is absolutely continuous with respect to ∥V −W∥.

In fact, from 2.2.4, we have

∥δV ∥∥V ∥ = ∥δW∥∥W∥ + ∥δ(V −W )∥∥V−W∥,

and the assertion follows. Therefore, the present definition of indecompos-
ability extends [Mon14, 2.15] when spt ∥V ∥ is compact and ∥δV ∥ is absolutely
continuous with respect to ∥V ∥.

Corollary 2.2.6. Suppose that m,n ∈ P, m ≤ n, U is an open subset of
Rn, V ∈ IVm(U), ∥δV ∥ is a Radon measure, ∥δV ∥ is absolutely continuous
with respect to ∥V ∥, E is ∥V ∥+∥δV ∥ measurable, and W = V ⌞E×G(n,m)
satisfies ∥δV ∥ = ∥δW∥ + ∥δ(V −W )∥. Then, V ∂E = 0.

Proof. In view of 2.2.4, we have

∥δV ∥∥V ∥ = ∥δW∥∥W∥ + ∥δ(V −W )∥∥V−W∥,

and hence

∥δW∥ − ∥δW∥∥W∥ = 0 = ∥δ(V −W )∥ − ∥δ(V −W )∥∥V−W∥.

Therefore, whenever g ∈ D(U,Rn), we have

((δV ) ⌞E)(g) = −
∫
U
h(V, x) • g(x) d∥W∥x

= −
∫
U
h(W,x) • g(x) d∥W∥x

= (δW )(g)

This shows V ∂E = 0.

2.3 Integral decomposition

Definition 2.3.1. Suppose m,n ∈ P, m ≤ n, U is an open subset of Rn

and P ⊂ RVm(U). Then P is called appropriate if and only if
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(1) If V,W ∈ P , then V +W ∈ P .

(2) If V ∈ P , then Θm(∥V ∥, x) ≥ 1 for ∥V ∥ almost all x.

(3) P is closed with respect to the strong topology.

Now, we aim to provide examples of appropriate classes; for this purpose,
the following lemma is a powerful tool to verify the closedness of a class with
respect to the strong topology.

Lemma 2.3.2. Suppose Vi forms a sequence in RVm(U). Then the following
statements are equivalent.

(1) Vi is Cauchy with respect to the strong topology.

(2) ∥Vi∥ is Cauchy with respect to the strong topology.

(3) Θm(∥Vi∥, ·) is Cauchy in Lloc
1 (H m).

In this case, the limit V of Vi satisfies V ∈ RVm(U) and Θm(∥V ∥, ·) is the
limit of Θm(∥Vi∥, ·) in Lloc

1 (H m). In particular, RVm(U) and IVm(U) are
closed subsets of Vm(U) with respect to the strong topology.

Proof. Note that if W1,W2 ∈ RVm(U) and G is an open set with compact
closure in U , then applying [MS25b, 3.3] with

T = ∥W1∥ − ∥W2∥, ϕ = H m ⌞ |Θm(∥W1∥, ·) −Θm(∥W2∥, ·)|,
k = sign(Θm(∥W1∥, ·) −Θm(∥W2∥, ·)),

we have ∥T∥ = ϕ and∫
G
|Θm(∥W1∥, x) −Θm(∥W2∥, x)| dH m x

= sup{∥W1∥(g) − ∥W2∥(g) : g ∈ K (U), spt g ⊂ G, |g| ≤ 1}.

On the other hand, we have

W1(f) −W2(f) =
∫
f(x,Tanm(∥W1 +W2∥, x)) d∥W1∥x

−
∫
f(x,Tanm(∥W1 +W2∥, x)) d∥W2∥x

≤ sup im |f |
∫
K
|Θm(∥W1∥, x) −Θm(∥W2∥, x)| dH m x

whenever f ∈ K (U × G(n,m)) with spt f ⊂ K × G(n,m) and K is a
compact subset of U , and note that |p#(W1 −W2)| ≤ p#|W1 −W2|, where
p : U × G(n,m) → U is the projection map. Now, the main assertion is
obvious.
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Note that the subset D of Lloc
1 (H m), which consists of all non-negative

functions θ such that {x : θ(x) > 0} is countably (H m,m) rectifiable, is
closed. Denote by θ the limit of Θm(∥Vi∥, ·) in Lloc

1 (H m). Since θ ∈ D, it
follows from [Fed69, 2.10.19(3)] and [MS25a, 2.25] that H m ⌞ θ is the weight
of some member V of RVm(U). Finally, applying the results in the previous
paragraph with W1 = Vi and W2 = V , we deduce that V is the limit of
Vi with respect to the strong topology, and that if Vi is integral whenever
i ∈ P, then so is V .

Lemma 2.3.3. Suppose m,n ∈ P and U is an open subset of Rn. Then the
following statements hold.

(1) If C is a closed subset of R satisfying inf C ≥ 1 and c+d ∈ C whenever
c, d ∈ C, then the class

P = RVm(U) ∩ {V :Θm(∥V ∥, x) ∈ C for ∥V ∥ almost all x}

is appropriate.

(2) If n′ ∈ P, U ′ is an open subset of Rn′
, f : U → U ′ is of class ∞, and

f | spt ∥V ∥ is proper, then we have

Θm(∥f#V ∥, y) ∈ C for ∥f#V ∥ almost all y

whenever V ∈ P .

(3) If m = n, U = Rm, 0 < r < ∞, 0 < d < ∞, and the sequence Wi ∈ P
satisfies that

Wi ⌞U(0, r) ×G(m,m) → dvm(U(0, r)) as i→ ∞

with respect to the weak topology, and that

lim
i→∞

sup{(δWi)(ψ) :ψ ∈ DB(0,r)(R
m,Rm), sup im ∥Dψ∥ ≤ 1} = 0, (†)

then d ∈ C.

Proof. Clearly, (1) follows from 2.3.2, and (2) follows from [All72, 3.5(1b),
3.5(3)]. To prove (3), we denote by e1, e2, . . . , em the standard base of Rm

and let Ti ∈ D ′(Rm,R) be such that

Ti(ϕ) = (∥Wi∥ ⌞U(0, r))(ϕ) whenever ϕ ∈ D(Rm,R).
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Then, we have (Dj Ti)(ϕ) = (δWi)(ϕej) whenever ϕ ∈ DB(0,r)(R
m,R) and

j = 1, 2, . . . ,m. It follows from (†) that there exist numbers 0 < κi < ∞
such that limi→∞ κi = 0 and such that

|(Dj Ti)(ϕ)| ≤ κi sup im ∥Dϕ∥

whenever ϕ ∈ DB(0,r)(R
m,R) and j = 1, 2, . . . ,m. Letting 0 < λ < 1

and applying Allard’s strong constancy lemma [Men21, 3.7] (for the original
formulation, see [All86, Section 1]), there exists 0 ≤ ci <∞ such that

lim
i→∞

sup{|Ti(ϕ) − ci
∫
ϕ dL m| :ϕ ∈ DB(0,λr)(R

m,R), sup im |ϕ| ≤ 1} = 0.

It follows from [Men21, 2.34(3)] and 2.3.2 that Wi ⌞U(0, λr) × G(m,m) −
civm(U(0, λr)) → 0 as i → ∞ with respect to the strong topology. There-
fore, we conclude that limi→∞ ci = d and that Wi ⌞U(0, λr) × G(m,m) →
dvm(U(0, λr)) as i → ∞ with respect to the strong topology. Finally, it
follows from (1) that dvm(U(0, λr)) ∈ P ; that is, d ∈ C.

Theorem 2.3.4 (General compactness theorem). Suppose m, n, U , C, and
P are as in 2.3.3, Gi is a sequence of open subsets of U such that U =⋃∞

i=1Gi, and Mi is a sequence of non-negative real numbers. Then, the class

P ∩ {V :(∥V ∥ + ∥δV ∥)(Gi) ≤Mi whenever i ∈ P}

is compact with respect to the weak topology.

Proof. From the proof of [All72, 6.4], it is enough to show the following
statement: if U = Rn, T ∈ G(n,m), Vi is a sequence in P such that Vi →
dvm(T ) as i→ ∞ with respect to the weak topology and such that

lim
i→∞

∥δVi∥U(0, 4r) = 0 for some 0 < r <∞,

then d ∈ C. Denote by T⊥ ∈ G(n, n−m) the orthogonal complement of T
in Rn. Let X = Rn ∩ {x : sup{|Tx|, |T⊥x|} < 2r}. From 2.3.3(2), we have

Wi = T#(Vi ⌞X ×G(n,m)) ∈ RVm(T ),

Θm(∥Wi∥, z) ∈ C for ∥Wi∥ almost all z,

whenever i ∈ P. Choose γ ∈ DB(0,2r)(T
⊥,R) such that γ|U(0, r) = 1.

Because Vi ⌞X ×G(n,m) → vm(X ∩ T ) as i→ ∞ with respect to the weak
topology by [All72, 2.6(2d)], we conclude that

Wi → dvm(T ∩U(0, r)) as i→ ∞

with respect to the weak topology, and observe that

sup{|(δVi)((γ◦T⊥)(ψ◦T ))−(δWi)(ψ)| :ψ ∈ DB(0,r)(T, T ), sup im ∥Dψ∥ ≤ 1}

tends to 0 as i→ ∞. By 2.3.3(3), the assertion follows.
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Remark 2.3.5. The set C mentioned in 2.3.3(1) could be P, R ∩ {t : 1 ≤ t},
or

{1} ∪ (R ∩ {t : 2 ≤ t});

the last class also occurs in [PS23].

Definition 2.3.6. Suppose m,n ∈ P, m ≤ n, U is an open subset of Rn, P
is an appropriate subset of RVm(U), V ∈ P and ∥δV ∥ is a Radon measure.
Then V is called indecomposable with respect to P if and only if there exists
no W ∈ P ∼{0} such that V −W ∈ P ∼{0} and ∥δV ∥ = ∥δW∥+∥δ(V −W )∥.

Definition 2.3.7. Suppose m,n ∈ P, m ≤ n, U is an open subset of Rn,
P is an appropriate subset of RVm(U), W,V ∈ P and ∥δV ∥ is a Radon
measure. Then W is called a component of V with respect to P if and only
if W ̸= 0, W ≤ V , ∥δV ∥ = ∥δW∥ + ∥δ(V −W )∥ and W is indecomposable
with respect to P .

Definition 2.3.8. Suppose m,n ∈ P, m ≤ n, U is an open subset of Rn, P
is an appropriate subset of RVm(U), V ∈ P and ∥δV ∥ is a Radon measure.
Then a countable subfamily H of P together with a map ξ :H → P is called
a decomposition of V with respect to P if and only if

(1) Each member of H is a component of V with respect to P .

(2)
∑

W∈H ξ(W )W (k) = V (k) whenever k ∈ K (U ×G(n,m)).

(3)
∑

W∈H ξ(W )∥δW∥(f) = ∥δV ∥(f) whenever f ∈ K (U).

Example 2.3.9. Let 0 < θ < π be such that cos θ = 1/4. Consider the six
rays

R1 = {t(1, 0) : 0 < t <∞},
R2 = {t(cos θ, sin θ) : 0 < t <∞},
R3 = {t(cos(π − θ), sin θ) : 0 < t <∞},
R4 = {t(−1, 0) : 0 < t <∞},
R5 = {t(cos(π − θ),− sin θ) : 0 < t <∞},
R6 = {t(cos θ,− sin θ) : 0 < t <∞},

in R2 and the associated varifolds Vi ∈ IV1(R
n) with ∥Vi∥ = H 1 ⌞Ri. Note

that the integral varifold defined by

V = 2(V1 + V2 + V3 + V4 + V5 + V6)
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V
=

V1

2V3

2V5

+
V4

2V6

2V2

+
V1 + V4

=

2(V3 + V6)

+

2(V2 + V4)

+
2(V1 + V4)

Figure 2.1: Two decompositions of V

is stationary. Let

H1 = {V1 + V4, V2 + V5, V3 + V6},
H2 = {V1 + 2(V3 + V5), V4 + 2(V2 + V6), V1 + V4}

and define ξi : Hi → P for i = 1, 2 by

im ξ1 = {2} and im ξ2 = {1}.

Then, (Hi, ξi) for i = 1, 2 are distinct decompositions of V with respect to
IV1(R

2), see figure 2.1. It shows that there may exist different types of
decompositions for a varifold, and the components need not have constant
density. Furthermore, the decompositions may fail to be unique even if ∥V ∥
has density 1, see also [Men16, 6.13].

To prove the main theorem, the following a priori estimate is a key obser-
vation: under smallness conditions on the first variation, the weight measure
on a ball has a positive lower bound. This will provide, locally, an upper
bound of the number of varifolds in a decomposition; moreover, it also sug-
gests a way to construct a decomposition.

Lemma 2.3.10 (a priori estimate). Suppose 0 < c < ∞, 0 < d < ∞,
m,n ∈ P, m ≤ n, U is an open subset of Rn, a ∈ U , r > 0, B(a, r) ⊂ U ,
V ∈ Vm(U), ∥δV ∥ is a Radon measure and

Θ∗m(∥V ∥, a) ≥ d,

∥δV ∥B(a, t) ≤ cα(m)tm for 0 < t < r.

Then, there holds
∥V ∥B(a, r) ≥ α(m)(d− cr)rm.
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Proof. From [Men16, 4.5, 4.6], we have

s−m∥V ∥B(a, s) ≤ r−m∥V ∥B(a, r)

+
∫ r

s
t−m−1

∫
B(a,t)

(x− a) • η(V, x) d∥δV ∥x dL 1 t

whenever 0 < s ≤ r; note that the last term is less than∫ r

s
t−m∥δV ∥B(a, t) dL 1 t ≤ cα(m)(r − s)

hence, letting s→ 0+,

r−m∥V ∥B(a, r) ≥ α(m)Θ∗m(∥V ∥, a) − cα(m)r ≥ α(m)(d− cr)

which means ∥V ∥B(a, r) ≥ α(m)(d− cr)rm.

Definition 2.3.11. Suppose m,n ∈ P, m ≤ n, U is an open subset of Rn,
and P is an appropriate subset of RVm(U). Then, Ξ denotes the class of all
functions ξ such that

dmn ξ is a finite subset of P ∼{0}, im ξ ⊂ P,∑
W∈dmn ξ

ξ(W )∥δW∥ = ∥δv(ξ)∥,

where the map v : Ξ → P is defined by

v(ξ)(f) =
∑

W∈dmn ξ

ξ(W )W (f) whenever f ∈ K (U ×G(n,m)).

Furthermore, ξ ∈ Ξ is called maximal with respect to a Borel set B if and
only if ∥W∥(B) > 0 for all W ∈ dmn ξ and∑

ξ ≥
∑

ρ

whenever ρ ∈ Ξ satisfies
v(ρ) = v(ξ)

and ∥X∥(B) > 0 for all X ∈ dmn ρ. We say W splits V in P if and only if
W ∈ P , V ∈ P , V −W ∈ P , and ∥δW∥ + ∥δ(V −W )∥ = ∥δV ∥.

Theorem 2.3.12. Suppose m,n ∈ P, m ≤ n, U is an open subset of Rn,
P ⊂ RVm(U) is appropriate, V ∈ P and ∥δV ∥ is a Radon measure. Then,
there exists a decomposition of V with respect to P .
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Proof. Assume V ̸= 0. Define δi = α(m)2−m−1i−m, εi = 2−1i−1 for i ∈ P
and let Ai denote the the Borel set of a ∈ Rn satisfying

|a| ≤ i, U(a, 2εi) ⊂ U, 1 ≤ Θm(∥V ∥, a) <∞,

∥δV ∥B(a, r) ≤ α(m)irm for 0 < r < εi

whenever i ∈ P. Clearly, Ai ⊂ Ai+1 for i ∈ P and ∥V ∥(U ∼
⋃∞

i=1Ai) = 0
by [All72, 3.5 (1a)] and [Fed69, 2.8.18, 2.9.5]. For each i ∈ P, we infer from
2.3.10 that

∥W∥B(a, εi) ≥ δi whenever a ∈ Ai and W ∈ P satisfy

W ≤ V , ∥δW∥ ≤ ∥δV ∥, and Θ∗m(∥W∥, a) ≥ 1
(2.1)

and hence

δi
∑

ξ ≤
∑

W∈dmn ξ

ξ(W )∥W∥{x : dist(x,Ai) ≤ εi}

= ∥v(ξ)∥{x : dist(x,Ai) ≤ εi} <∞

whenever ξ ∈ Ξ satisfies v(ξ) ≤ V , ∥δv(ξ)∥ ≤ ∥δV ∥, and ∥W∥(Ai) > 0 for
each W ∈ dmn ξ.

Since V ̸= 0, there exists λ ∈ P such that ∥V ∥(Aλ) > 0. From now on,
we replace Ai by Ai+λ for i ∈ P. Let

R = P ∩ {W :W ≤ V, ∥δW∥ ≤ ∥δV ∥},
Pi = R ∩ {W : ∥W∥(Ai) > 0} whenever i ∈ P.

Then, we may select functions ci : Pi → Ξ such that v(ci(W )) = W and
ci(W ) is maximal with respect to Ai; in particular, dmn ci(W ) ⊂ Pi whenever
W ∈ Pi.

From now on, we will use the convention that ∞·0 = 0. Let Σ be the class
of all sequences Z1, Z2, Z3, . . . in P satisfying Z1 = V and Zi+1 ∈ dmn ci(Zi)
and abbreviate limZ = limi→∞ Zi ∈ P for Z ∈ Σ, where the limit is taken
with respect to the strong topology. Let C = Σ ∩ {Z : limZ ̸= 0} and define
ν : Σ → P ∪ {∞} by

ν(Z) =
∞∏
i=1

ci(Zi)(Zi+1).

Note that for Z ∈ Σ, and i, j ∈ P with i ≤ j, we have

j∏
k=i

ck(Zk)(Zk+1)Zj+1 ≤ Zi,
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hence

ν(Z) limZ ≤
j∏

k=1

ck(Zk)(Zk+1)Zj+1 ≤ V ;

thus, im(ν|C) ⊂ P.
Now, we aim to prove C is countable,∑

Z∈C

ν(Z) limZ ≤ V, and
∑
Z∈C

ν(Z)∥δ limZ∥ ≤ ∥δV ∥.

For i ∈ P, let Fi be the set of all finite sequences Z1, Z2, . . . , Zi such that
Z1 = V and Zj+1 ∈ dmn cj(Zj) for 1 ≤ j ≤ i− 1. We define, for i ∈ P, the
restriction map

Ri : Σ ∪
⋃

i<j∈P

Fj → Fi, Ri(Z) = Z|P ∩ {k : 1 ≤ k ≤ i}.

Observe that whenever i ∈ P, Y ∈ Fi, and F is a finite subset of Σ satisfying
Ri[F ] = {Y }, there exists j ∈ P such that j > i and Rj|F is injective and
that ∑

X∈Fj ,Ri(X)=Y

j−1∏
k=1

ck(Xk)(Xk+1)Xj =
i−1∏
k=1

ck(Yk)(Yk+1)Yi (2.2)

whenever i, j ∈ P with i < j. Therefore, we have

∑
Z∈F

ν(Z) limZ ≤
∑
Z∈F

j−1∏
k=1

ck(Zk)(Zk+1)Zj

≤
∑

X∈Fj ,Ri(X)=Y

j−1∏
k=1

ck(Xk)(Xk+1)Xj

=
i−1∏
k=1

ck(Yk)(Yk+1)Yi;

(2.3)

similarly, we have

∑
Z∈F

ν(Z)∥δ limZ∥ ≤
i−1∏
k=1

ck(Yk)(Yk+1)∥δYi∥. (2.4)

Choosing by [Men16, 2.2, 2.23] countable dense subsets of K (U×G(n,m))+

and K (U)+, we conclude from (2.3), (2.4) with i = 1 and [Fed69, 2.1.1(3)]
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that ∑
Z∈Σ

ν(Z) limZ(f) ≤ V (f) whenever f ∈ K (U ×G(n,m))+,∑
Z∈Σ

ν(Z)∥δ limZ∥(g) ≤ ∥δV ∥(g) whenever g ∈ K (U)+;
(2.5)

in particular, C is countable by [Fed69, 2.1.1(12)].
Next, to show the equalities in (2.5) hold, we shall first prove that, for

H m almost all x,∑
Z∈C

ν(Z)Θm(∥ limZ∥, x) = Θm(∥V ∥, x). (2.6)

If x ∈ U satisfies Θm(∥V ∥, x) = 0, then (2.6) is trivial. To the other case,
let B consist of all x ∈

⋃∞
i=1Ai such that

Θm(∥W∥, x) ∈ {0} ∪ (R ∩ {t : 1 ≤ t}),

Θm(∥ limZ∥, x) = lim
i→∞

Θm(∥Zi∥, x)

whenever W ∈
⋃

Z∈Σ imZ and Z ∈ C; in particular,

Θm(∥Zi∥, x) =
∑

W∈dmn ci(Zi)

ci(Zi)(W )Θm(∥W∥, x) for all x ∈ B (2.7)

whenever Z ∈ Σ and i ∈ P. For x ∈ B and Z ∈ Σ, we abbreviate

ΘZ(x) = lim
i→∞

Θm(∥Zi∥, x)

and the crucial observation is that

ΘZ(x) > 0 implies Z ∈ C and ΘZ(x) = Θm(∥ limZ∥, x);

in fact, if x ∈ Ai, then by [All72, 2.6(2c)] and (2.1), we have

∥ limZ∥B(x, εi) ≥ δi

and the assertion follows. Therefore, Ex = Σ∩{Z : ΘZ(x) > 0} ⊂ C whenever
x ∈ B. Similarly as (2.5), we derive from (2.7) that∑

Z∈Σ

ν(Z)ΘZ(x) ≤ Θm(∥V ∥, x) <∞,
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and it follows that Ex is finite whenever x ∈ B. Accordingly, letting x ∈ B,
there exists i ∈ P such that Rj|Ex is injective for i < j ∈ P; furthermore,
we observe that

Rj[Ex] = Fj ∩ {Z :Θm(∥Zj∥, x) > 0} whenever i < j ∈ P. (2.8)

By (2.7) and (2.8), we have

Θm(∥V ∥, x) =
∑
Z∈Fj

j−1∏
k=1

ck(Zk)(Zk+1)Θ
m(∥Zj∥, x)

=
∑
Z∈Ex

j−1∏
k=1

ck(Zk)(Zk+1)Θ
m(∥Zj∥, x)

whenever i < j ∈ P; letting j → ∞, we conclude∑
Z∈Ex

ν(Z)Θm(∥ limZ∥, x) = Θm(∥V ∥, x).

Therefore, (2.6) holds for all x ∈ B, and it remains to prove

H m({x :Θm(∥V ∥, x) > 0}∼B) = 0.

Note that since ∥V ∥(U ∼
⋃∞

i=1Ai) = 0, we have

H m({x :Θm(∥V ∥, x) > 0}∼
∞⋃
i=1

Ai) = 0.

Thus, it is enough to show H m(
⋃∞

i=1Ai∼B) = 0. From [All72, 3.5(1b)],
we write ∥ limZ∥ = H m ⌞Θm(∥ limZ∥, ·) and ∥Zi∥ = H m ⌞Θm(∥Zi∥, ·)
whenever Z ∈ C and i ∈ P. Since ∥Zi∥ converges to ∥ limZ∥ with respect
to the strong topology and ∥Zi∥ is non-increasing, it follows from 2.3.2 that

Θm(∥ limZ∥, x) = lim
i→∞

Θm(∥Zi∥, x) for H m almost all x.

Then, the assertion follows from that C ∪
⋃

Z∈C imZ is countable. From
(2.6), we deduce ∑

Z∈C

ν(Z)∥ limZ∥ = ∥V ∥;

it follows that Tanm(∥ limZ∥, x) = Tanm(∥V ∥, x) for ∥ limZ∥ almost all x
whenever Z ∈ C, hence ∑

Z∈C

ν(Z) limZ = V,∑
Z∈C

ν(Z)∥δ limZ∥ = ∥δV ∥.
(2.9)
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Furthermore, it follows from (2.3) that for i ∈ P and Y ∈ Fi,

∑
Z∈C,Ri(Z)=Y

ν(Z) limZ ≤
i−1∏
k=1

ck(Yk)(Yk+1)Yi.

hence from [Fed69, 2.1.1(9)] that∑
Z∈C

ν(Z) limZ =
∑
Y ∈Fi

∑
Z∈C,Ri(Z)=Y

ν(Z) limZ

≤
∑
Y ∈Fi

i−1∏
k=1

ck(Yk)(Yk+1)Yi

= V

which forces∑
Z∈C,Ri(Z)=Y

ν(Z) limZ =
i−1∏
k=1

ck(Yk)(Yk+1)Yi for i ∈ P and Y ∈ Fi;

similarly, we have

∑
Z∈C,Ri(Z)=Y

ν(Z)∥δ limZ∥ =
i−1∏
k=1

ck(Yk)(Yk+1)∥δYi∥ for i ∈ P and Y ∈ Fi.

In particular, limZ splits Zi in P whenever Z ∈ C and i ∈ P.
Finally, we will prove limZ is indecomposable with respect to P whenever

Z ∈ C. If it were not the case, there would exist W ∈ P ∼{0} such that

W ≤ limZ, limZ −W ∈ P ∼{0}
and ∥δ limZ∥ = ∥δW∥ + ∥δ(limZ −W )∥.

We could choose i large such that ∥W∥(Ai) > 0 and ∥ limZ −W∥(Ai) > 0,
since ∥W∥ + ∥ limZ −W∥ ≤ ∥V ∥. Then, W would split Zi+1, ∥W∥(Ai) > 0
and

∥Zi+1 −W∥(Ai) ≥ ∥ limZ −W∥(Ai) > 0,

in contradiction to the maximality of ci(Zi) with respect to Ai.
Let H = {limZ :Z ∈ C} and define ξ : H → P by

ξ(W ) =
∑

C∈Z,limZ=W

ν(Z) for W ∈ H,

then (H, ξ) is a decomposition of V with respect to P .
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Remark 2.3.13. The structure of the proof of 2.3.12 is similar to the one of
[Men16, 6.12]. However, since we allow to decompose varifolds not just by re-
striction to subsets, we should take the multiplicity of varifolds into account,
which makes it much more complicated to verify the condition 2.3.8(2).
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Chapter 3

Young functions, graph
measures, and test function
spaces

3.1 Topological tensor product and inductive

limit

In this section, we study the interaction between inductive limit and topo-
logical tensor product in the category of locally convex spaces.

Lemma 3.1.1. Suppose F is the strict inductive limit of a sequence of Ba-
nach spaces Fi with Fi ⊂ Fi+1 for i ∈ P. Then, F is complete and Haus-
dorff, Fi is a closed subspace of F for all i ∈ P, and every bounded subset
(in particular, compact subset) of F is contained in some Fi and bounded
there.

Proof. It follows from [Bou87, II, §4, No. 6, Proposition 9] and [Bou87, III,
§1, No. 4, Proposition 6].

Lemma 3.1.2 (see [Bou87, II, §4, No. 4, Corollary 2]). Suppose A and L
are sets, {Jλ :λ ∈ L} is a partition of A, Gα is a locally convex space for
α ∈ A, Fλ is a vector space for λ ∈ L, E is a vector space, gλ,α : Gα → Fλ is
a linear map for α ∈ Jλ and λ ∈ L, hλ : Fλ → E is a linear map for λ ∈ L,
and we endow Fλ with the locally convex final topology with respect to gλ,α
for α ∈ Jλ and λ ∈ L.

Then, the locally convex final topology on E induced by hλ for λ ∈ L
agrees with the locally convex final topology induced by hλ ◦ gλ,α for α ∈ Jλ
and λ ∈ L.
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Definition 3.1.3 (see [Bou87, II, §4, No. 5, Definition 2]). Suppose A is
a set, Fα is a locally convex space for α ∈ A, and F is the direct sum of
Fα. Then, the direct sum topology on F is the locally convex final topology
induced by the canonical injections Fα → F .

Lemma 3.1.4. Suppose A and B are sets, F β
α and Fα for (α, β) ∈ A × B

are locally convex spaces, Fα is endowed with the locally convex final topology
induced by the linear maps fβ

α : F β
α → Fα for β ∈ B whenever α ∈ A. Then,

the locally convex final topology T on
⊕

α∈A Fα induced by the linear maps⊕
α∈A f

β
α for β ∈ B agrees with the direct sum topology T ′ of

⊕
α∈A Fα.

Proof. Denote the canonical injections by

iα : Fα →
⊕
a∈A

Fa, iβα : F β
α →

⊕
a∈A

F β
a .

In view of 3.1.2, T is the locally convex final topology induced by the linear
maps (

⊕
a∈A f

β
a ) ◦ iβα for (α, β) ∈ A × B, and T ′ is the locally convex final

topology induced by the linear maps iα ◦fβ
α for (α, β) ∈ A×B. On the other

hand, we have (⊕
a∈A

fβ
a

)
◦ iβα = iα ◦ fβ

α

whenever (α, β) ∈ A×B. It follows that T = T ′.

Lemma 3.1.5 (see [Bou87, II, §4, No. 3, Proposition 4]). Suppose A is a set,
Fα is a locally convex space for α ∈ A, F is a vector space, and fα : F → Fα

is a linear map for α ∈ A. Then, the initial topology on F with respect to fα
for α ∈ A is a locally convex topology.

Remark 3.1.6 (universal property). The following universal property of the
Cartesian product of locally convex spaces follows from the corresponding
property of topological vector spaces.

Suppose A is a set, G and Fα for α ∈ A are locally convex spaces, F is
the Cartesian product of Fα for α ∈ A, fα is the projection map for each
α ∈ A, and gα : G → Fα is a continuous linear map for each α ∈ A. Then,
there exists a unique continuous linear map h : G→ F such that fα ◦h = gα
whenever α ∈ A.

Lemma 3.1.7 (see [Bou87, II, §4, No. 5, Proposition 7]). Suppose A is a
set, Fα is a locally convex space for α ∈ A. Then, the canonical injection⊕

α∈A

Fα →
∏
α∈A

Fα

is continuous. If A is finite, then this map is an isomorphism of locally
convex spaces.
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Remark 3.1.8. Suppose F is the inductive limit of locally convex spaces Fα.
In view of 3.1.4 and 3.1.7, we have

lim−→(Fα)n ≃
(
lim−→Fα

)n
.

Definition 3.1.9 (see [SW99, III, 6.1 – 6.3]). Suppose V and W are locally
convex spaces. The projective tensor product topology of V ⊗W is the finest
locally convex topology on V ⊗W such that the natural bilinear map µ :
V ×W → V ⊗W is continuous.

Furthermore, if V and W are normed, then V ⊗ W is normed by the
projective tensor product norm with value

inf

{
n∑

i=1

|vi||wi| : ξ =
n∑

i=1

vi ⊗ wi, vi ∈ V,wi ∈ W, i = 1, . . . , n

}
at ξ ∈ V ⊗W .

Remark 3.1.10. The projective tensor product topology satisfies the following
property: whenever Z is a locally convex space and g : V ×W → Z is a
continuous bilinear map, there exists a unique continuous linear map h :
V ⊗W → Z such that h = g ◦ µ. In case that V , W and Z are normed, we
have ∥g∥ = ∥h∥.

Remark 3.1.11. Suppose f1 : V1 → W1 and f2 : V2 → W2 are continuous
linear maps between locally convex spaces. Then, their tensor product f1 ⊗
f2 : V1 ⊗ V2 → W1 ⊗W2 is continuous with respect to the projective tensor
product topologies.

Remark 3.1.12. Suppose V , W , and Z are normed spaces. It is straightfor-
ward to verify the following isometries of normed spaces

(V ⊗W ) ⊗ Z ≃ V ⊗ (W ⊗ Z), V ⊗W ≃ W ⊗ V,

Hom(Rn,R) ⊗ V ≃ Hom(Rn, V ).

Remark 3.1.13. Associating with a locally convex space V , the following
isomorphism of locally convex spaces

Rn ⊗ V ≃ V n.

yields a natural transformation.

Remark 3.1.14. Suppose F is the inductive limit of locally convex spaces Fα.
By 3.1.8, 3.1.13 there holds

lim−→(Rn ⊗ Fα) ≃ lim−→(Fα)n ≃
(
lim−→Fα

)n
= F n ≃ Rn ⊗ F = Rn ⊗

(
lim−→Fα

)
.

Note that these inductive limits are strict if F is the strict inductive limit of
Fi for i ∈ P.
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3.2 Young functions and graph measures

In this section, we introduce Young functions and graph measures, and we will
focus on the compactness property of graph measures, leaving the discussion
about Young functions to the next section.

Definition 3.2.1. Suppose X is a locally compact Hausdorff space. We
define P(X) to be the space of all probability Radon measures over X, and
it is endowed with the subspace topology induced from K (X)∗.

Lemma 3.2.2. Suppose X is a locally compact Hausdorff space. Then, the
weak topology on P(X) agrees with the initial topology induced from the maps
µ 7→

∫
g dµ corresponding to bounded continuous functions g : X → R.

Consequently, a sequence µi converges to µ weakly if and only if
∫
g dµi →∫

g dµ whenever g : X → R is a bounded continuous function.

Proof. Clearly, the weak topology of P(X) is weaker than the initial topology.
Denoting by eg(µ) =

∫
g dµ, then it is enough to show that eg : P(X) → R is

continuous with respect to the weak topology whenever g : X → R is a non-
negative bounded continuous function. By [Fed69, 2.2.5] and approximation
with functions in K (X), we can show that

µ(g) = sup{µ(f) : 0 ≤ f ≤ g, f ∈ K (X)}

whenever µ ∈ P(X) and g : X → R is a non-negative bounded continuous
function; in this case, it follows that eg equals the supremum of the family
of continuous functions ef corresponding to f ∈ K (X) with 0 ≤ f ≤ g, and
therefore eg is lower semi-continuous. Replacing g with M − g, where M is
a large number such that M − g ≥ 0, we have eg = −(eM−g −M) is upper
semi-continuous.

Remark 3.2.3. The initial topology mentioned in the lemma is usually termed
weak topology in texts on probability theory (see [Kle20, 13.14(ii)]), and the
lemma shows that these two notions of weak topology agree.

Definition 3.2.4. Suppose X and Y are locally compact Hausdorff spaces
and µ is a Radon measure over X. By a µ Young function f of type Y , we
mean a µ measurable function with values in P(Y ).

Remark 3.2.5. Suppose δ : Y → K (Y )∗ is given by δy(β) = β(y) whenever
y ∈ Y and β ∈ K (Y ), g maps a subset of X into Y , µ(X ∼ dmn g) = 0, and
f = δ ◦ g. Recall from [Fed69, 2.5.19] that δ is a homeomorphic embedding,
it follows that g is µ measurable if and only if f is µ measurable.
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Lemma 3.2.6. Suppose F is the strict inductive limit of a sequence of sep-
arable complete locally convex spaces Fi whose topology is metrizable with
Fi ⊂ Fi+1 for i ∈ P, D is a dense subset of F , µ measures a set X, and f
maps a subset of X into F ∗ such that µ(X ∼ dmn f) = 0, where F ∗ denotes
the topological dual space of F endowed with the weak topology.

Then, f is µ measurable if and only if ⟨β, f(·)⟩ is µ measurable whenever
β ∈ D.

Proof. It is immediate from [Men16, 2.22].

Example 3.2.7. Let m,Q ∈ P. Suppose f is a L m measurable QQ(Rn)-
valued function in the sense of [Alm00, 1.1]. By [DLS11, 0.4], there exists
L m measurable Rn-valued functions f1, f2, . . . , fQ such that f = δ ◦ f1 +δ ◦
f2 + · · · + δ ◦ fQ; in particular, Q−1f is a QL m Young function of type Rn

by 3.2.6.

Definition 3.2.8. Suppose X and Y are locally compact Hausdorff spaces,
µ is a Radon measure over X, and f is µ Young function of type Y . Then
the graph measure Y(µ, f) associated with µ and f is the Radon measure
over X × Y such that (see 3.2.9)

Y(µ, f)(ψ) =
∫∫

ψ(x, y) df(x) y dµx

whenever ψ ∈ K (X × Y ).

Remark 3.2.9. The notion of graph measure is well-defined. By [Bou04a, III,
§4, No. 1, Lemma 1(ii)], for ψ ∈ K (X × Y ) and i ∈ P, there exist ki ∈ P,
αj ∈ K (X) and βj ∈ K (Y ) for j = 1, . . . , ki such that∣∣∣∣∣ψ(x, y) −

ki∑
j=1

αj(x)βj(y)

∣∣∣∣∣ ≤ i−1 whenever (x, y) ∈ X × Y

and hence

lim
i→∞

∣∣∣∣∣∫ ψ(x, y) df(x) y −
ki∑
j=1

αj(x)
∫
βj(y) df(x) y

∣∣∣∣∣ = 0 for µ almost all x.

Thus, the map x 7→
∫
ψ(x, y) df(x) y is µ measurable.

Remark 3.2.10. Suppose m,n ∈ P and g is a L m measurable function with
values in Rn. Then, f = δ ◦ g is a L m Young function of type Rn; letting
G(x) = (x, g(x)) for x ∈ dmn g, we have that G#L m is a Radon measure
by [MS25a, 2.11] and [Fed69, 2.2.2], and that the graph measure Y(L m, f)
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associated with the pair (L m, f) equals G#L m. Compared with the notion
of measure-function pairs introduced by Hutchinson (see [Hut86, 4.1.1]), our
setting does not require any summability condition on functions g; also, this
example shows our notion of graph measure generalizes the one in [Hut86,
4.3.1].

Remark 3.2.11. Young functions are named after Laurence C. Young for their
connection with Young measures. Suppose m,n ∈ P and U is a bounded
open subset of Rm. Using our terminology, the Young measures associated
with a bounded sequence of functions gi in L∞(L m ⌞U) form a L m ⌞U
Young function f of type Rn such that

Y(L m ⌞U, f) = lim
i→∞

Y(L m ⌞U,δ ◦ gi),

see [AFP00, 2.30(i)] and 3.2.9.

Example 3.2.12. Suppose m,n ∈ P and U is an open subset of Rn. Em-
ploying the notation of Allard’s varifold disintegration (see [All72, 3.3]), for
each varifold V ∈ Vm(U), the formula x 7→ V (x) defines a ∥V ∥ Young func-
tion of type G(n,m) such that V = Y(∥V ∥, V (·)). A similar statement also
holds for Young’s generalized surfaces (which are termed oriented varifolds in
[Hut86, Section 3]), see [Fle20, Part I, Section 4, (b), Section 10] and [Fle57,
Section 3].

The following lemma shows that the disintegration formula in the defini-
tion of graph measures holds for a much larger class of functions.

Lemma 3.2.13. Suppose X and Y are second-countable locally compact
Hausdorff spaces, µ is a Radon measure over X, and f is a µ Young function
of type Y . Then, we have∫

ψ dY(µ, f) =
∫∫

ψ(x, y) df(x) y dµx

whenever ψ is a Y(µ, f) integrable R-valued function.

Proof. Let F consist of all Y(µ, f) measurable subsets A of X×Y such that
the formula remains true with ψ replaced by the characteristic function χA

of A.
Step 1. Note that every open subset of X × Y is a countable union

of compact subsets of X × Y , and the disintegration formula holds for ψ ∈
K (X × Y ). In view of [Fed69, 2.4.7], F contains all the open subsets of
X × Y and F is stable under countable increasing unions. If Ai ∈ F for
i ∈ P satisfies Y(µ, f)(A1) <∞ and Ai+1 ⊂ Ai for i ∈ P, then

⋂∞
i=1Ai ∈ F

by [Fed69, 2.4.9].
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Step 2. If Y(µ, f)(A) = 0, there exists a countable nonempty subfamily
G ⊂ F of open subsets in X × Y such that A ⊂

⋂
G and Y(µ, f)(

⋂
G) = 0.

Therefore, we have∫ ∗
χA(x, ·) df(x) ≤

∫
χ⋂

G(x, ·) df(x) = 0 for µ almost all x

and this shows F contains all the sets A with Y(µ, f)(A) = 0.
Step 3. If A is a Y(µ, f) measurable set with Y(µ, f)(A) < ∞, then

there exists a countable nonempty subfamily G ⊂ F of open subsets in X×Y
such that A ⊂

⋂
G and Y(µ, f)((

⋂
G)∼A) = 0, hence∫

χ(
⋂

G)∼A(x, ·) df(x) = 0 for µ almost all x;

it follows that∫
χA(x, ·) df(x) =

∫
χ⋂

G(x, ·) df(x) for µ almost all x,

hence A ∈ F . Note that X ×Y is countably Y(µ, f) measurable. Therefore,
F contains all Y(µ, f) measurable sets.

Now, the assertion follows from [Fed69, 2.3.3, 2.4.8, 2.4.4(6)].

To prove the compactness theorem and disintegration theorem, we want
to reduce the problem by replacing Y with its one-point compactification Z;
for this purpose, we study the relation between the Radon measures over Y
and their image under the inclusion map ι : Y → Z.

Lemma 3.2.14. Suppose Z is a compact Hausdorff space, C is a closed
subset of Z, and M is a nonempty compact family of Radon measures over
Z such that ϕ(C) = 0 for all ϕ ∈M . Then, there holds

lim
L∈P

sup{ϕ(Z ∼L) :ϕ ∈M} = 0,

where P is the family of compact subsets of Z ∼C directed by the order ⪯
such that L1 ⪯ L2 if and only if L1 ⊂ L2 for L1, L2 ∈ P .

Proof. Let λ = lim supL∈P sup{ϕ(Z ∼L) :ϕ ∈M} and let F consist of those
f ∈ K (Z) satisfying 0 ≤ f ≤ 1, and C ⊂ Int{z : f(z) = 1}. Since M is
compact, whenever f ∈ F , there exists ψf ∈M such that

ψf (f) ≥ ϕ(f) whenever ϕ ∈M ;

furthermore, letting L = Z ∼ Int{z : f(z) = 1}, we have L ∈ P and ψf (f) ≥
ϕ(Z ∼L) whenever ϕ ∈ M , hence ψf (f) ≥ λ. Observe that {Clos{ψg : f ≥
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g ∈ F} : f ∈ F} forms a family of closed subsets of M that possesses the
finite intersection property, then there exists

ϕ ∈
⋂
f∈F

Clos{ψg : f ≥ g ∈ F}.

Since ψg(f) ≥ ψg(g) ≥ λ and f 7→ ψ(f) for ψ ∈ M is continuous whenever
f ≥ g ∈ F , we conclude ϕ(f) ≥ λ whenever f ∈ F , thus λ ≤ inf{ϕ(f) : f ∈
F} = ϕ(C) = 0.

Lemma 3.2.15. Suppose X and Y are locally compact Hausdorff spaces, Z
is the one-point compactification of Y , and M is a family of Radon measures
over X × Z. Then, the following statements are equivalent.

(1) ClosM is compact and ϕ(K × (Z ∼Y )) = 0 whenever K is a compact
subset of X and ϕ ∈ ClosM .

(2) sup{ϕ(K × Z) :ϕ ∈ M} < ∞ whenever K is a compact subset of X
and

lim
L∈P

sup{ϕ(K × (Z ∼L)) :ϕ ∈M} = 0,

where P is the family of compact subsets of Y directed by the order ⪯
such that L1 ⪯ L2 if and only if L1 ⊂ L2 for L1, L2 ∈ P .

Proof. To show (1) implies (2), we observe that for a compact subset K of
X and a compact neighborhood G of K, there exists f ∈ KG×Z(X × Z)+

such that 0 ≤ f ≤ 1 and K × Z ⊂ {x : f(x) = 1}, then mapping ϕ ∈ ClosM
onto the finite Radon measure (ϕ ⌞ f)|2G×Z over G×Z defines a continuous
map; from 3.2.14, we infer

lim
L∈P

sup{ϕ(K × (Z ∼L)) :ϕ ∈M} = 0.

Conversely, for a compact subset K of X, a compact neighborhood G of
K, and L ∈ P , there exists fL ∈ K (X × Z) such that

0 ≤ fL ≤ 1, K × (Z ∼Y ) ⊂ Int{x : fL(x) = 1}, spt fL ⊂ G× (Z ∼L);

it follows that

ψ(K × (Z ∼Y )) ≤ ψ(fL) ≤ sup{ϕ(G× (Z ∼L)) :ϕ ∈M},

hence ψ(K × (Z ∼Y )) = 0 whenever ψ ∈ ClosM .
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Lemma 3.2.16. Suppose X and Y are locally compact Hausdorff spaces, Z is
the one-point compactification of Y , ι : X×Y → X×Z is the inclusion map,
and the continuous monomorphism j : K (X × Y ) → K (X ×Z) is given by
extension by zero to X × Z. Then, there hold the following statements.

(1) If X is a countable union of compact subsets and ψ is a Radon measure
over X × Y such that ψ(K × Y ) <∞ whenever K is a compact subset
of X, then ι#ψ is a Radon measure over X × Z.

(2) If ϕ is a Radon measure over X × Z such that ϕ(K × (Z ∼Y )) = 0
whenever K is a compact subset of X and ψ is the Radon measure
representing j∗(ϕ), then we have ψ = ϕ|2X×Y and ϕ is the Radon
measure representing the member in K (X × Z)∗ induced by ι#ψ.

(3) Suppose M is a compact family of Radon measures ϕ over X ×Z such
that ϕ(K × (Z ∼Y )) = 0 whenever K is a compact subset of X. The
dual map j∗ : K (X×Z)∗ → K (X×Y )∗ embeds M homeomorphically
into K (X × Y )∗.

Proof. To prove (1), we first infer from [Fed69, 2.1.2] that every open subset
of X × Z is ι#ψ measurable. Next, noting that X × Y is an open subset of
X × Z, we have

(ι#ψ)(W ) = ψ(W ∩ (X × Y ))

= sup{ψ(C) :C is compact, C ⊂ W ∩ (X × Y )}
≤ sup{(ι#ψ)(C) :C is compact, C ⊂ W}

whenever W is an open subset of X×Z. Let ε > 0 and let Ki be a sequence of
compact subsets of X such that X =

⋃∞
i=1Ki and Ki ⊂ IntKi+1 for i ∈ P.

Since ψ is a Radon measure and ψ(Ki × Y ) <∞, there exists a sequence of
compact subsets Li of Y such that

ψ(Ki × (Y ∼Li)) < 2−iε.

Then W =
⋃∞

i=1(IntKi)× (Z ∼Li) is an open superset of X × (Z ∼Y ) such
that (ι#ψ)(W ) < ε. For A ⊂ X×Z, writing A = (A∩ (X×Y ))∪ (A∩ (X×
(Z ∼Y ))), from the estimate above and the fact that ψ is a Radon measure,
we conclude

(ι#ψ)(A) = inf{(ι#ψ)(W ) :W is open, A ⊂ W}

whenever A ⊂ X × Z.
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As j is continuous, so is j∗. To prove (2), we compute by [Fed69, 2.4.18]
that for f ∈ K (X × Z) with spt f ⊂ X × Y ,∫

f d(ι#ψ) =
∫
f ◦ ι dψ = j∗(ϕ)(f ◦ ι) = ϕ(j(f ◦ ι)) =

∫
f dϕ.

Then, the first conclusion of (2) follows. For arbitrary f ∈ K (X×Z), letting
K be the image of projection of spt f onto X, there exists a compact subset L
of Y such that ϕ(K × (Z ∼L)) and (ι#ψ)(K × (Z ∼L)) are small; therefore,
it allows us to approximate the integrals of f with the integrals of those
functions whose supports are contained in X×Y , and the second conclusion
of (2) follows. By (2), j∗|M is injective. Recalling that every continuous
bijection from a compact space into a Hausdorff space is a homeomorphism,
(3) follows.

Theorem 3.2.17 (Compactness). Suppose X and Y are locally compact
Hausdorff spaces, X is a countable union of compact subsets, and M is a
class of Radon measures over X × Y satisfying

sup{Γ(K × Y ) : Γ ∈M} <∞,

lim
Γ∈P

sup{Γ(K × (Y ∼L)) : Γ ∈M} = 0,

whenever K is a compact subset of X, where P is the family of compact
subsets of Y directed by the order ⪯ such that L1 ⪯ L2 if and only if L1 ⊂ L2

for L1, L2 ∈ P .
Then, ClosM is compact, the push-forward p# maps ClosM continuously

into K (X)∗, and p#Γ is a Radon measure over X whenever Γ ∈ ClosM ,
where p : X × Y → X is the projection map.

Proof. Let Z be the one-point compactification of Y , let ι : X ×Y → X ×Z
be the inclusion map, let j be as in 3.2.16, and let M ′ = {ι#Γ : Γ ∈M}. From
3.2.16(1), the members of M ′ are Radon measures over X × Z. Applying
3.2.15 with M replaced by M ′, we see that ClosM ′ is a compact family of
Radon measures ϕ over X × Z satisfying ϕ(K × (Z ∼Y )) = 0 whenever
K is a compact subset of X; thus, ClosM = j∗[ClosM ′] is compact and
ι#◦j∗|ClosM ′ = 1ClosM ′ by 3.2.16(2)(3) applied withM replaced by ClosM ′.
By [Fed69, 2.2.17], q#(ι#Γ) = p#Γ is a Radon measure over X whenever
Γ ∈ ClosM , where q : X ×Z → X is the projection map, and the continuity
of p# follows from the continuity of (j∗|ClosM ′)−1.

Remark 3.2.18. The proof also shows that ι# maps ClosM continuously into
K (X×Z)∗. In particular, if X×Y is second-countable (and hence metrizable
by [Kel75, Chapter 4, Theorem 16]) and M consists of a convergent sequence
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Γi and Γ = limi→∞ Γi, then we have ι#Γ = limi→∞ ι#Γi. It follows from
[AFP00, 1.62] that

lim
i→∞

∫
g dΓi =

∫
g dΓ

for any bounded Borel function g such that Clos p[spt g] is compact and the
set of discontinuity points of g has Γ measure zero.

Next, we shall present a disintegration theorem that suits our setting, see
also [AFP00, 2.28].

Lemma 3.2.19. Suppose X and W are locally compact Hausdorff spaces, K
and L are compact subsets of X and W , respectively, Z is a Banach space.
and the map

ι : ZX×W → (ZW )X

is characterized by

ι(η)(x) = η(x, ·) whenever x ∈ X and η ∈ ZX×W ,

where BA is the set of all functions f : A→ B. Then, the restriction

ι|KK×L(X ×W,Z) : KK×L(X ×W,Z) → KK(X,KL(W,Z))

defines a norm-preserving isomorphism of Banach spaces.

Proof. Clearly, we have sup im |η| = sup im |ι(η)| whenever η ∈ KK×L(X ×
W,Z). For topological spaces A and B, we denote by C (A,B) the space
of all continuous functions f : A → B endowed with the compact-open
topology. In case that B is a normed space, it is straightforward to verify
that this topology agrees with the locally convex topology induced by the
semi-norms with value sup |f |[K] at f ∈ C (A,B) corresponding to compact
subsets K of A. It follows that the inclusion map KK(X,B) → C (X,B)
is a homeomorphic embedding whenever B is a normed space and K is a
compact subset of X. Since the restriction

ι|C (X ×W,Z) : C (X ×W,Z) → C (X,C (W,Z))

defines a bijection by [tD08, 2.4.7], the assertion is obvious.

Remark 3.2.20. The above lemma is a generalization of [Bou04a, III, §4, No.
1, Lemma 1 (i)] to vector-valued functions.

Theorem 3.2.21. Suppose X and Y are second-countable locally compact
Hausdorff spaces, p : X × Y → X is the projection map, and Γ is a Radon
measure on X × Y . If Γ(K × Y ) < ∞ for every compact subset K of X,
then p#Γ is a Radon measure over X and there exists a p#Γ Young function
f of type Y such that Γ = Y(p#Γ, f). Moreover, such a function f is p#Γ
almost unique.
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Proof. Suppose Z is the one-point compactification of Y , ι : Y → Z is the
inclusion map, and q : X × Z → X is the projection map. Then Z is a
second-countable compact Hausdorff space and by 3.2.16(1), µ = (1X × ι)#Γ
is a Radon measure over X×Z; in particular, p#Γ = q#µ is a Radon measure
by [Fed69, 2.2.17]. Clearly, we have µ(X × (Z ∼Y )) = 0.

By 3.2.19, the function S : K (X,K (Z)) ≃ K (X × Z) given by

S(u)(x, y) = u(x)(y) for u ∈ K (X,K (Z))

is a linear isomorphism and apply [Fed69, 2.5.12] with E = K (Z) endowed
with the sup-norm topology (which is separable by [Men16, 2.2, 2.23]), L =
K (X), Ω = K (X,K (Z)), T = µ ◦ S, then there exists a Radon measure
ϕ over X and a ϕ measurable function k with values in K (Z)∗ with respect
to the weak topology such that |k(x)| = 1 for ϕ almost all x and such that∫

S(u) dµ = T (u) =
∫
⟨u(x), k(x)⟩ dϕx whenever u ∈ K (X,K (Z)).

For β ∈ K (Z)+, we have

0 ≤
∫
α(x)β(z) dµ (x, z) =

∫
α(x)⟨β, k(x)⟩ dϕx whenever α ∈ K (X)+;

thus, ⟨β, k(x)⟩ ≥ 0 for ϕ almost all x. As K (Z)+ is separable, we conclude
for ϕ almost all x, k(x) is monotone, hence 1 = |k(x)| = k(x)(Z). Therefore,
k is a ϕ Young function of type Z and µ = Y(ϕ, k), hence p#Γ = q#µ = ϕ.
By 3.2.13, we conclude that k(x)(Z ∼Y ) = 0 for ϕ almost all x.

Note that extension by zero gives a continuous monomorphism

j : K (Y ) → K (Z),

hence a continuous linear map

j∗ : K (Z)∗ → K (Y )∗,

where K (Z)∗ and K (Y )∗ are endowed with the weak topology. Therefore,
f = j∗ ◦ k is a p#Γ Young function of type Y such that∫

ψ dΓ =
∫
j(ψ(x, ·))(y) dµ (x, y)

=
∫
⟨j(ψ(x, ·)), k(x)⟩ dϕx

=
∫
⟨ψ(x, ·), f(x)⟩ dϕx

=
∫∫

ψ(x, y) df(x) y d(p#Γ)x

whenever ψ ∈ K (X × Y ).

41



Finally, suppose g is a p#Γ Young function of type Y such that

Y(p#Γ, g) = Y(p#Γ, f).

By 3.2.2 and 3.2.16(1), we see x 7→ ι#(g(x)) for x ∈ dmn g is a p#Γ
Young function of type Z. Note that k(x)(Z ∼Y ) = 0, hence by 3.2.16(2),
ι#(f(x)) = k(x) for p#Γ almost all x. By 3.2.13 and [Fed69, 2.4.18], we
compute for u ∈ K (X,K (Z))

T (u) =
∫
⟨u(x), k(x)⟩ d(p#Γ)x

=
∫∫

S(u)(x, ι(y)) df(x) y d(p#Γ)x

=
∫
S(u)(x, ι(y)) dY(p#Γ, f) (x, y)

=
∫
S(u)(x, ι(y)) dY(p#Γ, g) (x, y)

=
∫∫

S(u)(x, ι(y)) dg(x) y d(p#Γ)x

=
∫∫

S(u)(x, z) dι#(g(x)) z d(p#Γ)x

=
∫
⟨u(x), ι#(g(x))⟩ d(p#Γ)x.

From the uniqueness of k, we conclude ι#(g(x)) = k(x), hence by 3.2.16(2),
g(x) = j∗(ι#(g(x))) = (j∗ ◦ k)(x) = f(x) for p#Γ almost all x.

Finally, we will finish this section with the compactness theorem for pairs
of rectifiable varifolds and Young functions; for this purpose, we need two
more items.

Definition 3.2.22. Suppose m,n ∈ P, U is an open subset of Rn, and C
is a closed subset of R satisfying inf C ≥ 1 and

c+ d ∈ C whenever c, d ∈ C.

Then, RVm(U,C) denotes the class of m-dimensional rectifiable varifolds V
such that Θm(∥V ∥, x) ∈ C for ∥V ∥ almost all x.

The following lemma shows that if V ∈ RVm(U), then there is a one-to-
one correspondence between ∥V ∥ Young functions and V Young functions
obtained from precomposition with the functions τ and p as in the lemma.

Lemma 3.2.23. Suppose V ∈ RVm(U) and define τ by

τ(x) = (x,Tanm(∥V ∥, x)) whenever Tanm(∥V ∥, x) ∈ G(n,m).

Then, the following statements hold.

(1) V = τ#∥V ∥.
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(2) For A ⊂ U ×G(n,m), A is V measurable if and only if τ−1[A] is ∥V ∥
measurable.

(3) τ(p(x, S)) = (x, S) for V almost all (x, S), where p : U ×G(n,m) → U
is the projection map.

Proof. By [MS25a, 2.11] and [All72, 3.5(1b)], τ#∥V ∥ is a Radon measure and
V = τ#∥V ∥. Let A ⊂ U × G(n,m). Clearly, if τ−1[A] is ∥V ∥ measurable,
then A is V = τ#∥V ∥ measurable. If A is V measurable, then there exists a
Borel set B such that A ⊂ B and V (B∼A) = 0, hence ∥V ∥τ−1[B∼A] = 0.
Therefore,

τ−1[A] = τ−1[B]∼ τ−1[B∼A]

is ∥V ∥ measurable and (2) follows. To prove (3), we note that

τ−1[{(x, S) :(x, S) ̸= (x,Tanm(∥V ∥, x))}] = ∅,

and the assertion follows from (1).

Theorem 3.2.24 (Compactness). Suppose m, n, U , and C are as in 3.2.22,
Y is a second-countable locally compact Hausdorff space, Lj is a sequence
of compact subsets of Y such that

⋃∞
j=1 Lj = Y and Lj ⊂ IntLj+1 whenever

j ∈ P, and (Vi, fi) is a sequence of pairs of Vi in RVm(U,C) and ∥Vi∥ Young
functions fi of type Y such that

lim
j→∞

sup{Y(∥Vi∥, fi)(K × (Y ∼Lj)) : i ∈ P} = 0,

sup{(∥Vi∥ + ∥δVi∥)(K) : i ∈ P} <∞

whenever K is a compact subset of U .
Then, there exists V ∈ RVm(U,C), a ∥V ∥ Young function f of type Y ,

and a subsequence (Vik , fik) of (Vi, fi) such that, as k → ∞,

Vik → V, Y(Vik , fik ◦ p) → Y(V, f ◦ p), Y(∥Vik∥, fik) → Y(∥V ∥, f),

where p : U ×G(n,m) → U is the projection map.

Proof. By [All72, 2.6(2a)], [Men16, 2.23], 2.3.4, 3.2.17, and 3.2.21, there exist
a subsequence (Vik , fik), V ∈ RVm(U,C), and a V Young function g of type
Y such that

Vi → V, Y(Vik , fik ◦ p) → Y(V, g) as k → ∞.

From 3.2.23, we infer that f(x) = (g ◦ τ)(x) for x ∈ dmn τ defines a ∥V ∥
Young function of type Y such that

Y(Vik , fik ◦ p) → Y(V, f ◦ p), Y(∥Vik∥, fik) → Y(∥V ∥, f) as k → ∞,

where τ is as in 3.2.23.
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3.3 The space of probability Radon measures

and operations on Young functions

In this section, we first define a metric on the space of probability Radon
measures and study its topological and metric structures. Then, we show
that the class of Young functions is stable under several operations.

Definition 3.3.1. Suppose Y is a finite-dimensional Banach space. For
0 ≤ s <∞, the space Es consists of functions γ : Y → R of class 1 such that
γ(0) = 0 and spt D γ ⊂ B(0, s). We endow Es with the norm whose value
equals

sup im ∥D γ∥ at γ ∈ Es,

and we endow E =
⋃
{Es : 0 ≤ s <∞} with the locally convex final topology

induced by the inclusion maps Es → E.

Remark 3.3.2. Suppose Y is a finite-dimensional Banach space. Letting
k = dimY and employing the linear isomorphism Y ≃ Rk, the standard
mollification argument in Euclidean spaces also works for Y .

Remark 3.3.3. By Taylor’s theorem, we readily check that

|γ(y)| ≤ inf{|y|, s} sup im ∥D γ∥ for y ∈ Y

whenever γ ∈ Es.

Lemma 3.3.4. Suppose Y is a finite-dimensional Banach space and 0 ≤
s < ∞. Then, the canonical map P(Y ) → (Es)

∗ is continuous with bounded
image, where (Es)

∗ is endowed with the dual norm topology.

Proof. By [Fed69, 2.10.21], the function space

Es ∩ {γ : sup im ∥D γ∥ ≤ 1}

is contained in the compact space F of Lipschitzian functions f : Y →
R with f(0) = 0 and Lip f ≤ 1, where F is endowed with the topology
of uniform convergence on each compact subset of Y , or equivalently, the
topology induced by the metric ρ with value

ρ(f, g) =
∞∑
i=1

2−i · sup im |(f − g)|B(0, i)|
1 + sup im |(f − g)|B(0, i)|

at (f, g) ∈ F × F .

Note that

sup im |γ1 − γ2| = sup{|γ1(y) − γ2(y)| : y ∈ Y ∩B(0, s)}
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whenever γ1, γ2 ∈ Es. Then, it is straightforward to show that the function
space Es ∩ {γ : sup im ∥D γ∥ ≤ 1} is totally bounded with respect to the
supremum metric. With the help of 3.2.2, it follows that every convergent
sequence in P(Y ) also converges in (Es)

∗. Since P(Y ) ⊂ K (Y )∗ is metriz-
able by [Men16, 2.23], the continuity of the canonical map follows, and the
boundedness of its image is immediate by 3.3.3.

Lemma 3.3.5. Suppose Y is a finite-dimensional Banach space. There holds

|y1 − y2| = sup{γ(y1) − γ(y2) : γ ∈ E, sup im ∥D γ∥ ≤ 1}

whenever y1, y2 ∈ Y .

Proof. Since |γ(y1) − γ(y2)| ≤ |y1 − y2| sup im ∥D γ∥ whenever γ ∈ E, it
suffices to show there exists a sequence γi ∈ E such that

lim
i→∞

γi(y1) − γi(y2) = |y1 − y2|.

Note that there exists L ∈ Hom(Y,R) such that L(y1 − y2) = |y1 − y2|
and ∥L∥ ≤ 1. Whenever i ∈ P, since Li = sup{inf{L, i},−i} is uniformly
continuous and Li(0) = 0, there exists βi : Y → R of class 1 such that
βi(0) = 0, sup im ∥D βi∥ ≤ 1, and sup im |Li − βi| ≤ i−1. Choose a function
ϕ : Y → R of class 1 such that 0 ≤ ϕ ≤ 1, ϕ|B(0, 1) = 1, sup im ∥Dϕ∥ ≤ 1,
and sptϕ is compact, and we define ϕi(y) = (1− i−1)ϕ(i−3y) whenever y ∈ Y
and i ∈ P. Then, we have γi = ϕiβi ∈ E, sup im ∥D γi∥ ≤ 1 for i ≥ 1, and
L(y) = limi→∞ γi(y) for all y ∈ Y and the assertion follows.

Definition 3.3.6. Suppose Y is a finite-dimensional Banach space, we define
the pseudo-metric d on P(Y ) by

d(µ, ν) = sup
{∫

γ dµ−
∫
γ dν : γ ∈ E, sup im ∥D γ∥ ≤ 1

}
whenever µ, ν ∈ P(Y ).

Remark 3.3.7. If µ, ν ∈ P(Y ) satisfy d(µ, ν) = 0, we have
∫
γ dµ =

∫
γ dν

whenever γ ∈ K (Y ) with Lip γ <∞; it follows that µ = ν.

Remark 3.3.8. By approximation, we readily show that

d(µ, ν) = sup
{∫

γ dµ−
∫
γ dν : γ : Y → R,Lip γ ≤ 1

}
= sup

{∫
γ dµ−

∫
γ dν : γ ∈ K (Y ),Lip γ ≤ 1

}
.

whenever µ, ν ∈ P(Y ).
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Definition 3.3.9. Suppose (X, ρ) is a pseudo-metric space and Y is a finite-
dimensional Banach space. A function f : X → P(Y ) is termed to be
Lipschitzian if and only if there exists 0 < M <∞ such that

d(f(x), f(y)) ≤Mρ(x, y) whenever x, y ∈ X,

where d as in 3.3.6. The Lipschitz constant of f is defined to be the infimum of
all such numbers M . We say f is locally Lipschitzian if and only if whenever
x ∈ X, there exists a neighborhood U of x such that f |U is Lipschitzian.

Remark 3.3.10. Note that if X is a metric space and f is a Lipschitzian
P(Y )-valued function, then we have d(f(x), f(y)) < ∞ whenever x, y ∈ X;
in particular, d|(im f × im f) is a metric and f is Lipschitzian in the usual
sense.

Remark 3.3.11. By 3.3.8, we have

d(δ0, µ) =
∫
|y| dµ y whenever µ ∈ P(Y ).

Let
P1(Y ) = P(Y ) ∩

{
µ :
∫
|y| dµ y <∞

}
.

Then, (P1(Y )), d) is a metric space.

Next, we shall investigate the relation between the weak topology and
the d topology on P1(Y ) when Y is a finite-dimensional Banach space.

Remark 3.3.12. The notation P1(Y ) is taken from [Vil09, 6.4], on which the
metric d agree with 1-Wasserstein distance, see [Vil09, 6.1, 6.5]. The following
characterization of d convergence on P1(Y ) is a special case of [Vil09, 6.9].

Lemma 3.3.13 (see [Vil09, 6.8, 6.9]). Suppose Y is a finite-dimensional
Banach space, µi is a sequence in P1(Y ), and µ ∈ P1(Y ). Then, the following
two statements are equivalent.

(1) limi→∞ d(µi, µ) = 0.

(2) µi → µ weakly as i→ ∞ and limi→∞
∫
|y| dµi y =

∫
|y| dµ y.

Proof. Suppose limi→∞ d(µi, µ) = 0, then

lim
i→∞

∫
|y| dµi y = lim

i→∞
d(δ0, µi) = d(δ0, µ) =

∫
|y| dµ y.

Whenever ε > 0 and f ∈ K (Y ), since f is uniformly continuous, there
exists a function γ : Y → R of class 1 such that spt γ is compact and
sup im |f − γ| < ε, hence we have

|µi(f) − µ(f)| ≤ 2ε+ |µi(γ) − µ(γ)| ≤ 2ε+ sup im ∥D γ∥d(µi, µ).
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Therefore, we conclude µi → µ weakly as i→ ∞.
To prove the converse, letting ε > 0, we will first show that there exists

0 ≤ s <∞ such that
∫
Y ∼B(0,s)

|y| dµ y ≤ ε and∫
Y ∼B(0,s)

|y| dµi y ≤ ε whenever i ∈ P.

Since µ is a Radon measure, there exists f ∈ K (Y ) such that 0 ≤ f ≤ 1 and∫
(1 − f(y))|y| dµ y ≤ ε/2. From the hypothesis, there exists N ∈ P such

that ∣∣∫ f(y)|y| dµi y −
∫
f(y)|y| dµ y

∣∣+
∣∣∫ |y| dµi y −

∫
|y| dµ y

∣∣ ≤ ε/2

whenever i ≥ N . Then, we have∫
Y ∼ spt f

|y| dµi y ≤ ε whenever i ≥ N

and the assertion follows. On the other hand, by [Fed69, 2.10.21], the set
KB(0,r)(Y )∩{γ : Lip γ ≤ 1} is compact in the Banach space KB(0,r)(Y ); since
each member of P(Y ) defines a continuous linear functional over KB(0,r), we
have

lim
i→∞

sup{
∫
γ dµi −

∫
γ dµ : γ ∈ KB(0,r)(Y ),Lip γ ≤ 1} = 0

whenever 0 < r <∞. It follows that limi→∞ d(µi, µ) = 0.

Remark 3.3.14. Since the weak topology on the space of Radon measures
over Y is metrizable by [Men16, 2.23], it follows that the map

(P1(Y ), d) → P(Y ) ×R

defined by µ 7→ (µ,
∫
|y| dµ y) is a homeomorphic embedding.

Remark 3.3.15. The d topology is strictly finer than the weak topology on
P1(Y ) provided dimY ≥ 1; for instance, letting 0 ̸= v ∈ Y and µ ∈ P1(Y ),
the sequence µi = (1 − i−1)µ+ i−1δiv converges weakly to µ as i→ ∞ but

lim
i→∞

∫
|y| dµi y −

∫
|y| dµ y = |v| > 0.

However, these two topologies induce the same subspace topology on the
weakly closed subsets

A(ε) = P(Y ) ∩ {µ :µ{a} ≥ ε whenever a ∈ sptµ} ⊂ P1(Y )

whenever ε > 0. To show this, suppose ε > 0 and µi is a sequence in
A(ε) that converges weakly to some µ ∈ P(Y ). Whenever 0 < r < ∞ and

47



a ∈ sptµ, by [All72, 2.6(2c)], there exists N ∈ P such that µi(U(a, r)) > 0,
hence µi(U(a, r)) ≥ ε, whenever i ≥ N ; it follows that

µ(B(a, r)) ≥ lim sup
i→∞

µi(B(a, r)) ≥ ε.

Thus, we conclude µ ∈ A(ε). Since limi→∞
∫

(1 − f) dµi =
∫

(1 − f) dµ
whenever f ∈ K (Y ) and note that ν(S) > 0 implies ν(S) ≥ ε whenever
S ⊂ Y and ν ∈ A(ε), there exists 0 < s <∞ such that

sup{µi(Y ∼B(0, s)) : i ∈ P} = 0 for some 0 < s <∞;

by 3.2.2,

lim
i→∞

∫
|y| dµi y = lim

i→∞

∫
inf{|y|, s} dµi y =

∫
inf{|y|, s} dµ y =

∫
|y| dµ y.

The following two lemmas show that the class of Young functions is stable
under pushforward by Borel functions pointwise and taking the Cartesian
product of measures pointwise.

Lemma 3.3.16. Suppose X and Y are second-countable locally compact
Hausdorff spaces and f : X → Y is a Borel function. Then, the pushforward

(f#µ)(A) = µ(f−1[A]) whenever µ ∈ P(X) and A ⊂ Y ,

defines a Borel function f# : P(X) → P(Y ). Moreover, if f is continuous,
then so is f#.

Proof. By [Kel75, Chapter 4, Theorem 16], [MS25a, 2.11], and [Fed69, 2.2.2],
f#µ is a Radon measure over Y . Note that it is enough to show µ 7→∫
g d(f#µ) is a Borel function whenever g ∈ K (Y ) by [Men16, 2.23]. Since∫
g d(f#µ) =

∫
(g ◦ f) dµ whenever µ ∈ P(X) and g : Y → R is a bounded

Borel function by [Fed69, 2.4.18], it reduces to show µ 7→
∫
h dµ is a Borel

function whenever h : X → R is a bounded Borel function.
For i ∈ P, let Bi be the family of all Borel functions h : X → R with

sup im |h| ≤ i such that µ 7→
∫
h dµ is a Borel function on P(X). By 3.2.2,

the set Bi contains all continuous functions from X into R ∩ {r : |r| ≤ i}.
By [Fed69, 2.4.9] and employing the terminology of [Fed69, 2.2.15], Bi is
a Baire class, hence contains all Baire functions with image contained in
R ∩ {r : |r| ≤ i}; applying [Fed69, 2.2.15] with Y = R ∩ {r : |r| ≤ i}, we see
Bi contains all Borel functions h : X → R with sup im |g| ≤ i. Therefore,
the main conclusion follows.

For the postscript, it is enough to show µ 7→
∫
g d(f#µ) =

∫
(g ◦ f) dµ is

continuous whenever g ∈ K (Y ), which is immediate from 3.2.2.
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Lemma 3.3.17. Suppose X and Y are second-countable locally compact
Hausdorff spaces. Then, the product of measures

(µ, ν) 7→ µ× ν whenever µ ∈ P(X) and ν ∈ P(Y )

defines a continuous function P(X) ×P(Y ) → P(X × Y ).

Proof. By Fubini’s theorem [Fed69, 2.6.2], µ× ν is a Borel regular measure,
hence by [Fed69, 2.2.2], a Radon measure whenever µ ∈ P(X) and ν ∈ P(Y ).

It is enough to show that ef (µ, ν) =
∫
f d(µ × ν) defines a continuous

function on P(X) × P(Y ) whenever f ∈ K (X × Y ). If f ∈ K (X × Y )
satisfies f(x, y) = α(x)β(y) whenever (x, y) ∈ X × Y for some α ∈ K (X)
and β ∈ K (Y ), then ef is continuous. Therefore, in view of [Bou04a, III,
§4, No. 1, Lemma 1 (ii)], for each f ∈ K (X × Y ), ef is the uniform limit of
a sequence of continuous functions, hence itself a continuous function.

Remark 3.3.18. The two lemmas above are variants of [Kec95, 17.28, 17.40].

Definition 3.3.19. Suppose Y and Z are second-countable locally compact
Hausdorff spaces, µ is a Radon measure over a locally compact Hausdorff
spaceX, f : Y → Z is a Borel function, and g is a µ Young function of type Y .
Then, we define the µ Young function f#g of type Z by (f#g)(x) = f#(g(x))
whenever x ∈ dmn g.

Definition 3.3.20. Suppose X and Y are second-countable locally compact
Hausdorff spaces, µ is a Radon measure over X, and f and g are µ Young
functions of type Y . Then, we define the µ Young function f × g by (f ×
g)(x) = f(x) × g(x) whenever x ∈ dmn f ∩ dmn g.

We finish this section by introducing the sum of two vector-valued func-
tions and the product of two real-valued functions in the context of Young
functions.

Definition 3.3.21 (see [Kle20, 14.20]). Suppose µ and ν are measures over
a vector space Y , and A : Y × Y → Y is defined by

A(x, y) = x+ y whenever x, y ∈ Y .

Then, the measure µ ∗ ν = A#(µ× ν) is termed the convolution of µ and ν.

Remark 3.3.22 (see [Kle20, 14.21]). Suppose Y is a finite-dimensional Banach
space. We readily verify the following basic properties of convolutions of
measures.

(1) Whenever µ, ν ∈ P(Y ), we have µ ∗ ν = ν ∗ µ.
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(2) If µ, ν ∈ P(Y ), then µ ∗ ν ∈ P(Y ).

(3) If µ, ν ∈ P(Y ) satisfy µ =
∑

x∈A f(x)δx and ν =
∑

y∈B g(y)δy for some
finite subsets A and B of Y and functions f : A → R and g : B → R,
then µ ∗ ν =

∑
(x,y)∈A×B f(x)g(y)δx+y.

Lemma 3.3.23. Suppose Y is a finite-dimensional Banach space. Then, the
convolution of measures

(µ, ν) 7→ µ ∗ ν whenever µ, ν ∈ P(Y )

defines a continuous function P(Y ) ×P(Y ) → P(Y ).

Proof. Combine 3.3.17 and 3.3.16.

Remark 3.3.24. Similarly, if Y = R, the multiplication on R induces a con-
tinuous function P(R) ×P(R) → P(R).

Definition 3.3.25. Suppose X is a locally compact Hausdorff space, Y is a
finite-dimensional Banach space, µ is a Radon measure over X, and f and
g are µ Young functions of type Y . Then, we define the µ Young function
f ∗ g by (f ∗ g)(x) = f(x) ∗ g(x) whenever x ∈ dmn f ∩ dmn g.

Lemma 3.3.26. Suppose Y is a finite-dimensional Banach space, d is as in
3.3.6. Then, there holds

d(µ ∗ ν, λ ∗ η) ≤ d(µ, λ) + d(ν, η) whenever µ, ν, λ, η ∈ P(Y ).

Consequently, the convolution f ∗g of two Lipschitzian P(Y )-valued functions
f and g is again Lipschitzian and Lip f ∗ g ≤ Lip f + Lip g.

Proof. The assertion follows from 3.3.8, 3.3.22(1), and the estimate∫
γ d(µ ∗ λ) −

∫
γ d(ν ∗ λ) =

∫ (∫
γ(x+ y) dµx−

∫
γ(x+ y) dν x

)
dλ y

≤ d(µ, ν)

whenever µ, ν, λ ∈ P(Y ) and γ ∈ K (Y ) with Lip γ ≤ 1.

3.4 The test function spaces

Hypotheses. In this section, we always assume Y is a finite-dimensional
Banach space with dimY ≥ 1, E is the function space associated with Y as
in 3.3.1, n ∈ P, and U is an open subset of Rn.

The goal of this section is to prove an embedding theorem of K (X,E)
into K (X×Y,Hom(Y,R)), see 3.4.17, and the embedding theorems for other
test function spaces of interest follow immediately. For this purpose, we first
present basic results about the space K (X,Z).
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Lemma 3.4.1. Suppose X is a locally compact Hausdorff space and W and
Z are Hausdorff locally convex spaces. Then, the following four statements
hold.

(1) If f : W → Z is a continuous linear map, then post-composition with
f defines a continuous linear map K (X,W ) → K (X,Z).

(2) If Z is the product of finitely many locally convex spaces Z1, Z2, . . . , Zn,
then we have the isomorphism of locally convex spaces

K (X,Z) ≃
n∏

i=1

K (X,Zi);

in particular, we have K (X,Zn) ≃ K (X,Z)n.

(3) If Z is normed, then the topology of KK(X,Z) is given by the norm
with value sup im |f | at f ∈ KK(X,Z).

(4) If Ki is a sequence of compact subsets of X such that Ki ⊂ IntKi+1 for
i ∈ P and X =

⋃∞
i=1Ki, then K (X,Z) is the strict inductive limit of

KKi
(X,Z) for i ∈ P; in particular, the given topology on KKi

(X,Z)
agrees with the subspace topology induced by K (X,Z).

Proof. It is straightforward to verify (1) from the definitions. The statements
(2) and (3) are proved in [Bou04a, III, §1, No. 1]. To prove (4), it is enough
to check the inclusion map KKi

(X,Z) → KKj
(X,Z) is a homeomorphic

embedding whenever i ≤ j, and this is straightforward from the definitions.
Finally, the postscript of (4) follows from 3.1.1.

Lemma 3.4.2. Suppose X is a second-countable locally compact Hausdorff
space, K is a compact subset of X, and Z is a separable Banach space. Then,
the function space KK(X,Z) is a separable Banach space.

Proof. It follows from [Bou04a, III. §1, No. 1, page 1] that KK(X,Z) is a
Banach space. Since KK(X) is separable by [Men16, 2.2, 2.23], it follows
from [Bou04a, III, §1, No. 2, Proposition 5] that KK(X,Z) is separable.

Lemma 3.4.3. Suppose Z is a normed space, X is a locally compact Haus-
dorff space, Ki is a sequence of compact subsets of X such that K0 = ∅,
Ki−1 ⊂ IntKi whenever i ∈ P, and X =

⋃∞
i=1Ki. Then, the subsets

Vα = K (X,Z) ∩ {f : |f(x)| ≤ α(i)−1 for i ∈ P and x ∈ X ∼Ki−1}

corresponding to each α ∈ PP form a fundamental system of neighborhoods
of 0 of K (X,Z).
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Proof. Clearly, Vα is a neighborhood of 0 in K (X,Z) whenever α ∈ PP .
Let V be a convex neighborhood of 0 in K (X,Z). There exists β ∈ PP

such that

B(0, β(i)−1) ∩ KKi
(X,Z) ⊂ V ∩ KKi

(X,Z) whenever i ∈ P.

Choose non-negative functions ϕi ∈ K (X) for i ∈ P such that

sptϕi ⊂ (IntKi+1)∼Ki−1 and
∞∑
j=1

2−jϕj(x) = 1

whenever i ∈ P and x ∈ X, and choose α ∈ PP such that

α(i)−1 sup im |ϕi| ≤ β(i+ 1)−1 whenever i ∈ P.

Note that if i, j ∈ P and f ∈ Vα ∩ KKi
(X,Z), then

sptϕjf ⊂ (IntKj+1)∼Kj−1 and sup im |ϕjf | ≤ β(j + 1)−1;

therefore

ϕjf ∈ V ∩ KKj+1
(X,Z), if j ≤ i,

ϕjf = 0, if j > i.

Since V is convex, 0 ∈ V , and f =
∑i

j=1 2−j(ϕjf) + 2−i · 0, we conclude that
f ∈ V , hence Vα ⊂ V .

Remark 3.4.4. The proof of 3.4.3 is adapted from the proof of [Sch66, p. 66,
Théorème II].

Next, we will study the topological vector structure of E.

Remark 3.4.5. We shall verify that Es is a separable Banach space. Suppose
fi is a Cauchy sequence in Es. By 3.3.3, the sequence fi is also Cauchy with
respect to the supremum metric. From [Bou89b, X, §1, No. 6, Corollary
1 of Theorem 2], there exist continuous functions f : Y → R and F :
Y → Hom(Y,R) such that fi → f and D fi → F uniformly. By Taylor’s
theorem, we can show that D f exists and equals F . It follows that Es is
complete. Note that the derivative D provides an isometric embedding of Es

into the separable metric space KB(0,s)(Y,Hom(Y,R)), see 3.4.2; hence Es is
separable.

Remark 3.4.6. Note that for 0 ≤ r ≤ s < ∞, the inclusion map Er → Es

is a norm-preserving embedding. Therefore, E is the strict inductive limit
of the sequence Ei for i ∈ P. From 3.1.1, we have that E is complete and
Hausdorff, that Es is a closed subspace of E whenever 0 ≤ s <∞, and that
every compact subset of E is contained on some Es and bounded there.
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Remark 3.4.7. The derivative defines a norm-preserving embedding

Es → KB(0,s)(Y,Hom(Y,R)),

hence a continuous injective linear map

E → K (Y,Hom(Y,R)).

If Y = R, then both maps above are isomorphisms of locally convex spaces
since the formula

γ(y) =
∫ 1

0
⟨y, f(ty)⟩ dt whenever y ∈ R

defines a member in Es whenever f ∈ KB(0,s)(R,Hom(R,R)). If Y = Rn

with n ≥ 2, then both maps are not surjective; in fact, we may choose a
non-negative function ω ∈ D(R,R) such that ω(r) = 1 for |r| ≤ 1 and define

f(x) = ω(|x)|)(x2,−x1, 0, . . . , 0) whenever x = (x1, x2, . . . , xn) ∈ Rn.

Then, there exists no γ ∈ E such that D γ = f ; here we identify Rn with
Hom(Rn,R).

To show the map E → K (Y,Hom(Y,R)) as above is still a homeomorphic
embedding for dimY ≥ 2, we need to study the fundamental system of
neighborhoods of 0 in E; for this purpose, we introduce another function
space Ẽ that is isomorphic to E as locally convex spaces when dimY ≥ 2,
but its members have compact support.

Definition 3.4.8. We define

Ẽs = {γ̃ : γ̃ : Y → R is of class 1, spt γ̃ ⊂ B(0, s)} whenever 0 ≤ s <∞

endowed with the norm γ̃ 7→ sup im ∥D γ̃∥, and the space

Ẽ =
⋃

{Ẽs : 0 ≤ s <∞}

is endowed with the locally convex final topology induced by the inclusion
maps Ẽs → Ẽ.

Remark 3.4.9. Similar arguments as in 3.4.5 and 3.4.6 show that Ẽ is the
strict inductive limit of the separable Banach spaces Ẽi as i→ ∞; it follows
from 3.1.1 that the given topology on Ẽi agrees with the subspaces induced
from Ẽ.
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Remark 3.4.10. The map γ̃ → γ̃−γ̃(0) defines an norm-preserving embedding

from Ẽs into Es whenever 0 ≤ s < ∞, hence a continuous injective linear
map from Ẽ into E. For dimY ≥ 2, these maps are isomorphisms of locally
convex spaces.

Lemma 3.4.11. Suppose L0 = ∅ and Li = B(0, i) ∩ Y for i ∈ P. Then,

the subsets W̃α consisting of γ̃ ∈ Ẽ satisfying

|γ̃(y)| + ∥D γ̃(y)∥ ≤ α(i)−1 whenever i ∈ P and y ∈ Y ∼Li−1

corresponding to each α ∈ PP form a fundamental system of neighborhoods
of 0 of Ẽ.

Proof. Clearly, the set W̃α is convex, symmetric, and absorbent whenever
α ∈ PP . Note that if

i ∈ P, ε = (2i)−1 inf{α(j)−1 : j = 1, 2, . . . , i}
γ̃ ∈ B(0, ε) ∩ Ẽi, v ∈ Y, |v| = 1, and y(t) = (i− t)v,

then we have

|γ̃(y(t))| ≤
∫ t

0
|⟨−v,D γ̃(y(s))| dL 1 s

≤
∫ t

0
∥D γ̃(y(s))∥ dL 1 s

≤ iε

whenever 0 ≤ t ≤ i. Thus, B(0, ε) ∩ Ẽi ⊂ W̃α ∩ Ẽi, and we conclude W̃α is a

neighborhood of 0 in Ẽ whenever α ∈ PP .
Let V be a convex neighborhood of 0 in Ẽ. Then, there exists β ∈ PP

such that
B(0, β(i)−1) ∩ Ẽi ⊂ V ∩ Ẽi whenever i ∈ P.

Choose non-negative functions ϕi : Y → R of class 1 for i ∈ P such that

sptϕi ⊂ (IntLi+1)∼Li−1 and
∞∑
i=1

2−iϕi(y) = 1

whenever i ∈ P and y ∈ Y , and choose α ∈ PP such that

α(i)−1 sup im(|ϕi| + ∥Dϕi∥) ≤ β(i+ 1)−1 whenever i ∈ P.

Note that if i, j ∈ P and γ̃ ∈ W̃α ∩ Ẽi, then

sptϕj γ̃ ⊂ (IntLj+1)∼Lj−1 and sup im ∥D(ϕj γ̃)∥ ≤ β(j + 1)−1;
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therefore

ϕj γ̃ ∈ V ∩ Ẽj+1, if j ≤ i,

ϕj γ̃ = 0, if j > i.

Since V is convex, 0 ∈ V , and γ̃ =
∑i

j=1 2−j(ϕj γ̃) + 2−i · 0, we conclude that

γ̃ ∈ V , hence that W̃α ⊂ V .

Remark 3.4.12. Suppose X is a second-countable locally compact Hausdorff
space. Whenever W̃α and Vα are as in 3.4.11 and 3.4.3, respectively, the
images of W̃α × W̃α and Vα × Vα under multiplication are contained in W̃α

and Vα, respectively. It follows from [Bou87, I, §1, No. 6, Proposition 5] that

maps Ẽ × Ẽ → Ẽ and K (X) ×K (X) → K (X) induced by multiplication
are continuous.

To prove the embedding theorem, we still need several lemmas.

Lemma 3.4.13. Suppose α ∈ PP . Then, there exists a positive convex
decreasing function h : R → R of class 1 such that

h(x) < α(i)−1 whenever x ≥ i− 1 and i ∈ P.

Proof. Define β and δ in PP by

β(i) = sup{α(j) : 1 ≤ j ≤ i} + i;

δ(i) = 2β(i)

whenever i ∈ P. Note that δ satisfies

α(i) < δ(i) ≤ δ(i+ 1)/2 and δ(i)−1 − δ(i+ 1)−1 > δ(i+ 1)−1 − δ(i+ 2)−1

whenever i ∈ P. Then, the function f : R → R defined by

f(x) =


1

δ(1)
−
(

1

δ(1)
− 1

δ(2)

)
x if x ≤ 0

1

δ(i)
−
(

1

δ(i)
− 1

δ(i+ 1)

)
(x− (i− 1)) if i ∈ P, i− 1 ≤ x ≤ i

is a convex decreasing function such that

f(x) < α(i)−1 whenever x ≥ i− 1 and i ∈ P.

Choose a function g : R → R of class 1 such that g ≥ 0,
∫
g dL 1 = 1, and

spt g ⊂ R ∩ {x :−1 ≤ x ≤ 0}.

55



Let h be the convolution f ∗ g, and we will verify that h has the desired
properties. Clearly, h is a positive function of class 1. Since

h(x) − f(x) =
∫
R∩{y :−1≤y≤0}(f(x− y) − f(x))g(y) dL 1 y < 0,

it follows that h ≤ f . To show that h is decreasing, we compute

h(x+ t) − h(x) =
∫

(f((x− y) + t) − f(x− y))g(y) dL 1 y < 0

whenever x ∈ R and t > 0. For x, z ∈ R and 0 ≤ λ ≤ 1, we compute

(f ∗ g)(λx+ (1 − λ)z) =
∫
f(λx+ (1 − λ)z − y)g(y) dL 1 y

=
∫
f(λ(x− y) + (1 − λ)(z − y))g(y) dL 1 y

≤ λ
∫
f(x− y)g(y) dL 1 y

+ (1 − λ)
∫
f(z − y)g(y) dL 1 y

= λ(f ∗ g)(x) + (1 − λ)(f ∗ g)(z)

and it follows that h is convex.

Lemma 3.4.14. Suppose X is a locally compact Hausdorff space, K is a
compact subset of X, and either Y = R, Fi = KB(0,i)(R), and F = K (R), or

Fi = Ẽi and F = Ẽ. Then, the locally convex final topology T1 on KK(X,F )
induced by the inclusion maps KK(X,Fi) → KK(X,F ) for i ∈ P is identical
to the topology T2 of uniform convergence on KK(X,F ).

Proof. Since the inclusion map

KK(X,Fi) → (KK(X,F ), T2)

is continuous whenever i ∈ P by 3.4.1(1), it follows that T2 ⊂ T1.
Conversely, let V be a convex neighborhood of 0 of (KK(X,F ), T1). Then,

there exists β ∈ PP such that

B(0, β(i)−1) ∩ KK(X,Fi) ⊂ V ∩ KK(X,Fi) whenever i ∈ P.

Let L0 = ∅ and Li = B(0, i) ∩ Y for i ∈ P. Choose non-negative functions
ϕi : Y → R of class 1 such that

sptϕi ⊂ (IntLi+1)∼Li−1 and
∞∑
i=1

2−iϕ(y) = 1

whenever i ∈ P and y ∈ Y , and choose α ∈ PP such that

α(i)−1 sup im(|ϕi| + ∥Dϕi∥) ≤ β(i+ 1)−1 whenever i ∈ P.
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Let η ∈ KK(X,F ) such that im η ⊂ Uα, where Uα equals either Vα or W̃α

as in 3.4.3 with X and Z both replaced by R and 3.4.11, respectively. By
3.4.1(4), 3.4.9, and 3.1.1, there exists i ∈ P such that im η ⊂ Fi. Since
multiplication by ϕj induces a continuous linear map from F into Fj+1 by
3.4.12, 3.4.1(4), and 3.4.9, the function ηj defined by ηj(x) = ϕjη(x) for
x ∈ X belongs to KK(X,Fj+1) by 3.4.1(1). Observe that

sup im |ηj| ≤ β(j + 1)−1

whenever j ∈ P. Note that ηj = 0 for j > i. Therefore, we have

η =
i∑

j=1

2−jηj + 2−1 · 0 ∈ V

since V is convex and 0 ∈ V . It follows that T1 ⊂ T2.

Remark 3.4.15. Suppose Fi and F are as in 3.4.14. From 3.4.1(4), 3.4.9, and
3.1.1, we have that

KK(X,F ) =
∞⋃
i=1

KK(X,F ) ∩ {f : im f ⊂ Fi}

and that

KK(X,F ) ∩ {f : im f ⊂ Fi} = KK(X,Fi) whenever i ∈ P.

Thus, KK(X,F ) is the strict inductive limit of KK(X,Fi) as i → ∞. Fur-
thermore, in view of 3.1.2 and 3.4.14, if Ki is a sequence of compact subsets
of X such that Ki ⊂ IntKi+1 whenever i ∈ P and

⋃∞
i=1Ki = X, then the

locally convex final topology on K (X,F ) induced by the inclusion maps
KKi

(X,F ) → K (X,F ) for i ∈ P is identical to the locally convex topology
induced by the inclusion maps KKi

(X,Fj) → K (X,F ) for i, j ∈ P. Note
that the inclusion KKi

(X,Fj) → KKk
(X,Fk) is a homeomorphic embedding

whenever i, j ∈ P and k = sup{i, j}; in particular, K (X,F ) is the strict
inductive limit of KKi

(X,Fi) as i→ ∞.
The assertions remain true if we replace Fi and F with Ei and E, respec-

tively because for dimY = 1, we have KB(0,i)(R) ≃ Ei and K (R) ≃ E by

3.4.7, and for dimY ≥ 2, we have Ẽs ≃ Es and Ẽ ≃ E by 3.4.10.

Remark 3.4.16. Whenever K is a compact subset of X and 0 ≤ s < ∞,
recall from 3.4.7 that the derivative gives a norm-preserving embedding Es →
KB(0,s)(Y,Hom(Y,R)), hence a norm-preserving embedding

KK(X,Es) → KK(X,KB(0,s)(Y,Hom(Y,R))),
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and it follows from 3.2.19 that so is

KK(X,Es) → KK×B(0,s)(X × Y,Hom(Y,R)).

By 3.1.2, 3.4.7, 3.4.10, and 3.4.14, we see K (X,E) carries the locally convex
final topology induced by the inclusion maps KK(X,Es) → K (X,E) cor-
responding to compact subsets K of X and 0 ≤ s < ∞; therefore, the last
embedding induces a continuous injective linear map

ι : K (X,E) → K (X × Y,Hom(Y,R)).

By 3.4.1(1) and 3.4.10, the map I : K (X, Ẽ) → K (X,E) defined by

I(η)(x) = η(x) − η(x)(0) for η ∈ K (X, Ẽ) and x ∈ X is a continuous
injective linear map and so is the composition ι̃ = ι ◦ I; moreover, ι̃ satisfies

ι̃(η)(x, y) = D(η(x))(y) for (x, y) ∈ X × Y and η ∈ K (X, Ẽ).

If dimY = 1, then the embeddings in the previous paragraph are norm-
preserving isomorphisms and hence ι is an isomorphism of locally convex
spaces.

If dimY ≥ 2, then I is an isomorphism. The following theorem shows
that if X is a countable union of compact sets, then ι̃ is a homeomorphic
embedding (even for the case dimY = 1); therefore, so is ι.

Theorem 3.4.17. Suppose X is a locally compact Hausdorff space, K0 = ∅,
Ki is a sequence of compact subsets of X such that Ki ⊂ IntKi+1 whenever
i ∈ P and

⋃∞
i=1Ki = X, let L0 = ∅ and Li = B(0, i) ∩ Y whenever i ∈ P,

and let Ci = Ki × Li whenever i ∈ P ∪ {0}.
Then, the subsets W̃α consisting of η ∈ K (X, Ẽ) satisfying

|η(x)(y)| + ∥D(η(x))(y)∥ ≤ α(i)−1

whenever i ∈ P and (x, y) ∈ (X×Y )∼Ci−1, corresponding to each α ∈ PP

form a fundamental system of neighborhoods of 0 of K (X, Ẽ). Furthermore,

the map ι̃ : K (X, Ẽ) → K (X × Y,Hom(Y,R)) defined by

ι̃(η)(x, y) = D(η(x))(y) for (x, y) ∈ X × Y

is a homeomorphic embedding.

Proof. Clearly, the set W̃α is convex and symmetric; by the first paragraph
of 3.4.15, W̃α is absorbent whenever α ∈ PP . Note that if

i ∈ P, ε = (2i)−1 inf{α(j)−1 : j = 1, 2, . . . , i},
x ∈ X, v ∈ Y, |v| = 1, and y(t) = (i− t)v,

η ∈ B(0, ε) ∩ KKi
(X, Ẽi)
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then we have

|η(x)(y(t))| ≤
∫ t

0
|⟨−v,D(η(x))(y(s))⟩| dL 1 s

≤
∫ t

0
∥D(η(x))(y(s))∥ dL 1 s

≤ tε

whenever 0 ≤ t ≤ i. Thus, B(0, ε)∩KKi
(X, Ẽi) ⊂ W̃α ∩KKi

(X, Ẽi), and we

conclude W̃α is a neighborhood of 0 in K (X, Ẽ) whenever α ∈ PP .

Let V be a convex neighborhood of 0 in K (X, Ẽ). Then, by 3.4.15, there
exists β ∈ PP such that

B(0, β(i)−1) ∩ KKi
(X, Ẽi) ⊂ V ∩ KKi

(X, Ẽi) whenever i ∈ P.

Choose non-negative continuous functions fi : X → R and non-negative
functions gi : Y → R of class 1 for i ∈ P such that

spt fi ⊂ (IntKi+1)∼Ki−1 and spt gi ⊂ (IntLi+1)∼Li−1

whenever i ∈ P and such that

∞∑
i=1

fi(x) = 1 and
∞∑
i=1

gi(y) = 1

whenever (x, y) ∈ X × Y . For i ∈ P, we define a continuous function ϕi

with values in Ẽ by

ϕi(x) = 2i

((
i∑

j=1

fj(x)

)(
i∑

j=1

gj

)
−

(
i−1∑
j=1

fj(x)

)(
i−1∑
j=1

gj

))
for x ∈ X.

Note that

(X × Y ) ∩ {(x, y) :ϕi(x)(y) ̸= 0} ⊂ (IntCi+1)∼Ci−1 for i ∈ P

and that
∞∑
i=1

2−iϕi(x)(y) = 1 for (x, y) ∈ X × Y .

Choose α ∈ PP such that

α(i)−1(|ϕi(x)(y)| + ∥D(ϕi(x))(y)∥) ≤ β(i+ 1)−1

whenever (x, y) ∈ X × Y and i ∈ P. If i, j ∈ P and η ∈ W̃α ∩ KKi
(X, Ẽi),

then the function ϕjη defined by

(ϕjη)(x) = ϕj(x)η(x) whenever x ∈ X
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satisfies ϕjη ∈ KKj+1
(X, Ẽj+1) because of 3.4.12 and 3.4.9, and

sup{sup im ∥D((ϕjη)(x))∥ :x ∈ X} ≤ β(j + 1)−1;

therefore

ϕjη ∈ V ∩ KKj+1
(X, Ẽj+1) if j ≤ i,

ϕjη = 0 if j > i.

Since V is convex, 0 ∈ V , and η =
∑i

j=1 2−j(ϕjη) + 2−i · 0, we conclude that

η ∈ V , hence W̃α ⊂ V .
Finally, by 3.4.16, we have ι̃ is continuous, injective, and linear; hence,

it remains to prove that ι̃−1 is continuous. Let α ∈ PP and let W̃α be
a neighborhood of 0 of K (X, Ẽ) defined as above. Now, we aim to find
δ ∈ PP such that

Vδ ∩ im ι̃ ⊂ ι̃[W̃α]

where Vδ is a neighborhood of 0 of K (X×Y,Hom(Y,R)) as in 3.4.3 with X,
Ki, and Z replaced by X × Y , Ci, and Hom(Y,R), respectively. By 3.4.13,
there exists a positive convex decreasing function h : R → R of class 1 such
that h(i − 1) ≤ 2−1α(i)−1 whenever i ∈ P. Then, we define δ ∈ PP to
satisfy

δ(i)−1 ≤ inf{−h′(i), 2−1α(i)−1} whenever i ∈ P

and let Vδ be as in 3.4.3. If

i ∈ P, η ∈ ι̃−1[Vδ] ∩ KKi
(X, Ẽi),

v ∈ Y, |v| = 1, and y(t) = (i− t)v,

then we have

|η(x)(y(t))| ≤
∫ t

0
|⟨−v,D(η(x))(y(s))| dL 1 s

≤
∫ t

0
∥D(η(x))(y(s))∥ dL 1 s

≤
∫ t

0
−h′(i− s) dL 1 s

≤ h(|y(t)|)

whenever x ∈ X and 0 ≤ t ≤ i. It follows that |η(x)(y)| ≤ h(|y|) whenever

(x, y) ∈ X × Y , hence ι̃−1[Vδ] ∩ KKi
(X, Ẽi) ⊂ W̃α.

Corollary 3.4.18. Suppose X is a locally compact Hausdorff space, K0 = ∅,
Ki is a sequence of compact subsets of X such that Ki ⊂ IntKi+1 whenever
i ∈ P and

⋃∞
i=1Ki = X, and let Ci = Ki × (B(0, i) ∩ Y ) whenever i ∈

P ∪ {0}.
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Then, the map ι : K (X,E) → K (X × Y,Hom(Y,R)) defined by

ι(η)(x, y) = D(η(x))(y) for (x, y) ∈ X × Y

is a homeomorphic embedding. Furthermore, the subsets Wα consisting of
η ∈ K (X,E) satisfying

∥D(η(x))(y)∥ ≤ α(i)−1 whenever i ∈ P and (x, y) ∈ (X × Y )∼Ci−1

corresponding to each α ∈ PP form a fundamental system of neighborhoods
of 0 of K (X,E).

Proof. It follows from 3.4.16, 3.4.17, and 3.4.3.

Corollary 3.4.19. The map E → K (Y,Hom(Y,R)) defined as in 3.4.7 is
a homeomorphic embedding.

Furthermore, the subsets Wα consisting of γ ∈ E satisfying

∥D γ(y)∥ ≤ α(i)−1 whenever i ∈ P and |y| > i− 1

corresponding to each α ∈ PP form a fundamental system of neighborhoods
of 0 of E.

Proof. If dimY = 1, it is proved in 3.4.7, and the postscript follows from
3.4.3. If dimY ≥ 2, it follows from 3.4.18 applied with X and Ki = X for
i ∈ P being a singleton.

Corollary 3.4.20. The dual map K (Y,Hom(Y,R))∗ → E∗ is an epimor-
phism.

Proof. It follows from 3.4.19 and the Hahn-Banach theorem [Bou87, II, §4,
No. 1, Proposition 2].

Remark 3.4.21. The following example shows that the dual map is not in-
jective for dimY = k > 1. Assume Y = Rk. Whenever ω ∈ D(R,R),
0 /∈ sptω′, and L is a non-zero anti-symmetric endomorphism on Rk, the
functional µ ∈ K (Rk,Hom(Rk,R))∗ defined by

µ(δ) =
∫
⟨X(y), δ(y)⟩ dL k y for δ ∈ K (Rk,Hom(Rk,R))

belongs to the kernel of the dual map K (Rk,Hom(Rk,R))∗ → E∗, where
X ∈ D(Rn,Rn) is defined by

X(y) = ω(|y|)L(y) for y ∈ Rk,

because divX = 0.
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To unify the test function spaces from domain and codomain, we also
introduce the test function space on the product.

Definition 3.4.22. Whenever C is a compact subset of U × Y , we define
HC to consist of all functions η : U × Y → Rn such that

(1) η(x, ·) • v ∈ E whenever x ∈ U and v ∈ Rn.

(2) The function

(x, y) 7→ D(η(x, ·))(y) ∈ Hom(Y,Rn)

is continuous with compact support in C.

We endow HC with the norm (see 3.4.23) whose value at η ∈ HC is

sup{∥D(η(x, ·))(y)∥ :(x, y) ∈ U × Y },

and endow H =
⋃
{HC :C is a compact subset of U × Y } with the locally

convex final topology induced by the inclusion maps HC → H.

Remark 3.4.23. We shall verify that HC is a normed space. Let η ∈ HC . Note
that 3.4.22(1) implies that η(x, 0) = 0 whenever x ∈ U . If (x, y) ∈ U × Y ,
then we have

η(x, y) =
∫ 1

0
⟨y,D(η(x, ·))(ty)⟩ dL 1 t;

in particular, η is continuous. If η satisfies

sup{∥D(η(x, ·))(y)∥ :x ∈ U and y ∈ Y } = 0,

then η = 0. Thus, HC is a normed space.

Remark 3.4.24. Let K be a compact subset of U and 0 ≤ s < ∞. From
3.4.22(2) and 3.4.23, the map

HK×B(0,s) → KK×B(0,s)(U × Y,Hom(Y,Rn))

defined by
η 7→ [(x, y) 7→ D(η(x, ·))(y)]

is a homeomorphic embedding of Banach spaces; noting from 3.4.1(2) that

KK×B(0,s)(U × Y,Hom(Y,Rn)) ≃ KK×B(0,s)(U × Y,Hom(Y,R))n,

so is the map

f : HK×B(0,s) → KK×B(0,s)(U × Y,Hom(Y,R))n.
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On the other hand, recall from 3.4.16 that the map

ι : KK(U,Es) → KK×B(0,s)(U × Y,Hom(Y,R))

defined by

ι(η)(x, y) = D(η(x))(y) whenever (x, y) ∈ U × Y

is a norm-preserving isomorphism of Banach spaces, and so is the product
map g =

∏n
j=1 ι. Since im f = im g, it follows that g−1 ◦ f defines an isomor-

phism between the normed spaces HK×B(0,s) and KK(U,Es)
n; in particular,

HK×B(0,s) is a separable Banach space.
Consequently, letting Ki be a sequence of compact subsets of U such

that U =
⋃∞

i=1Ki and Ki ⊂ IntKi+1 whenever i ∈ P, we see H is the strict
inductive limit of HKi×B(0,i), hence by 3.1.1, a complete Hausdorff space such
that HC is a closed subspace of H whenever C is a compact subset of U ×Y .

Theorem 3.4.25. The map H → K (U × Y,Hom(Y,Rn)) defined by

η 7→ (D η(x, ·))(y) whenever η ∈ H and (x, y) ∈ U × Y

is a homeomorphic embedding.
Furthermore, if K0 = ∅ and Ki is a sequence of compact subsets of U

such that U =
⋃∞

i=1Ki and Ki ⊂ IntKi+1 whenever i ∈ P, then the subsets
Wα consisting of η ∈ H satisfying

sup im ∥(D η(x, ·))(y)∥ ≤ α(i)−1

whenever i ∈ P and (x, y) ∈ (U × Y )∼(Ki−1 ×B(0, i − 1)), corresponding
to each α ∈ PP form a fundamental system of neighborhoods of 0 of H.

Proof. Let Ki be as in the postscript. With the help of 3.4.24, 3.1.8, 3.4.15,
3.4.1(2), we have the following isomorphisms

H = lim−→HKi×B(0,i)

≃ lim−→KKi
(U,Ei)

n

≃
(
lim−→KKi

(U,Ei)
)n

≃ K (U,E)n.

Thus, by 3.4.18, 3.1.8 and 3.4.1(2), the composition

H ≃ K (U,E)n → K (U × Y,Hom(Y,R))n ≃ K (U × Y,Hom(Y,Rn))

defines a homeomorphic embedding, and the postscript follows from 3.4.18.
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Remark 3.4.26. In case Y = R, the homeomorphic embedding

H → K (U ×R,Hom(R,Rn)) ≃ K (U ×R,Rn)

is surjective; in fact, for ϕ ∈ K (U ×R,Rn), the function η : U ×R → Rn

defined by
η(x, y) =

∫ y

0
ϕ(x, z) dL 1 z

is a member in H whose image under the embedding equals ϕ.

Lemma 3.4.27. Suppose A is a directed set, (Fα, fβα) is an inductive system
of locally convex spaces relative to A, (Dα, δβα) is an inductive system of vec-
tor spaces relative to A, we denote by (F, fα) and (D, δα) the inductive limit
of (Fα, fβα) and (Dα, δβα) respectively, for α ∈ A, Dα is a dense subspace of
Fα and the inclusion map ια : Dα → Fα satisfies

fβα ◦ ια = ιβ ◦ δβα whenever α ≤ β ∈ A.

Then, the vector space D =
⋃

α∈A δα[Dα] can be identified as a dense subspace
of F . Moreover, if Dα is endowed with the subspace topology induced by ια,
G is a complete Hausdorff locally convex space, and the family of continuous
linear maps gα : Dα → G for α ∈ A satisfies

gα = gβ ◦ δβα whenever α ≤ β ∈ A,

then the inductive limit of the unique extensions of gα equals the unique
extension of the inductive limit of gα; here, by convention, we also view G
as the limit of the constant inductive system (G,1G) of locally convex spaces
relative to A.

Proof. From [Bou04b, III, §7, No. 6, Proposition 7], the inductive limit ι of
the inclusion maps ια : Dα → Fα is a monomorphism, and we identify D as
its image under ι in F . Since Dα is dense in Fα, we have

im fα ⊂ Clos im(fα ◦ ια) = Clos im(ι ◦ δα) whenever α ∈ A.

It follows that

F =
⋃

{im fα :α ∈ A} ⊂
⋃

{Clos im(ι ◦ δα) :α ∈ A}

⊂ Clos
⋃

{im(ι ◦ δα) :α ∈ A}

= Clos ι[D].

To prove the postscript, we denote by hα the unique continuous extension of
gα for α ∈ A, and these hα satisfy

hα = hβ ◦ fβα whenever α ≤ β ∈ A.
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Then, the inductive limit h of hα exists and satisfies

h ◦ (ι ◦ δα) = h ◦ (fα ◦ ια) = gα whenever α ∈ A.

It follows that h ◦ ι equals the inductive limit of gα. Finally, if D is endowed
with the subspace topology, then h is the unique continuous extension of the
inductive limit of gα.

Remark 3.4.28. Let K be a compact subset of U and 0 ≤ s < ∞. Then
DK(U,Rn) and E (Y,R) ∩ Es are dense in KK(U,Rn) and Es, respectively.
By considering the composition of the two monomorphisms

DK(U,Rn) ⊗ (E (Y,R) ∩ Es) → KK(U,Rn) ⊗ Es → KK(U,Rn ⊗ Es),

where the former one is the tensor product of inclusions, and the latter one
ι is characterized by

ι(θ ⊗ γ)(x) = θ(x) ⊗ γ whenever θ ∈ K (U,Rn) and γ ∈ E,

we identify DK(U,Rn)⊗ (E (Y,R)∩Es) as a subspace of KK(U,Rn ⊗Es) ≃
HK×B(0,s). From [Bou04a, III, §1, No. 2, Proposition 5], the image of the
canonical monomorphism

KK(U,R) ⊗ Es → KK(U,Es)

is dense; hence the image of KK(U,Rn)⊗Es ≃ (KK(U,R)⊗Es)
n under ι is

dense in KK(U,Rn⊗Es) ≃ KK(U,Es)
n. Since DK(U,Rn)⊗(E (Y,R)∩Es) is

dense (with respect to the subspace topology induced from KK(U,Rn⊗Es))
in KK(U,Rn) ⊗ Es, hence in KK(U,Rn ⊗ Es).

Let Ki be a sequence of compact subset of U such that U =
⋃∞

i=1Ki and
Ki ⊂ IntKi+1 whenever i ∈ P. Applying 3.4.27 with

A = P, Di = DKi
(U,Rn) ⊗ (E (Y,R) ∩ Ei),

Fi = KKi
(U,Rn ⊗ Ei) ≃ HKi×B(0,i),

we conclude that D(U,Rn)⊗ (E (Y,R)∩E) is dense in K (U,Rn ⊗E) ≃ H.
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Chapter 4

Differentiability of Young
functions

Hypotheses. Throughout this chapter, we suppose m,n ∈ P, U is an open
subset of Rn, and Y is a finite-dimensional Banach space. Whenever Z is a
finite-dimensional Banach space, we denote, by E(Z), Es(Z), Ẽ(Z), Ẽs(Z)
and H(Z), the test function spaces associated with Z as in Section 3.4; when
it is clear from the context, we will omit the variable Z.

4.1 Young functions of generalized bounded

variation

In this section, we define the distributional derivatives of Young functions
on varifolds and the notion of generalized bounded variation of Young func-
tions on varifolds, see 4.1.7 and 4.1.9. Also, we present the basic properties
of Young functions of generalized bounded variation, and the compactness
theorem is established.

Definition 4.1.1. Suppose µ is a probability Radon measure over Y and Z
is a vector space. Then, we define a linear map 1Z ⊗ µ : Z ⊗ L1(µ) → Z
characterized by

(1Z ⊗ µ)(v ⊗ γ) = (
∫
γ dµ)v whenever v ∈ Z and γ ∈ L1(µ).

We will instead write (1Z ⊗ µ)(ξ) =
∫
ξ dµ whenever ξ ∈ Z ⊗ L1(µ).

Remark 4.1.2. Suppose 0 ≤ s < ∞, Z is a normed space, ξ ∈ Z ⊗ Es, and
write ξ =

∑k
i=1 vi ⊗ γi for some k ∈ P, vi ∈ Z, and γi ∈ Es. Then, we have∣∣∫ ξ dµ

∣∣ ≤ k∑
i=1

|vi|
∣∣∫ γi dµ

∣∣ ≤ s

k∑
i=1

|vi| sup im ∥D γi∥
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by 3.3.3, and it follows that |
∫
ξ dµ| ≤ s|ξ|.

Definition 4.1.3. Whenever X is a normed space and Z is an inner product
space, we define the bilinear form

: Z × (Z ⊗X) → X

to satisfy
v (w ⊗ x) = (v • w)x

whenever v, w ∈ Z, and x ∈ X.

Remark 4.1.4. If v ∈ Z and ξ ∈ Z ⊗ X with ξ =
∑k

i=1wi ⊗ xi for some
k ∈ P, wi ∈ Z, and xi ∈ X, then we have

|v ξ| ≤
k∑

i=1

|v • wi||xi| ≤ |v|
k∑

i=1

|wi||xi|

It follows that |v ξ| ≤ |v||ξ|, or equivalently, ∥ ∥ ≤ 1; in particular, is
continuous.

Remark 4.1.5. Suppose µ is a probability Radon measure on Y . Then, we
have

∫
v ξ dµ = v •

(∫
ξ dµ

)
whenever ξ ∈ Rn ⊗ E and v ∈ Rn.

Lemma 4.1.6. Suppose Z is a normed space. Then, the map (Z ⊗ Es) ×
P(Y ) → Z defined by

(ξ, µ) 7→
∫
ξ dµ for ξ ∈ Z ⊗ Es and µ ∈ P(Y )

is continuous.

Proof. We endow (Es)
∗ with the dual norm topology. Since the dual pairing

defines a continuous bilinear map Es × (Es)
∗ → R, by 3.1.10, its associated

linear map Es ⊗ (Es)
∗ → R is continuous. On the other hand, the natural

bilinear map (Z⊗Es)×(Es)
∗ → (Z⊗Es)⊗(Es)

∗ is continuous by definition.
Thus, the map in the conclusion can be expressed as the composition of
continuous maps

(Z ⊗ Es) ×P(Y ) → (Z ⊗ Es) × (Es)
∗ → (Z ⊗ Es) ⊗ (Es)

∗

≃ Z ⊗ (Es ⊗ (Es)
∗) → Z ⊗R ≃ Z

with the help of 3.3.4, 3.1.12, and 3.1.11.

Similar to [Men16, 8.1], for 0 ≤ s <∞ and Young functions f of type Y
on varifolds, there exists a unique distribution related to the derivative of f ;
the notions of differentiability of f will be characterized by the behavior of
these distributions corresponding to 0 ≤ s <∞.
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Lemma 4.1.7. Suppose V ∈ Vm(U), f is a ∥V ∥ + ∥δV ∥ Young function of
type Y , and 0 ≤ s < ∞. Then, there exists T s ∈ D ′(U,Rn ⊗ Es) uniquely
characterized by the requirement that

T s
(x)(θ(x) ⊗ γ) =

∫ (∫
γ df(x)

)
θ(x) • η(V, x) d∥δV ∥x

−
∫ (∫

γ df(x)
)
S • D θ(x) dV (x, S)

whenever θ ∈ D(U,Rn) and γ ∈ Es.

Proof. Define T s ∈ D ′(U,Rn ⊗ Es) by

T s(ψ) =
∫ (∫

ψ(x) df(x)
)
• η(V, x) d∥δV ∥x

−
∫
S •

(∫
Dψ(x) df(x)

)
dV (x, S)

whenever ψ ∈ D(U,Rn⊗Es), where we employ from 3.1.12 the isomorphism
of normed spaces

Hom(Rn,Rn ⊗ Es) ≃ Hom(Rn,Rn) ⊗ Es

and the ∥V ∥ + ∥δV ∥ measurability of the functions x 7→
∫
ψ(x) df(x) and

x 7→
∫

Dψ(x) df(x) for x ∈ dmn f is assured by 4.1.6. The uniqueness
follows from [Men16, 3.1].

Lemma 4.1.8. Suppose B : D(U,Rn) × (E (Y,R) ∩ E) → R is a bilinear
map. Then, the following statements are equivalent.

(1) There exists T ∈ H∗ such that T(x,y)(γ(y)θ(x)) = B(θ, γ) whenever
θ ∈ D(U,Rn) and γ ∈ E (Y,R) ∩ E.

(2) For 0 ≤ s < ∞, there exists T s ∈ D ′(U,Rn ⊗ Es) representable by
integration such that T s

(x)(θ(x) ⊗ γ) = B(θ, γ) whenever θ ∈ D(U,Rn)

and γ ∈ E (Y,R) ∩ Es.

Proof. It follows from 3.4.28.

Definition 4.1.9. Whenever V ∈ Vm(U) and f is a ∥V ∥ + ∥δV ∥ Young
function of type Y , we define the bilinear map B by

B(θ, γ) =
∫ (∫

γ df(x)
)
θ(x) • η(V, x) d∥δV ∥x

−
∫ (∫

γ df(x)
)
S • D θ(x) dV (x, S)

whenever θ ∈ D(U,Rn) and γ ∈ E (Y,R) ∩ E. Then, f is termed to possess
generalized V bounded variation if and only if B satisfies one of the conditions
in 4.1.8.

68



Remark 4.1.10. In view of 4.1.7, the Young function f is of generalized V
bounded variation if and only if T s is representable by integration whenever
0 ≤ s <∞, where T s is the distribution associated with f as in 4.1.7.

Similarly, we may define T : H → R by

T (ϕ) =
∫∫

ϕ(x, y) • η(V, x) df(x) y d∥δV ∥x
−
∫∫

S • D(ϕ(·, y))(x) df(x) y dV (x, S)

whenever ϕ ∈ H. Then, by 4.1.8, we see f is of generalized V bounded
variation if and only if T is continuous.

We shall compare our definition with the one in the single-valued case
when Y = R.

Remark 4.1.11. Suppose Y = R, g is a ∥V ∥ + ∥δV ∥ measurable real-valued
function, f = δ ◦ g is as in 3.2.5, G = {(x, y) : g(x) > y} ⊂ U × R, and

T̃ ∈ D ′(U ×R,Rn) satisfies

T̃ (ϕ) =
∫
V ∂{x :(x, y) ∈ G)}(ϕ(·, y)) dL 1 y whenever ϕ ∈ D(U ×R,Rn),

where

V ∂{x :(x, y) ∈ G} = (δV ) ⌞{x :(x, y) ∈ G}
− δ(V ⌞{x :(x, y) ∈ G} ×G(n,m)).

It follows from [Men16, 8.1, 8.2] that

T̃(x,y)(γ
′(y)θ(x)) = B(θ, γ) whenever θ ∈ D(U,Rn) and γ ∈ E (R,R) ∩ E.

Let I be the isomorphism H ≃ K (U ×R,Rn) described in 3.4.26. If T̃ is

representable by integration, then T̃ ◦ I ∈ H∗ satisfies

(T̃ ◦ I)(x,y)(γ(y)θ(x)) = B(θ, γ)

whenever θ ∈ D(U,Rn) and γ ∈ E (R,R) ∩ E. Conversely, letting T be as
in 4.1.10, then we have

T̃(x,y)(γ
′(y)θ(x)) = B(θ, γ) = T(x,y)(γ(y)θ(x))

whenever θ ∈ D(U,Rn) and γ ∈ E (R,R) ∩ E. Since T is continuous, we

infer from 3.4.28 and [Men16, 3.1] that T̃ = (T ◦ I−1)|D(U ×R,Rn), hence

T̃ is representable by integration.
This shows 4.1.9 extends the definition [MS25b, 4.2] of real-valued func-

tions of generalized V bounded variation.
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Next, to extend the subgraph characterization of functions of generalized
bounded variation in [MS25b, 4.2] to our setting, we first define functions of
bounded variation on a varifold whose values are contained in the topological
dual of some separable Banach space.

Definition 4.1.12. Suppose V ∈ Vm(U), Z is a separable Banach space,
and f is a ∥V ∥ + ∥δV ∥ measurable Z∗-valued function with respect to the
Z topology. We say f is of locally (V, Z) bounded variation if and only if
∥f∥ ∈ Lloc

1 (∥V ∥ + ∥δV ∥) and there exists T ∈ D(U,Rn ⊗ Z) representable
by integration such that

Tx(θ(x) ⊗ z) =
∫
⟨z, f(x)⟩θ(x) • η(V, x) d∥δV ∥x

−
∫
⟨z, f(x)⟩S • D θ(x) dV (x, S)

whenever θ ∈ D(U,Rn) and z ∈ Z.

The following lemma shows that every Young function of type Y can be
viewed as a measurable function with values in (Es)

∗ whenever 0 ≤ s <
∞, and provides an equivalent definition of Young functions of generalized
bounded variation.

Lemma 4.1.13. Suppose V ∈ Vm(U) and f is a ∥V ∥+∥δV ∥ Young function
of type Y . Then, f can be viewed as a member of L∞(∥V ∥ + ∥δV ∥, (Es)

∗)
whenever 0 ≤ s <∞.

Moreover, f is of generalized V bounded variation if and only if f is of
locally (V,Es) bounded variation whenever 0 ≤ s <∞.

Proof. The main assertion is a consequence of 3.3.4 and the postscript follows
immediately.

Theorem 4.1.14. Suppose V ∈ Vm(U), f is a ∥V ∥+ ∥δV ∥ Young function
of type R, g : (dmn f) ×R → R is defined by g(x, y) = f(x){t : y ≤ t < ∞}
for x ∈ dmn f and y ∈ R, and W ∈ Vm+1(U ×R) satisfies

W (k) =
∫∫

k((x, y), S ×R) dL 1 y dV (x, S)

whenever k ∈ K ((U ×R) ×G(n+ 1,m+ 1)).
Then, g is a ∥W∥ + ∥δW∥ measurable R-valued function and we have

Tg(ψ) = Tf (I−1(p ◦ ψ)) −
∫

(q ◦ ψ)(x, y) df(x)x d∥V ∥x

whenever ψ ∈ D(U ×R,Rn×R), where Tf is the linear map associated with
f as in 4.1.10, Tg ∈ D ′(U ×R,Rn ×R) is the distribution associated with g
as in 4.1.12 with V replaced by W and Z = R ≃ R∗, I : H → K (U×R,Rn)
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denotes the linear isomorphism described in 3.4.26, and p : Rn × R → Rn

and q : Rn ×R → R are the projection maps.
In particular, f is of generalized V bounded variation if and only if g is

of locally (W,R) bounded variation.

Proof. We first prove that g is ∥W∥ + ∥δW∥ measurable. For y ∈ R,
we denote by [y] the largest integer that does not exceed y and define
gi : (dmn f) ×R → R by

gi(x, y) = f(x){t :[iy]/i ≤ t <∞} for x ∈ dmn f and y ∈ R.

By 3.2.13, we see gi(·, y) is ∥V ∥+∥δV ∥ measurable whenever y ∈ R. On the
other hand, gi(x, y) = f(x){t : k/i ≤ t < ∞} whenever x ∈ dmn f , k ∈ P,
and k/i ≤ y < (k + 1)/i. We conclude from [Fed69, 2.6.2(2)] that gi is
(∥V ∥+ ∥δV ∥)×L 1 measurable. Since ∥W∥+ ∥δW∥ = (∥V ∥+ ∥δV ∥)×L 1

by [KM17, 3.6(1)(5)], and g(x, y) = limi→∞ gi(x, y) for x ∈ dmn f and y ∈ R,
we see g is ∥W∥ + ∥δW∥ measurable.

If γ ∈ E (R,R) satisfies spt D γ is compact and inf spt γ > −∞, then by
Fubini’s theorem, we have whenever x ∈ dmn f ,∫

γ df(x) =
∫ ∫

{y :−∞<y≤t} γ
′(y) dL 1 y df(x) t =

∫
γ′(y)g(x, y) dL 1 y. (∗)

Then, we compute by [KM17, 3.6(4)(5)(6)] and (∗) that

Tg(ψ) =
∫∫

g(x, y)(p ◦ ψ)(x, y) • η(V, x) d∥δV ∥x dL 1 y

−
∫∫

g(x, y)S • D(p ◦ ψ)(·, y)(x) dV (x, S) L 1 y

−
∫∫

g(x, y)((q ◦ ψ)(x, ·))′(y) dV (x, S) L 1 y

= Tf (I−1(p ◦ ψ)) −
∫∫

(q ◦ ψ)(x, y) df(x) y d∥V ∥x.

Since I[H ∩ E (U ×R,Rn)] = D(U ×R,Rn), we conclude from 3.4.28 that
Tg is representable by integration if and only if Tf is continuous.

Remark 4.1.15. The lemma above is an analogy of [MS25b, 4.2] in the
multiple-valued function setting.

Next, we will present the compactness theorem for Young functions of
generalized bounded variation.

Theorem 4.1.16 (Compactness). Suppose C is as in 3.2.22, Vi form a se-
quence in RVm(U,C) such that ∥δVi∥ is a Radon measure, fi is a Young
function of type Y of generalized Vi bounded variation whenever i ∈ P, and

lim
t→∞

sup{Y(∥Vi∥, fi)(K × (Y ∼B(0, t))) : i ∈ P} = 0, (4.1)

sup {(∥Vi∥ + ∥δVi∥ + ∥T s
i ∥)(K) : i ∈ P} <∞, (4.2)
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whenever K is a compact subset of U and 0 ≤ s < ∞, where T s
i is the

distribution associated with fi as in 4.1.7.
Then, there exists V ∈ RVm(U,C), a ∥V ∥ + ∥δV ∥ Young function f of

type Y of generalized V bounded variation, and a subsequence (Vik , fik) of
(Vi, fi) such that, as k → ∞,

Vik → V, Y(Vik , fik ◦ p) → Y(V, f ◦ p), Y(∥Vik∥, fik) → Y(∥V ∥, f),

where p : U ×G(n,m) → U is the projection map.

Proof. By 3.2.24, there exist a varifold V ∈ RVm(U,C), a ∥V ∥ Young func-
tion g of type Y , and a subsequence (Vik , fik) of (Vi, fi) such that

Vik → V, Y(Vik , fik ◦ p) → Y(V, g ◦ p), Y(∥Vik∥, fik) → Y(∥V ∥, g),

By [Fed69, 2.9.2], there exists a Borel subset of U such that ∥δV ∥∥V ∥ =
∥δV ∥ ⌞B and ∥V ∥(U ∼B) = 0. Define for x ∈ dmn g

f(x) =

{
g(x) if x ∈ B ∩ dmn g,

δ0 if x ∈ U ∼B.

Then, f is a ∥V ∥ + ∥δV ∥ Young function of type Y such that f(x) = g(x)
for ∥V ∥ almost all x, and

Y(∥V ∥, f) = Y(∥V ∥, g) and Y(V, f ◦ p) = Y(V, g ◦ p).

Next, we will show that f has generalized V bounded variation.
Suppose 0 ≤ s < ∞, T s is the distribution associated with f as in 4.1.7,

ψ ∈ D(U,Rn ⊗Es), and G is an open set such that sptψ ⊂ G and ClosG is
a compact subset of U . From 4.1.2 and [All72, 4.11], we estimate∫ (∫

ψ(x) df(x)
)
• η(V, x) d∥δV ∥x

≤
∫
s|ψ(x)| d∥δV ∥x

≤ s sup im |ψ|∥δV ∥(G)

≤ s sup im |ψ| sup{∥δVi∥(ClosG) : i ∈ P},

and by 3.2.18

|
∫∫

S Dψ(x) df(x) dV (x, S)|
= lim sup

k→∞
|
∫∫

S Dψ(x) dfik(x) dVik (x, S)|

= lim sup
k→∞

|
∫ (∫

ψ(x) dfik(x)
)
• η(Vik , x) d∥δVik∥x− T s

ik
(ψ)|

≤ sup im |ψ| sup{(s∥δVi∥ + ∥T s
i ∥)(ClosG) : i ∈ P}.

Therefore, it follows from (4.2) that T s is representable by integration, hence
f possesses generalized V bounded variation.
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Remark 4.1.17. We always have∫∫
S Dψ(x) df(x) dV (x, S) = lim

k→∞

∫∫
S Dψ(x) dfik(x) dVik (x, S)

for ψ ∈ D(U,Rn ⊗ Es) and 0 ≤ s < ∞. However, it may happen that T s
ik

fails to converge to T s; for instance, we may take Vi to be the union of two
open rays R ∩ {r : i−1 ≤ r < ∞} and R ∩ {r :−∞ < r ≤ −i−1} on which fi
is single-valued and has valued 1 and −1, respectively.

The following two lemmas show the relation between the distributions
associated with a Young function f and its pushforward h#f by a function
h.

Lemma 4.1.18. Suppose V ∈ Vm(U), Z is a finite-dimensional Banach
space, f is a ∥V ∥ + ∥δV ∥ Young function of type Y , h : Y → Z is a map
of class 1, 0 ≤ r < ∞, 0 ≤ s < ∞, h−1[Z ∩ B(0, r)] ⊂ Y ∩ B(0, s), and
Ω : Er(Z) → Es(Y ) is defined by

Ω(γ) = γ ◦ h− (γ ◦ h)(0) whenever γ ∈ Er(Z).

Then, we have

T r
h#f (ψ) = T s

f ((1Rn ⊗ Ω) ◦ ψ) whenever ψ ∈ D(U,Rn ⊗ Er(Z)),

where T r
h#f and T s

f are the distributions associated with the ∥V ∥ + ∥δV ∥
Young functions h#f and f as in 4.1.7.

Proof. Let M = sup{∥Dh(y)∥ : y ∈ B(0, s)}. Then, the linear map Ω satis-
fies ∥Ω∥ ≤M , hence

Lip(1Rn ⊗ Ω) = ∥1Rn ⊗ Ω∥ ≤M ;

it follows that Ω and 1Rn ⊗ Ω are continuous. For x ∈ dmn f and ψ ∈
D(U,Rn ⊗ Er(Z)), writing ψ(x) =

∑k
i=1 vi ⊗ γi, we employ from 3.1.12 the

isomorphism of Banach spaces

Hom(Rn,Rn ⊗B) ≃ Hom(Rn,Rn) ⊗B whenever B is a Banach space,
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and compute

∫
ψ(x) d(h#f)(x) =

k∑
i=1

∫
vi ⊗ γi d(h#f)(x)

=
k∑

i=1

(
∫

(γi ◦ h) df(x))vi

=
k∑

i=1

(
∫

Ω(γi) df(x))vi + (γi ◦ h)(0)vi

=
k∑

i=1

∫
(1Rn ⊗ Ω)(vi ⊗ γi) df(x) +

∑k
i=1

∫
vi ⊗ γi dδh(0)

=
∫

(1Rn ⊗ Ω)(ψ(x)) df(x) +
∫
ψ(x) dδh(0);

on the other hand, since 1Rn ⊗ Ω is linear, we have

S D((1Rn ⊗ Ω) ◦ ψ)(x) = Ω(S Dψ(x)) whenever (x, S) ∈ U ×G(n,m).

Finally, note that the distribution associated with the constant Young func-
tion δh(0) as in 4.1.7 vanishes, and the assertion follows.

Theorem 4.1.19. Suppose V ∈ Vm(U), Z is a finite-dimensional Banach
space, f is a ∥V ∥ + ∥δV ∥ Young function of type Y , and h : Y → Z is a
locally Lipschitzian function, 0 ≤ r <∞, 0 ≤ s <∞, and h−1[Z∩B(0, r)] ⊂
Y ∩B(0, s). Then, we have

∥T r
h#f∥ ≤ Lip(h|B(0, s+ ε))∥T s

f ∥ for all ε > 0,

where T r
h#f and T s

f are the the associated distributions of h#f and f as in
4.1.7.

Proof. If dimY = 0, then Y = {0} and both f and h#f are constant Young
functions. It follows that T s

f = 0 and T r
h#f = 0.

Let ε > 0, k = dimY > 0, I : Rk → Y be a linear isomorphism, and
ϕ ∈ D(Rk) be such that ϕ ≥ 0 and

∫
ϕ dL k = 1. Then, the smooth functions

hi : Y → Z defined by

hi(y) =
∫
h(y − I(x)) · ikϕ(ix) dL k x for y ∈ Y and i ∈ P

satisfy h(y) = limi→∞ hi(y) for y ∈ Y , and Lip(hi|B(0, s)) ≤ Lip(h|B(0, s +
ε)) for i sufficiently large. By 4.1.2 and [Fed69, 2.4.9], we have∫

ξ d(h#f)(x) = lim
i→∞

∫
ξ d(hi#f)(x)
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whenever x ∈ dmn f and ξ ∈ Rn ⊗ Er(Z); employing [Fed69, 2.4.9] again,
there holds

T r
h#f (ψ) = lim

i→∞
T r
hi#f (ψ) whenever ψ ∈ D(U,Rn ⊗ Er(Z)).

Therefore, the assertion follows from 4.1.18.

Corollary 4.1.20. Suppose V ∈ Vm(U), Z is a finite-dimensional Banach
space, f is a Young function of type Y of generalized V bounded variation,
and h : Y → Z is a proper locally Lipschitzian function. Then, the pushfor-
ward Young function h#f is of generalized V bounded variation.

4.2 Characterizations of GBV functions

In this section, we investigate other equivalent definitions of Young functions
of generalized bounded variation on varifolds.

Lemma 4.2.1. Suppose dimY > 0. The locally convex space E does not
have a countable base at 0; in particular, its topology is not metrizable.

Proof. Suppose U1, U2, . . . is a sequence of neighborhoods of 0 in E and
r1, r2, . . . are positive numbers such that

B(0, ri) ∩ Ei ⊂ Ui whenever i ∈ P.

Let v ∈ Y with |v| = 1, let yi = (i − 1/2)v , and define µi ∈ E∗ by
µi(γ) = ⟨v,D γ(yi)⟩ whenever i ∈ P. Let g : Y → R be a function of class
1 such that ⟨v,D g(0)⟩ ≠ 0, spt g ⊂ B(0, 1/2), and sup im ∥D g∥ = 1. Note
that the linear functional µ : E → R defined by

µ(γ) =
∞∑
i=1

(ri∥D g(0)∥)−1µi(γ) for γ ∈ E

satisfies µ|Ej =
∑j

i=1(ri∥D g(0)∥)−1µi|Ej ∈ (Ej)
∗ for j ∈ P and hence is a

member of E∗. If we define

fi(y) = rig(y − yi) for y ∈ Y ,

then fi ∈ B(0, ri) ∩ Ei ⊂ Ui, D fi(yj) = 0 for i ̸= j, and D fi(yi) = ri D g(0).
It follows that

sup{|µ(f)| : f ∈ Ui} ≥ |⟨v,D g(0)⟩|
∥D g(0)∥

> 0 whenever i ∈ P.

Therefore, if U1, U2, . . . formed a local base of 0 in E, then µ would fail to
be continuous at 0.
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Remark 4.2.2. To study the differentiability of functions f : U → E, the no-
tion of differentiation in Fréchet spaces (see [Ham82, Part I]) is not available
for our setting.

Definition 4.2.3. If F is the strict inductive limit of a sequence of Banach
spaces Fi with Fi ⊂ Fi+1 for i ∈ P, then a function f : U → F is said to
be of class k if and only if, for any x ∈ U , there exists i ∈ P and an open
neighborhood V of x such that f [V ] ⊂ Fi and f |V : V → Fi is of class k.

Remark 4.2.4. If i ≤ j ∈ P, then the inclusion map Fi → Fj is a home-
omorphic embedding and its image is a closed subspace of Fj. It is thus
straightforward to verify that if f is of class k and V is an open subset of U
such that f [V ] ⊂ Fi for some i ∈ P, then f |V : V → Fi is of class k.

Definition 4.2.5. We denote by C k(U,Rn⊗E) the vector space of functions
f : U → Rn ⊗ E of class k and let

C k
c (U,Rn ⊗ E) = C k(U,Rn ⊗ E) ∩ {f : spt f is compact}.

Remark 4.2.6. Recall from 3.1.13, 3.1.14, 3.4.1(2), and 3.4.15 that if Ki is a
sequence of compact subsets of U such that U =

⋃∞
i=1Ki and Ki ⊂ IntKi+1

for i ∈ P, then K (U,Rn⊗E) is the strict inductive limit of KKi
(U,Rn⊗Ei).

Similarly as in 3.4.28, since C 1
c (U,R)∩KKi

(U,R) and KKi
(U,R)⊗(Rn⊗Ei)

are dense in KKi
(U,R) and KKi

(U,Rn ⊗Ei), respectively, we conclude that
C 1
c (U,Rn ⊗ E) ∩ KKi

(U,Rn ⊗ Ei) is dense in KKi
(U,Rn ⊗ Ei). It follows

from 3.4.27 that C 1
c (U,Rn ⊗ E) is dense in K (U,Rn ⊗ E).

Lemma 4.2.7. Suppose L : C 1
c (U,Rn ⊗ E) → R is linear. Then, the fol-

lowing statements are equivalent.

(1) L possesses a continuous linear extension to K (U,Rn ⊗ E).

(2) Whenever K is a compact subset of U and 0 ≤ s < ∞, there exists
0 ≤M <∞ such that

|L(ψ)| ≤M sup im |ψ|

whenever ψ ∈ C 1
c (U,Rn ⊗ Es) and sptψ ⊂ K.

Proof. Combine 4.2.6 and 3.4.27.

Definition 4.2.8 (Alternative definition 1). Suppose V ∈ Vm(U) and f is
a ∥V ∥ + ∥δV ∥ Young function of type Y . We define the linear map L :
C 1
c (U,Rn ⊗ E) → R by

L(ψ) =
∫∫

η(V, x) ψ(x) df(x) d∥δV ∥x
−
∫∫

S • Dψ(x) df(x) dV (x, S)
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whenever ψ ∈ C 1
c (U,Rn ⊗ E). Then, f is termed to possess generalized V

bounded variation if and only if L satisfies 4.2.7(1) or 4.2.7(2).

Remark 4.2.9. Since Lx(θ(x) ⊗ γ) = B(θ, γ) whenever θ ∈ D(U,Rn) and
γ ∈ E (Y,R) ∩E, where B is as in 4.1.9, we conclude from 3.4.27 and 3.4.28
that 4.2.8 is equivalent to 4.1.9.

Remark 4.2.10. We define the linear map ι : C 1
c (U,Rn ⊗E) → H ∩ C 1(U ×

Y,Rn) by

u • ι(ψ)(x, y) = (u ψ(x))(y) whenever (x, y) ∈ U × Y and u ∈ Rn.

Note that the map Es×Y → R defined by (γ, y) 7→ γ(y) is of class 1 because
γ 7→ γ(y) is linear whenever y ∈ Y , hence ι is well-defined. However, ι is
not surjective; in fact, the mixed second order derivatives Dw Dv ι(ψ) exist
whenever ψ ∈ C 1

c (U,Rn ⊗E), v ∈ Rn, and w ∈ Y , where Dv and Dw denote
the operators of directional derivatives.

Definition 4.2.11 (Alternative definition 2). Suppose V ∈ Vm(U) and f
is a ∥V ∥ + ∥δV ∥ Young function of type Y . We define the linear map T :
E (U × Y,Rn) ∩H → R by

T (ϕ) =
∫∫

η(V, x) • ϕ(x, y) df(x) y d∥δV ∥x
−
∫∫

S • (Dϕ(x, y) ◦ ι) df(x) y dV (x, S)

whenever ϕ ∈ E (U×Y,Rn)∩H, where ι : Rn → Rn×Y satisfies ι(x) = (x, 0)
for x ∈ Rn.

Then, f is termed to possess generalized V bounded variation if and only
if whenever K is a compact subset of U and 0 ≤ s < ∞, there exists 0 ≤
M <∞ such that

|T (ϕ)| ≤M sup{∥Dϕ(x, y) ◦ κ∥ :x ∈ U, y ∈ Y }

whenever ϕ ∈ E (U × Y,Rn) ∩HK×B(0,s), where κ : Y → Rn × Y is given by
κ(y) = (0, y) for y ∈ Y .

Remark 4.2.12. Note that T(x,y)(γ(y)θ(x)) = B(θ, γ) whenever θ ∈ D(U,Rn)
and γ ∈ E (Y,R) ∩ E. From 3.4.28, we see dmnT ∩ HK×B(0,s) is dense in
HK×B(0,s) whenever K is a compact subset of U and 0 ≤ s < ∞; it follows
from 3.4.27 that 4.2.11 is equivalent to 4.1.9.
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4.3 Generalized weakly differentiable Young

functions

In this section, we present the definition of generalized weakly differentiable
Young functions on varifolds as well as the compactness theorem for such
functions.

Definition 4.3.1. Whenever V ∈ Vm(U), f is of generalized V bounded
variation, and T s is associated with f as in 4.1.7 for 0 ≤ s < ∞, we term f
generalized V weakly differentiable if and only if ∥T s∥ is absolutely contin-
uous with respect to ∥V ∥ for 0 ≤ s < ∞. In this case, there exists a ∥V ∥
measurable function F s with values in (Rn⊗Es)

∗ endowed with the Rn⊗Es

topology such that∫
K
|F s| d∥V ∥ <∞ whenever K is a compact subset of U

and
T s(ψ) =

∫
⟨ψ(x), F s(x)⟩ d∥V ∥x

whenever ψ ∈ L1(∥T s∥,Rn ⊗ Es) and 0 ≤ s < ∞ by [MS25b, 3.2]. Such F s

is ∥V ∥ almost unique by [MS25b, 3.3].

Remark 4.3.2. Note that T r|D(U,Rn ⊗ Es) = T s whenever 0 ≤ s ≤ r < ∞.
From the uniqueness of F s, we have

F r(x)|Rn ⊗ Es = F s(x) for ∥V ∥ almost all x

whenever 0 ≤ s ≤ r <∞. Let D consist of all x ∈ U such that

F i(x)|Rn ⊗ Ej = F j(x) whenever i, j ∈ P with j ≤ i,

then ∥V ∥(U ∼D) = 0. Therefore, the relation

⟨η, F (x)⟩ = lim
i→∞

⟨η, F i(x)⟩ whenever η ∈ Rn ⊗ E and x ∈ D

defines a ∥V ∥ measurable function with values in (Rn ⊗E)∗ with respect to
the weak topology by 3.1.14 and 3.2.6. Accordingly, we have

T (ψ) =
∫
⟨ψ(x), F (x)⟩ d∥V ∥x

whenever ψ ∈ K (U,Rn ⊗ E).
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Remark 4.3.3. Consider the isomorphism (Rn⊗E)∗ ≃ Hom(Rn, E∗) and let
v ∈ Rn. By 3.4.20, we may represent ⟨v, F (x)⟩ by a member µ in the dual
space K (Y,Hom(Y,R))∗ such that

⟨γ, ⟨v, F (x)⟩⟩ = µ(D γ) whenever γ ∈ E.

However, if dimY ≥ 2, such representations are far from unique even when
constraint to satisfy sptµ ⊂ spt f(x); for instance, suppose V ∈ IV1(R)
satisfies ∥V ∥ = L 1, Y = R2, and f(x) = L 2 ⌞C for x ∈ R, where C denotes
the unit square in R2, then f is generalized V weakly differentiable with
derivative F = 0, but there exists 0 ̸= µ ∈ K (Y,Hom(Y,R))∗ representing
⟨1, F (x)⟩ ∈ E∗ such that sptµ ⊂ spt f(x), see 3.4.21.

Remark 4.3.4. Let I : Ẽ → E be the linear map defined by γ̃ 7→ γ̃ − γ̃(0)

for γ̃ ∈ Ẽ. Note that sup im ∥D I(γ̃)∥ = sup im ∥D γ̃∥ whenever γ̃ ∈ Ẽ. If
f is generalized V weakly differentiable, then for 0 ≤ s < ∞, there exists a
∥V ∥ measurable function F̃ s with values in (Rn ⊗ Ẽs)

∗ with respect to the

Rn ⊗ Ẽs topology such that∫
K
|F̃ s(x)| d∥V ∥x <∞ whenever K is a comapct subset of U

and ∫
⟨ψ̃(x), F̃ s(x)⟩ d∥V ∥x =

∫ (∫
ψ̃(x) df(x)

)
• η(V, x) d∥δV ∥x

−
∫
S •

∫
D ψ̃(x) df(x) dV (x, S)

whenever ψ̃ ∈ D(U,Rn ⊗ Ẽs) and 0 ≤ s <∞; in fact, we may take F̃ s(x) =
F s(x)◦(1Rn⊗I) whenever x ∈ dmnF s. The converse is true when dimY ≥ 2

because I|Ẽs is a norm-preserving isomorphism onto Es whenever 0 ≤ s <∞.

Remark 4.3.5. Suppose g is a ∥V ∥+∥δV ∥ measurable Y -valued function and
f = δ◦g is as in 3.2.5. If g is a generalized V weakly differentiable function in
the sense of [MS18, 4.2], then f is generalized V weakly differentiable in the
sense of 4.3.1 and their derivatives V D g and F s are related by the equation

⟨v,D γ(g(x)) ◦ V D g(x)⟩ = ⟨v ⊗ γ, F s(x)⟩

whenever 0 ≤ s <∞, γ ∈ Es, and V ∈ Rn.

Remark 4.3.6. By 4.1.19, if Z is a finite-dimensional Banach space, h : Y → Z
is a proper locally Lipschitzian map, and f is generalized V weakly differen-
tiable, then so is h#f .
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Similar to 4.1.12 and 4.1.13, we define the weak differentiability of mea-
surable functions with values contained in the topological dual of some sepa-
rable Banach space and the relation of such functions to generalized weakly
differentiable Young functions is studied.

Definition 4.3.7. Suppose V ∈ Vm(U), Z is a separable Banach space, and
f is a function of locally (V, Z) bounded variation. We say f is (V, Z) weakly
differentiable if and only if ∥T∥ is absolutely continuous with respect to ∥V ∥,
where T is the distribution associated with f as in 4.1.12.

In this case, there exists a ∥V ∥ measurable (Rn ⊗ Z)∗-valued function F
with respect to the Rn ⊗ Z topology such that |F | ∈ Lloc

1 (∥V ∥) and

Tx(θ(x) ⊗ z) =
∫
⟨θ(x) ⊗ z, F (x)⟩ d∥V ∥x

whenever z ∈ Z and θ ∈ D(U,Rn) by [MS25b, 3.2]. Such F is ∥V ∥ almost
unique by [MS25b, 3.3].

Lemma 4.3.8. Suppose V ∈ Vm(U) and f is a ∥V ∥+∥δV ∥ Young function
of type Y . Then, f is generalized V weakly differentiable if and only if f is
(V,Es) weakly differentiable whenever 0 ≤ s <∞.

Proof. By 4.1.13, the assertion is obvious.

Theorem 4.3.9 (Compactness). Suppose C is as in 3.2.22, Vi ∈ RVm(U,C),
∥δVi∥ is a Radon measure, ∥δVi∥ is absolutely continuous with respect to
∥Vi∥, and fi is a generalized Vi weakly differentiable Young function of type
Y whenever i ∈ P, such that

lim
t→∞

sup{Y(∥Vi∥, fi)(K × (Y ∼B(0, t))) : i ∈ P} = 0, (4.3)

sup {∥Vi∥(K) : i ∈ P} <∞, (4.4)

lim
t→∞

sup
{∫

K∩{x : |h(Vi,x)|>t} |h(Vi, x)| d∥Vi∥x : i ∈ P
}

= 0, (4.5)

lim
t→∞

sup
{∫

K∩{x : |F s
i (x)|>t} |F

s
i | d∥Vi∥ : i ∈ P

}
= 0, (4.6)

whenever K is a compact subset of U and 0 ≤ s <∞, where F s
i is associated

with fi as in 4.3.1.
Then, there exist V ∈ RVm(U,C), a generalized V weakly differentiable

Young function f of type Y , and a subsequence (Vik , fik) of (Vi, fi) such that,
as k → ∞,

Vik → V, Y(Vik , fik ◦ p) → Y(V, f ◦ p), Y(∥Vik∥, fik) → Y(∥V ∥, f),

where p : U ×G(n,m) → U is the projection map.
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Proof. Note that from (4.4), (4.5) and (4.6) we have

sup{(∥V ∥ + ∥δVi∥ + ∥T s
i ∥)(K) : i ∈ P} <∞

whenever K is a compact subset of U , where T s
i is associated with fi as in

4.1.7. Then, most of the conclusions follow from 4.1.16, and it remains to
show that f is generalized V weakly differentiable, or equivalently, that ∥T s∥
is absolutely continuous with respect to ∥V ∥ whenever 0 ≤ s <∞, where T s

is the distribution associated with f as in 4.1.7.
Let Vik and fik be the subsequences of Vi and fi obtained in the last

paragraph. Suppose ε > 0, 0 ≤ s < ∞, and A is a subset of U such that
ClosA is a compact subset of U and ∥V ∥(A) = 0. From (4.5) and (4.6),
there exist t > 0 and an open set G such that

ClosG is a compact subset of U , A ⊂ G, ∥V ∥(G) ≤ t−1ε,

sup
{∫

(ClosG)∩{x : |h(Vi,x)|>t} |h(Vi, x)| d∥Vi∥x : i ∈ P
}
≤ ε,

sup
{∫

(ClosG)∩{x : |F s
i (x)|>t} |F

s
i | d∥Vi∥ : i ∈ P

}
≤ ε.

For g ∈ D(U,Rn) with spt g ⊂ G and sup im |g| ≤ 1, we estimate by [All72,
2.6(2c)]

|δV (g)| = lim
i→∞

|
∫
g(x) • h(Vi, x) d∥Vi∥x|

≤ t lim sup
i→∞

∥Vi∥(spt g) + ε

≤ t∥V ∥(spt g) + ε

≤ 2ε,

hence ∥δV ∥(A) ≤ ∥δV ∥(G) ≤ 2ε, and we conclude ∥δV ∥ is absolutely con-
tinuous with respect to ∥V ∥. Let ψ ∈ D(U,Rn ⊗ Es) with sptψ ⊂ G and
sup im |ψ| ≤ 1. By 3.2.18, [MS25b, 3.21], 4.1.2, and [All72, 2.6(2c)], we have

|
∫
S •

∫
Dψ(x) df(x) dV (x, S)|

= lim sup
k→∞

|
∫
S •

∫
Dψ(x) dfik(x) dVik (x, S)|

≤ lim sup
k→∞

|
∫ (∫

ψ(x) dfik(x)
)
• h(Vik , x) d∥Vik∥x|

+ lim sup
k→∞

|T s
ik

(ψ)|

≤ s(t lim sup
k→∞

∥Vik∥(sptψ) + ε)

+ t lim sup
k→∞

∥Vik∥(sptψ) + ε

≤ 2ε(s+ 1).
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On the other hand, by [MS25b, 3.21] and 4.1.2, we have∫ (∫
ψ(x) df(x)

)
• η(V, x) d∥δV ∥x ≤ s

∫
G
|h(V, x)| d∥V ∥x.

Therefore, we conclude ∥T s∥ is absolutely continuous with respect to ∥V ∥.

Remark 4.3.10. The example in 4.1.17 shows that the hypothesis on absolute
continuity of the first variation with respect to the weight measure of varifolds
cannot be omitted; in fact, the limit function in this example has a jump
discontinuity at 0 ∈ R.

Lemma 4.3.11. Suppose V ∈ RVm(U). Then, every locally Lipschitzian
∥V ∥+∥δV ∥ Young function f of type Y is generalized V weakly differentiable.
Moreover, for 0 ≤ s < ∞ and γ ∈ Es, the function F s associated with f as
in 4.3.1 satisfies, for ∥V ∥ almost every x,

⟨v ⊗ γ, F s(x)⟩ = ⟨v, V D fγ(x)⟩ whenever v ∈ Rn,

where fγ(x) =
∫
γ df(x).

Proof. Let 0 ≤ s < ∞. For γ ∈ Es, and θ ∈ D(U,Rn), letting τ(x) =
Tanm(∥V ∥, x) whenever Tanm(∥V ∥, x) ∈ G(n,m), we deduce from [Men12,
4.5(4)] that∫∫

γ(y)θ(x)•η(V, x) df(x) y d∥δV ∥x
=
∫
⟨θ(x), (∥V ∥,m) ap D fγ(x) ◦ τ(x)⟩ d∥V ∥x

+
∫ (∫

γ df(x)
)
τ(x) • D θ(x) d∥V ∥x.

Let D be a countable dense subset of Es such that D is a vector space over
the field Q of rational numbers and let

A = dmn τ ∩
⋂
γ∈D

dmn(∥V ∥,m) ap D fγ.

By [Men12, 4.5(2)], ∥V ∥(U ∼A) = 0. Note that fγ1+γ2 = fγ1 + fγ2 for
γ1, γ2 ∈ E. For x ∈ A, we define a bilinear form B(x) : Rn ×D → R over Q
by the requirement

B(x)(v, γ) = ⟨v, (∥V ∥,m) ap D fγ(x) ◦ τ(x)⟩ for v ∈ Rn and γ ∈ Es.

Since ∥B(x)∥ ≤ limr→0+ Lip(f |B(x, r)) < ∞, B(x) extends uniquely to a
continuous bilinear form Rn×Es → R over R; by 3.1.10, there exists F s(x) ∈
(Rn ⊗ Es)

∗ such that ∥F s(x)∥ = ∥B(x)∥ and

⟨v ⊗ γ, F s(x)⟩ = B(x)(v, γ) for v ∈ Rn and γ ∈ D.
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Since the image of the canonical map Rn⊗D → Rn⊗Es is dense, where the
tensor product Rn ⊗ D is taken over Q, we conclude from [Men12, 4.5(1)]
and 3.2.6 that F s is ∥V ∥ measurable. By [Men16, 3.1], the image of the
canonical map D(U,Rn) ⊗ Es → D(U,Rn ⊗ Es) is dense whence we infer

T s(ψ) =
∫
⟨ψ(x), F s(x)⟩ d∥V ∥x whenever ψ ∈ D(U,Rn ⊗ Es),

and the assertion follows. Finally, the postscript follows from [Men16, 8.7].

The following lemma shows that the join of two generalized weakly differ-
entiable Young functions is again generalized weakly differentiable provided
one of them is locally Lipschitzian.

Lemma 4.3.12. Suppose V ∈ RVm(U), Z is a finite-dimensional Banach
space with dimZ ≥ 1, dimY ≥ 1, f is a generalized V weakly differentiable
Young function of type Y , and g is a locally Lipschitzian ∥V ∥+ ∥δV ∥ Young
function of type Z. Then, h = f × g is generalized V weakly differentiable.
Moreover, for 0 ≤ s < ∞ and ∥V ∥ almost all x, the function H̃s associated
with h as in 4.3.4 is characterized by

⟨v ⊗ γ̃, H̃s(x)⟩ =
∫
⟨v ⊗ γ̃(y, ·), G̃s(x)⟩ df(x) y

+
∫
⟨v ⊗ γ̃(·, z), F̃ s(x)⟩ dg(x) z

whenever v ∈ Rn and γ̃ ∈ Ẽs(Y × Z), where F̃ s and G̃s are the functions
associated with f and g as in 4.3.4 and Y ×Z is endowed with the norm with
value sup{|y|, |z|} at (y, z) ∈ Y × Z.

Proof. Define H̃s(x) as in the conclusion for x ∈ dmn F̃ s ∩ dmn G̃s. Observe

that H̃s is a ∥V ∥ measurable function with values in (Rn⊗ Ẽs(Y ×Z))∗ with

respect to the Rn ⊗ Ẽs(Y × Z) topology such that∫
K
|H̃s| d∥V ∥ <∞ whenever K is a compact subset of U.

Let θ ∈ D(U,Rn) and let γ̃(y, z) = γ̃1(y)γ̃2(z) for (y, z) ∈ Y × Z, where

γ̃1 ∈ Ẽs(Y ) and γ̃2 ∈ Ẽs(Z). Define gγ̃2(x) =
∫
γ̃2 dg(x) whenever x ∈ U .

Approximating the locally Lipschitzian function gγ̃2 by means of convolution
and noting [Men12, 4.5(3)] and [Men16, 8.7], we compute∫∫

γ̃2⟨θ(x) ⊗ γ̃1, F̃
s(x)⟩ dg(x) d∥V ∥x

=
∫ (∫

γ̃ dh(x)
)
θ(x) • η(V, x) d∥δV ∥x

−
∫ (∫

γ̃ dh(x)
)

D θ(x) • S dV (x, S)

−
∫ (∫

γ̃1 df(x)
)
⟨θ(x), V D gγ̃2(x)⟩ d∥V ∥x.
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On the other hand, by 4.3.11,∫∫
γ̃1⟨θ(x) ⊗ γ̃2, G̃

s(x)⟩ df(x) d∥V ∥x
=
∫ (∫

γ̃1 df(x)
)
⟨θ(x), V D gγ̃2(x)⟩ d∥V ∥x.

Therefore, the function H̃s satisfies∫
⟨ψ̃(x), H̃s(x)⟩ d∥V ∥x =

∫∫
η(V, x) ψ̃(x) dh(x) d∥δV ∥x

−
∫∫

S D ψ̃(x) dh(x) dV (x, S)

where ψ̃ ∈ D(U,Rn ⊗ Ẽs(Y × Z)) with ψ̃(x) = θ(x) ⊗ γ̃ for x ∈ U . Using
mollification, we can show that the image of the canonical monomorphism
Ẽs(Y ) ⊗ Ẽs(Z) → Ẽs(Y × Z) is dense, see [Fed69, 1.1.3, 4.1.2, 4.1.3]. By

[Men16, 3.1], the previous equation of H̃s holds for arbitrary ψ̃ ∈ D(U,Rn⊗
Ẽs(Y × Z)) and the assertion follows from 4.3.4.

Remark 4.3.13. The condition that g is locally Lipschitzian can not be omit-
ted. To construct a counterexample, letRj, Vj, V, f, g, h be as in [Men16, 8.25]
and let vj be the vector in R2 such that |vj| = 1 andRj = {rvj : r ∈ R, r ≥ 0}.
By 4.3.5, δ ◦ f and δ ◦ g are generalized V weakly differentiable Young func-
tions of type R. Let 0 ≤ s < ∞ and let T s be the distribution associated
with δ ◦ h. Then, we compute

T s(ψ) =
∫∫

S Dψ(x) dδh(x) dV (x, S)

=
∫
v1 ψ(0) dδ(1,1) +

∫
v3 ψ(0) dδ(1,0)

+
∫
v4 ψ(0) dδ(0,1) +

∫
v5 ψ(0) dδ(1,0)

whenever ψ ∈ D(R2,R2 ⊗Es(R×R)). Hence, ∥T s∥(R2∼{0}) = 0. Choose
γ ∈ Es(R×R) and θ ∈ D(R2,R2) such that spt γ ⊂ B((1, 1), 2−1), γ(1, 1) ̸=
0 and θ(0)•v1 ̸= 0, then T s

(x)(θ(x)⊗γ) ̸= 0. Therefore, ∥T s∥ is not absolutely

continuous with respect to ∥V ∥, hence δ◦h = (δ◦f)×(δ◦g) is not generalized
V weakly differentiable.
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