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Abstract

Solving laplacian system is common in the field of computer

science nowadays. Preconditioner is an essential tool while solving

linear system with indirect method. It may bring significant

improvements to number of iterations, CPU time, and the errors. In

this work we will start with graph laplacian, matrix splitting and

approximation theories to get some polynomial preconditioners, and

investigate the performance in the changes of different parameters

in PCG(Preconditioned Conjugate Gradient) method mainly by

experiments. We will show the experimental result as conclusion for

the purpose of accelerating the iteration in future works.
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1 Introduction

Graph theory is becoming more and more important in modern science.

Especially the fields including numerical computation. As the growth of

your friend list in facebook, a network to your relationship getting more

complicated. It is not suitable to analysis a large-sized graph by traditional

methods.

First of all, we can describe a graph by graph laplacian or some equivalent

decomposition [13]. Most of the graphs we were interested in may be sparse

but large, therefore doing a Gaussian elimination is not a wise choice. In

order to solving laplacian systems, mathematicians has developed various of

methods. We will talk about this issue in the next section.

”Laplacian systems arise in many areas such as machine learning [16],

computer vision, partial differential equations and interior point methods,

and solvers are naturally needed.” [15]

Solvers are naturally needed, so next, our goal changed into solving laplacian

system Lx = b, which is a kind of linear system Ax = b in general. To solve

a linear equation

Ax = b (1)

where A is an n× n symmetric positive matrix. Notice that if A is a graph

laplacian, it must be symmetric and semi-positive definite. Thanks to its

properties [14], we can easily giving some shift in original problem to satisfy

the condition.
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There were some classic splittings for iterative methods. Suppose A = M−N

is a splitting of A, then we have knew some standard methods.

• Jacobi Method

Take M = D and N = L+ U .

• Gauss-Seidel Iterative Method

Take M = D − L and N = U .

• Succesive-Overrelaxion Scheme

Take M = 1
α
(D − αL) and N = 1

α
(αU + (1− α)D)

Just to name a few. Time complexity of direct methods has been verified

completely [17]. Measuring pros and cons, indirect methods may sometimes

been better. Hence we applied preconditioined conjugate gradient method

(PCG) to solve laplacian systems mainly.

Take x0 be an initial value which is approximate to x. Compute pcg

algorithm until xi+1 is close enough to xi (under the given tolerance or reach

the limited maximum iteration numbers).

A suitable preconditioner is undoubtedly an effective tool to our iteration

[1, 2, 8, 10, 18]. Differ from intuitive splitting above, a polynomial

approximation may possibly works better. ”Polynomials are widely used in

computational models of scientific or engineering problems, because of their

finite evaluation schemes” [19]. From the viewpoint of Johnson [1], there is

another great choice by applying Neumann series, which can be regarded as

the generalization of geometric series or power series. Then we solve (1) by

doing

M−1Ax = M−1b, (2)
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where M is decided by the series. We will discuss more properties about

preconditioner in section 3.

Someone suggested parameterizing the series [2]. Excepts Neumann series(or

Tayler series in general), Chebyshev polynomial is the most famous one

in approximation theories. Besides, the most important approximation

theorem, Weierstrass approximation theorem, has provided an awesome

Bernstein basis polynomial. Thus we tried to examine about these different

polynomials and meanwhile given some weights in order to improve the

performance in section 4.

In section 5, we will show the result of experiments graphically. In analysis

theory, those approximative polynomials works well. In practice, the shift

added in linear system, the degree of approximate polynomial we have chosen,

a weight setting in splitting, cause different influences to performance. Best

of the best choice in theory is not necessary in computer. Thus we focus on

iteration steps and cpu time to judge their outcomes. In the end, to make an

inductive summary that how to improve the calculating in certain method

by concluding our experiments.

2 Graph Laplacian

Graph laplacian is a useful tool and applied frequently in various fields. The

relationships in facebook, twits on your page, ads popped out when searching

something on google, are inseparable with graph laplacian. Graph theory

applied some methods to analysis a graph, however, solving a problem about

friends’ network in facebook with huge size might be a matter of computer
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science. Hence we need graph laplacian to simplify these tasks.

2.1 Graph Laplacian

Consider a undirected and unweighted graph G = (V,E), this representation

is not useful to our computation. Two important matrices, adjacency matrix

A and degree matrix D, can be defined by vertices and edges as follow:

A(G)i,j =

1 if vivj ∈ E,

0 otherwise.

In other words, we write 1 in Ai,j if vi is adjacent to vj. And

D(G)i,j =

di if i = j,

0 if i ̸= j.

where di is degree of vi, the number of edges connected with vertex vi. That

is, D is a diagonal matrix with diagonal elements are the degree of each

vertices. Take a graph G as example:

2

1 3

4 5

e1
e2

e3

e4

e5

For the first row of A, we can see vertex 1 is adjacent to vertices 2, 3. By

definition, A1,2 = 1 and A1,3 = 1. Keep following the rule as above to finish

A. Then

A(G) =



0 1 1 0 0

1 0 1 0 0

1 1 0 1 0

0 0 1 0 1

0 0 0 1 0


.
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Next, to see the adjacency matrix. For D1,1, there are two vertices, 2 and 3,

adjacent to 1. Hence D1,1 = 2

D(G) =



2 0 0 0 0

0 2 0 0 0

0 0 3 0 0

0 0 0 2 0

0 0 0 0 1


.

Next we define the graph laplacian of G by

L(G) := D − A.

For last example,

L(G) =



2 −1 −1 0 0

−1 2 −1 0 0

−1 −1 3 −1 0

0 0 −1 2 −1

0 0 0 −1 1


.

From this definition, we can see the concept of matrix splitting. Why we

named this as a laplacian? Recalling the traditional laplacian operator for

an function f :

∆f = ∇2f.

Similarly, we can define a f : V → R act on all vertices of the graph. Then

it’s ’gradient’ can be taken as

g(ek) := f(vi)− f(vj), (3)

ek is the edge connecting vertices vi and vj and set i < j. Therefore, L can

be regarded as a laplacian operator. Refer to Bernstein’s notations [13], we
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represent function f and g as vectors.

f :=
[
f(v1) f(v2) · · · f(vn)

]T
and

g :=
[
g(e1) g(e2) · · · g(em)

]T
.

For the same graph as example.

2

1 3

4 5

e1
e2

e3

e4

e5

Then the first element g(e1) = f(1)− f(2).

Keep doing so, we can easily find a Km×n satisfying

Kf = g. (4)

Then K can be solved by

K



f(1)

f(2)

f(3)

f(4)

f(5)


=



f(1)− f(2)

f(2)− f(3)

f(1)− f(3)

f(3)− f(4)

f(4)− f(5)


.

In this case,

K =



1 −1 0 0 0

0 1 −1 0 0

1 0 −1 0 0

0 0 1 −1 0

0 0 0 1 −1


.
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This K is the incidence matrix which describe the edges of a graph in

another perspective from adjacency matrix.

Finally we can think about the divergence of a graph. Divergence is an

operator measuring the amount of flow in or out a point. So we consider a

dn×1 to show the divergence of each vertices in G by counting edges connected

with them. For instance,

2

1 3

4 5

e1
e2

e3

e4

e5

e1 and e3 connected with 1, then d1,1 = g(e1) + g(e3). (Notice that symbols

should follow the rule i < j.) In the end, we can figure out that

KTg = d. (5)

In our example,

1 0 1 0 0

−1 1 0 0 0

0 −1 −1 1 0

0 0 0 −1 1

0 0 0 0 −1





g(e1)

g(e2)

g(e3)

g(e4)

g(e5)


=



g(e1) + g(e3)

−g(e1) + g(e2)

−g(e2)− g(e3) + g(e4)

−g(e4) + g(e5)

−g(e5)


.

In conclusion, equation (4) (5) imply that

KTKf = d (6)

Furthermore, Bernstein and Das [13, 14] gave us opinion that

L = D − A := KTK. (7)
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This matrix K here is said to be the incidence matrix of graph G. That’s

the reason why we defined the L as laplacian of a graph. Now check this

easily by focusing on diagonal elements and the rest respectively.



1 0 1 0 0

−1 1 0 0 0

0 −1 −1 1 0

0 0 0 −1 1

0 0 0 0 −1





1 −1 0 0 0

0 1 −1 0 0

1 0 −1 0 0

0 0 1 −1 0

0 0 0 1 −1


=


2 −1 · · · 0

−1
. . . ...

...

0 · · · 1


A column in K corresponds to a vertex in G, then number of nonzero element

on i−th column represents the edges connected to vi. Hence the inner product

by i−th column to itself is the degree of vi.



1 0 1 0 0

-1 1 0 0 0

0 −1 −1 1 0

0 0 0 −1 1

0 0 0 0 −1





1 −1 0 0 0

0 1 −1 0 0

1 0 −1 0 0

0 0 1 −1 0

0 0 0 1 −1


=


2 −1 · · · 0

-1 . . . ...
...

0 · · · 1


See the off-diagonal entries next. The first element in column 2 and column

1 are nonzero, that is, vertex 1 and 2 both connected by edge e1. Therefore

we record A2,1 = 1 implies that L2,1 = −1.

2.2 Laplacian System

In equation (7), graph laplacian L can be written as KTK, which is the

form of Cholesky decomposition. When solving a linear system with a case
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A = G, applying this factorization could been a good choice. However,

direct methods becoming difficult with the degree, or the size of graph

getting larger.

Fortunately, assays have gave us some properties of graph laplacian [13, 14,

15]:

• Graph laplacian L is symmetric.

• Graph laplacian L is positive semidefinite.

• All eigenvalues of L are nonnegative.

• The smallest eigenvalue is zero.

These properties lead us appling approximate iteration solver when solving

laplacian system easily. Conjugate gradient method with preconditioner may

be a suitable choice.

3 Preconditioners

For symmetric positive problem in (1), we choose preconditioined conjugate

gradient(PCG) method to solve it mainly. Never forgot that a graph laplacian

matrix L may be only semi-positive definite. A small shift can change our

matrix positively. Let M be a chosen n × n positive definite matrix. Refer

to Johnson’s algorithm of PCG iteration [1], we solve di by inner iteration

Mdi = ri, (8)

where ri is the residual in the ith step of iteration, for i = 0, 1, 2, . . .. Since

di = M−1ri = M−1(b− Axi),
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we actually need M−1 while calculating. This can be fulfilled by using

function handles in matlab.

From another perspective to realize this problem easier, we need A−1 to solve

(1). However the inverse matrix is so difficult to find that people don’t use

direct methods in big size coefficient matrix. To compromise these difficulties,

pseudo inverse or Drain inverse can be a way [12]. But that is not our point.

Now the goal changes into looking for a matrix M such that M−1 ≈ A−1.

Then

M−1Ax = M−1b (9)

implies

x ≈ M−1b.

For any given symmetric and positive M , there exists a matrix E such that

M = EET . We have seen this in (7), graph laplacian can be Cholesky

factorized naturally. If the spectrum of M−1A has better clustered than A’s,

we may iterative (9) faster than the origin problem [7] . Since E−1AE−T has

the same eigenvalues to M−1A, the system can be transformed into

(E−1AE−T )(ETx) = E−1b. (10)

To construct a suitable M , we have to do some scaling and splitting first,

then apply theories of polynomial approximation [1, 2]. Weierstrass theorem

has ensured that a continuous function can be uniformly approximated as

closely as we want by some polynomial. If ones can split A to the form I−G,

then

A−1 = (I −G)−1 = I +G+G2 + · · · (11)
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(11) is usually said to be a Neumann series, which is an infinitely series of

the form
∞∑
i=0

Gi. (12)

But here comes a problem: Knowing that the power series, for example,

(1− x)−1 converges to 1+ x+ x2 + ... over the certain radius of convergence.

What if the matrix polynomial? Climent indicated that (12) converges if

and only if the sequence {Gk}k converges to null matrix, i.e., if and only if

the spectral radius, that is the maximum of its eigenvalues, is smaller than

1 [3, 4].

Without loss of generality that A can be scaled to have unit diagonal and

denoted as Ã by

Ã =
√
DA

√
D, (13)

where D is the diagonal matrix of A. Hence Ã is of the form I − G, G

is symmetric with zero entries on its diagonal. We have to notice that the

right hand side and the solution in (1) should change along with the scaling.

x̃ =
√
D

−1
x, and b̃ =

√
D · b, then Ãx̃ = b̃. Next, split the matrix by taking

G = I − Ã.

Ã = I − (I − Ã) := I −G. (14)

Then

Ã−1 = (I −G)−1 = I +G+G2 + · · · .

We choose

M−1
k =

k∑
i=0

Gi. (15)
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be a Neumann preconditioner of order k. Theoretically, as the order k

increasing(large enough), the performance of convergence shall be better.

Experimentally, it is not necessary that the order took higher, the iteration

is better, especially the cpu time in big matrices. Saad has gave us some

graphically outcomes between iterative steps and the total times of matrices

multiplication [18]. Since the inner iteration kept doing the product between

matrices and vectors , which may increase the total CPU time mainly.

4 Other Choices

Excepts the splitting and Neumann series we have mentioned before, there

are some other popular choices.

4.1 Weighted Preconditioners

Recalling the matrix splitting, now we let

N = N(ω) = I − ωA (16)

and ω is a scaling parameter. Then we can change (14) into

Â := ωA = I − (I − ωA) = I −N.

Equation (14) is the case when ω = 1. We are wondering that whether the

performance changes along with ω by taking

Mk =
k∑

i=0

N(ω)i.

We changed ω to compare their performance, see figures in subsection 5.2.
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4.2 Splittings

The splitting in (14) can be regarded as a special case of

Â = ωA = D − (D − ωA) (17)

where D is the diagonal of A. After doing the scale in (13), it became to

have unit diagonal, thus D = I. Then

(Â)−1 = [D − (D − Â)]−1

= [D(I − (I −D−1Â))]−1

= [I − (I −D−1Â)]−1D−1

= (I −N)−1D−1.

Result in the approximation

M−1
k = (I +N +N2 + · · ·+Nk)D−1 = (

k∑
i=0

N i)D−1,

where

N = I −D−1Â.

In general, the diagonal D can be changed into any other matrix. A small

experiment showed that iterate with (14) has better performance.

4.3 Different Polynomials

Besides using Neumann series, there are some other famous choices of

polynomial in, such as Legendre polynomial, Chebyshev polynomial.

Coefficients may sometimes being so complicated, an easier structure, for

example, the Bernstein polynomial is also a great decision. To see definitions

and first few of them in appendix. Experimental result will be showed in
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the next section.

Mudde gave us a comparison: Legendre polynomial is the best in L2 norm,

and Chebyshev is the best in uniform norm [5]. There is a little conclusion

that Chebyshev polynomial might be a better choice in general. From the

perspective of mini-max iteration, we can scale Chebyshev polynomials by

using the spectrum of coefficient matrix [1, 8].

Then setting some coefficients c in Mk (15), and since Mk is depending on

A, let

Ṁk
−1

=
k∑

i=0

ci,kA
i := pk(A). (18)

Now we hope a polynomial q

Ṁk
−1
A = pk(A)A := qk+1(A) (19)

to be as close to 1 as possible.

Let λ1, λn be the smallest and the largest eigenvalues of the coefficient matrix.

Considering the domain of Chebyshev polynomial, for any eigenvalues λ ∈

[λ1, λn], taking a map µ from [λ1, λn] into [−1,+1] where

µ(λ) = −1 + 2
λ− λ1

λn − λ1

. (20)

Define

T̂k+1(λ) = 1− Tk+1 (µ(λ))

Tk+1 (µ(0))
. (21)

By Saad’s theorem 3 in [8], the above T̂k+1 may be a choice for qk+1 which

has a smallest condition number over all polynomials of degree ≤ k + 1. In
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general, (21) can set with a scalar γ

T̃k+1(λ) = 1− Tk+1 (µ(λ))

Tk+1 (µ(γ))
. (22)

Moreover, the µ in (20) can be defined by different intervals

µ̃(λ) = −1 + 2
λ− a

b− a
. (23)

Chebyshev polynomials has the smallest condition number. Pyzara and

Bylina’s results [9] has shown that: ”the condition number provides an

approximate upper bound on the error in a computed solution”. However, it

is not necessary the iteration performs better or faster. Youcef Saad gave us

an important information: ”The usual optimal parameters a = λ1 and b = λ2

used in Chebyshev iteration are no longer optimal in Chebyshev polynomial

preconditioned conjugate gradient method.” [18]. Using the largest and the

smallest eigenvalue as parameters may sometimes yield poor convergence.

Yet we still try this in comparison with other preconditioners.

5 Experiments

In this section, we applied the thinkings in previous sections. Showing some

results to induct a common trend. (All these computations were calculated

and plotted by MATLAB R2019b in MacBook Pro 2015.)

The following table shows the attributes to our benchmarks. ’nnz’ is the

number of nonzero matrix elements. ’spy’ is the sparsity of laplacian

matrix. ’dmax’ and ’dmin’ are the largest and the smallest value on diagonal

,repectively.
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benchmark size nnz spy dmin dmax

1 hamster-household 1576 4032 .16% 0 147

2 friendships-hamster 1858 12534 .36% 0 272

3 hamster 2426 16631 .28% 0 273

4 hamster-friend 2952 12534 .15% 0 272

5 wikipedia-link-co 8252 177420 .26% 0 1326

6 ego-twitter 23370 33101 .006% 0 239

7 ego-gplus 23628 39242 .007% 0 2771

8 brightkite-edges 58228 214078 .006% 0 1134

9 flickrEdges 105938 2316948 .02% 0 5425

10 wordnet-words 146005 656999 .003% 0 1008

11 gowalla-edges 196591 950327 .002% 0 14730

12 com-amazon 334863 925872 .0008% 0 549

Table 1: Attributes of benchmarks

Then we take benchmark 8 as a representative. Being a control group, plotted

for the purpose of comparing with sub-experiments in this section. It was

iterated by pcg without preconditioner in different tolerance.
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Figure 1: PCG, benchmark 8, without preconditioner, run tolerance

Figure 2: PCG, benchmark 12, without preconditioner, run tolerance
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5.1 Neumann Series

From the perspective of convergence analysis, taking a higher degree

polynomial approximation, the error might be smaller. It can be realized

from error analysis to Taylor series. But the iteration is not necessary faster.

See this result from graphs of cpu time in the following subsections.

We can define a preconditioner easily in matlab by setting the function

handle. Take (15) as the above preconditioner M . In the following

experiments we fixed a maximum iteration number and tolerance (10−5).

To see the changes of iteration numbers when the degree of Neumann series

increase (examine the degree k from 1 to 20).
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Figure 3: PCG, preconditioner = Neumann series

It is clearly that they have similar trend as the change of degree k in x−axis.

Let us take benchmark 8 as an example, discuss some more details.
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Figure 4: benchmark 8, Neumann, iteration times

It shows that the iteration numbers decreased ’alternatively’. And how about

its cpu time?

0 2 4 6 8 10 12 14 16 18 20

degree

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

ti
m

e

Figure 5: benchmark 8, Neumann, cpu time
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Globally, as the degree grew higher, it cost more time during inner iterate of

pcg. Next we separate odd and even degree.

(a) odd degree, iteration times (b) odd degree, cpu time

Figure 6: benchmark 8, odd degree

(a) even degree, iteration times (b) even degree, cpu time

Figure 7: benchmark 8, even degree

Here we found that iteration numbers is decreasing. A bad news is shown

at the right of Figure 6, 7. Although the iteration times decreased with the

degree grown, cpu time increased. (Notice that these graphs are plotted by

’semilogy’). We can examine another benchmark to see this trend since the

cpu time may sometime affected by complicated factors in computer.
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Figure 8: benchmark 12, Neumann, iteration times
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Figure 9: benchmark 12, Neumann, cpu time
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Figure 10: PCG, benchmark 12, odd degree
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Figure 11: PCG, benchmark 12, even degree
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Interestingly, iteration times decreased globally, but faster in odd degree.

An experimental conclusion, there is no doubt that the degree is higher, the

iteration number is lower. Yet we should consider the growth of cpu time

meanwhile. Since the computer may do more matrix-vector multiplication in

each steps of iteration if we have chosen a higher degree approximation [18].

5.2 Weighted

The following figures show how the performance is with change of weights,

the ω, in different degree. Having the experiences from above subsection,

we known that the performance might be different between odd and even

degree polynomial approximation. Thus we focus on odd and even degree

respectively. Here are the higher-degree exapmles, the trend is more

obviously in these graphs.
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Figure 12: PCG, odd degree, Neumann series, change of ω

In figure 12, we can see that odd degree Neumann series reach the lowest

iteration times when setting ω = 1. In other words, it does not need weight

in these cases.
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Even degree:
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Figure 13: PCG, even degree, Neumann series, change of ω

Differ from odd curves in Figure 12, Figure 13 shows that even curves reached

the lowest when ω < 1.
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Figure 14: PCG, benchmark 8

From (a) and (b) in benchmark 8, we can see the difference between odd and

even degree cases.
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Figure 15: PCG, benchmark 12

Take two outcomes as an example. First, we observe that the number of

iterations and CPU time decreased when ω is small. Reached the lowest

while ω near 1 then increased quickly after 1. Notice that the iteration does

not converge in big ω, or, when the curves became flat in the right side of

these graphs.
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It matches the experimental result in subsection 5.1 that the iteration number

and cpu time change along with the degree of Neumann approximation. The

iteration number is lower when the degree is higher. Since the matrix-vector

multiplication waste a lot of time, the performance in CPU time is not

necessary better.

Then divide the difference smaller to check the critical point when ω near 1

and the trend greater than 1. Zoom in to the interval around 1 to see the

trend locally.

(a) iteration times (b) cpu time.

Figure 16: PCG with ω ∈ [0.6,1.1]

In Figure 7, 8, 9, we can see even curves reach the lowest at about 0.7 ∼

0.8, odd curves reach the lowest at 1. When ω > 1, even curves increase

smoothly, but odd curves diverge rapidly.

Next, we were interested in negative ω. Considering the limit of PCG, we

applied biconjugate gradient stabilized method (bicgstab) to investigate the

performance when ω < 0.
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(a) iteration times, benchmark 8

(b) iteration times, benchmark 12

Figure 17: bicgstab, iteration times
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See Figure 17, the performance is similar to previous one in positive ω. In

negative ω, it is opposite to positive cases. However the iteration times is

much more higher. Next, let’s check the CPU time of these bicgstab.

(a) cpu time of benchmark 8

(b) cpu time of benchmark 12

Figure 18: bicgstab, CPU time
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In the two benchmarks of Figure 18, it showed that low degree iterated faster

in negative ω, but still worse than positive cases.

5.3 Chebyshev Polynomial

In previous subsection, we found that iterate with different ω may lead to

better results. Evaluating T̂k+1(y) = pk(y) · y in (21). And also shift the

coefficient matrix with different ω. See the outcomes of degree 2 and 3 as

representative in following figures.

(a) iteration times (b) cpu time

Figure 19: Chebyshev, benchmark 8, degree=2

(a) iteration times (b) cpu time

Figure 20: Chebyshev, benchmark 8, degree=3
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In Figure 19 and 20, Chebyshev method has different outcomes when given ω

in even and odd degree. Although they showed a little differences, iteration

times and cpu time still getting worse than Neumann series. Even if we

added some weights, it still correspond with Saad’s outcome [18], taking λ1

and λn as parameters may yield poor convergence.

5.4 Bernstein Polynomial

In approximation theories, Bernstein basis polynomial is another useful tool.

To see the definition and first few examples in Appendix C. Coefficients in

Bernstein basis can be easily decided by combination numbers, especially in

low degree cases. In this experiment, I ran the tolerance and ω to see the

performance.
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(d) benchmark 4
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(g) benchmark 7
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(h) benchmark 8
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(i) benchmark 9
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(k) benchmark 11
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Figure 21: PCG, preconditioner = Bernstein polynomial
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Experiments show that different benchmarks have the same trend. Taking

one of them to see more detail.
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Figure 22: Bernstein, benchmark 8, iteration times

Iteration number increased as the tolerance became smaller. And we can

see curves approximate to a straight line(plotted by ’semilogx’). Good news

is even if the tolerance is so small, iteration number is still better than most

of the cases in previous subsections.

See curves in Figure 22. Taking a weight at about ω = 0.7, it has the lowest

iteration number. Experiences were concluded that iteration steps is lower,

the total cpu time is not necessary faster. Next graph will tell us the fact.
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Figure 23: Bernstein, benchmark 8, cpu time

In figure 23, taking a ω = 0.7 lead to the fastest cpu time. Hence in this

experiment, set a 0.7 shift may surely helps the iteration performance.

6 Summary

In this work, we referred to some theses about polynomial preconditioners,

looked for efficiency choices in order to raise the performance of iteration

solvers. Studies of approximation theory gave us some common tools,

Neumann expansion, Chebyshev polynomial, and Bernstein basis, just to

name a few. By taking these different preconditioners, we examined on

linear system with large, symmetric, sparse and positive graph laplacian

matrix by pcg mainly. To judge the performance by iteration times and cpu

time under the help of matlab.

Various of sub-experiments were tested in section 4, here are the concise
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conclusion:

• Neumann series.

1. The degree is higher, iteration number is smaller.

2. Odd-degree has less iteration steps than even-degree.

• Weighted.

1. Odd-degree has a lowest iteration number and cpu time

at ω = 1.

2. Even-degree has a lowest iteration number and cpu time

at about ω = 0.7, 0.8.

3. In bicgstab with negative ω, lower degree approximation has not

only less steps and also iterate faster.

4. Negatively ω does not faster.

• Chebyshev polynomial.

1. Chebyshev polynomial does not make the iteration better when

setting λ1 and λn as parameters. Even if we added weights when

splitting, it still corresponds with Saad’s outcome.

• Bernstein Polynomial.

1. Adding weights in Bernstein polynomial has a similar outcome to

Neumann expansion, that is, given a ω < 1 may probably iterate

faster.

Overall, we can see the differences to these polynomial preconditioners. In

this table, we compare the performance of different cases in degree 2.
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iteration times cpu time

Bernstein with ω = 0.7 67 0.3853

Neumann with ω = 0.7 172 0.8077

Neumann series 280 1.4692

Chebyshev with ω = 0.7 554 1.6912

Without preconditioner 828 1.6063

Table 2: Comparison

We can see that taking a weighted Bernstein polynomial as preconditioner

may lead to the best result in table 2. In conclusion, giving a preconditioner

will accelerate the iteration ’sometimes’. It may took too much time on

finding complicated coefficients or doing matrix multiplication, it violates the

origin intension. We shall have decided the degree and considered the balance

between iteration number and cpu time. Furthermore, adding a positive

weight near or smaller than 1 in our algorithm raises the performance.

Perhaps these decisions are case by case, fortunately, they are sometimes

observable by doing the experiments as above.
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Appendix A

Chebyshev polynomial of the first kind, the cosine one, has the recursion

Tn+1(x) = 2xTn(x)− Tn−1(x). (24)

The first few Chebyshev polynomials of the first kind(cosine) are:

T0 = 1

T1 = x

T2 = 2x2 − 1

T3 = 4x3 − 3x

T4 = 8x4 − 8x2 + 1

T5 = 16x5 − 20x3 + 5x
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Appendix B

The n+ 1 Bernstein basis polynoimals of degree n is defined as

bv,n(x) = (nv )x
v(1− x)n−v, v = 0, . . . , n.

So the first few Bernstein basis polynomials for blending 1,2,3 or 4 values

together are:
b0,0(x) = 1

b0,1(x) = 1− x, b1,1(x) = x

b0,2(x) = (1− x)2, b1,2(x) = 2x(1− x), b2,2(x) = x2

b0,3(x) = (1− x)3, b1,3(x) = 3x(1− x)2, b2,3(x) = 3x2(1− x), b3,3(x) = x3.

Let f be a continuous function on the interval [0,1] . Consider the Bernstein

polynomial

Bn(f)(x) =
n∑

ν=0

f
(ν
n

)
bν,n(x)

It can be shown that

lim
n→∞

Bn(f) = f

uniformly on the interval [0,1] .
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