3. CONSTRUCTION OF THE INVARIANT RING

In this section we will use Qs0, @51, @52, @53 and some coefficients of the polynomial My (T)
to construct the invariant ring of five-dimensional orthogonal groups. To analysis M4(T),
we must know something about Hy(T'). So far, all we have known about Hy(T') is just its
degree and leading coefficient. Hence we need more information about it. We first give some
preliminary results.

Lemma 3.1. G is an irreducible polynomial in F,[Yy, Y1, Ys).
Proof:
Gy = FjYz+ f(Yo,1,Y2)
= 05T )T =YY+ S(V0 Y0, Vo)
for some polynomial f(Yp,Y1,Y3). By Lemma 2.5, (YT + Y1)? divides G3. So we have

g+1

g+l
Gy= (Y, 2 +Y) (Y52 —Y1)?5+ fi(Yo, Vi, Yo)].
That is
g+1
GISZ(YE)Q _}/1)111/3+f1(}/0’}/1’}/2)

atl
Since G% is linear in Y3 and Y, > — Y is an irreducible polynomial in F[Y;, Y1, Y], if we

can show that Y 5 Y: does not d1V1de fl(Yb, Yl, Y,), then we are done. The coefficient of
a+1
YqJr1 in G is (Yy ) +Yq (Y +Y1)q IfY —Y; divides fi(Yp, Y1,Y2), then Y 2 —Y)

q+1
will divide G5. But it is obvious that Y — Y] does not divide (Y, > + Y7)? which is the
coefficient of Y™ in G3. Hence G is an irreducible polynomial in F,[Yp, Y1, Ys]. O

Lemma 3.2. Consider the ring homomorphism

¢ Fo[Yo,Y1,Y2, V3] — F,[Qs0, Q31, @32, Q3]
i — Qs
Then kergp = (GY).
Proof: Since ker¢ is a prime ideal of height one in the UFD F,[Yp, Y, Ys, V5], it is a

principal ideal generated by an irreducible polynomial.
By lemma 2.2,

¢(G3) = 0
o((Yy? +Y1)IGy) = 0

g+1

o((Yp* +Y1))e(Gs) = 0.

Since @39 and (3, are algebraically independent, gb((Y + Y1)?) # 0. In other words,
#(G%) = 0. By lemma 3.1, we conclude that ker¢ = (G%). O
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Next we describe the polynomial Hy(T').
Lemma 3.3. (a) Let Rog and Ry denote the leading coefficient and the coefficient of

?+1
T of Hy(T), respectively. Then Ryg = G1 and Ryy = (Yo =Yy 2 ) + [ (Yo, Y1), for
some polynomial fo (Yo, Y1).
(b) All the coefficients of Ho(T') belong to the F,[Yy, Yi]—module generated by Ry and
Ro.

Proof: (a)First, by Lemma 2.6, Ryy = GG;. Next, we compute Ry;.
Hy(T) = (=Py(T))> + Py(T)

Y, — T4+ Y, — T2

qTH Y, — Ta+1 Yoq — T2
VI —T% Y, — Tt} '

Y, — T¢+! Y — T4 +a

a+1

(Y'lz _ 2Y’1T‘I+1 + T2q+2 o Yq+1 + Y T2q + YqT2 _ T2q+2) -
= (Y2 2WiT7 — YOI L YT 4 YT Y
(}/bQ'i‘l . 2Yq2 Tq+1 _ }/bq-f-l + }/OTZq + }/quQ)qTH (mOdGl)

Yo(—2Y,® T 4 7% 4 yI 172 (modGh)
a—1 q+1
[

= [Yo(T9 — YOTT)Q]T (modGh)

= Y, (=Y, 7)™ (modGh)

=y, (et Y;qu Yq;qT2‘1+Y ST (modGh)
=y B _yope _y Ty e (modGh).

PyT) = Y -y ta YT Tla+)? _ YIY, + Yhoq2+1 4 Y, T2 — latD)?
— quJrl _ Yqu2+q o quTqul . YOqY2 + 1/E)qTqQH n YQTQq.

241
Hence the coefficient of 7% of Hy(T') is Ry = (Yo=Y}, 2 )+G1 f1(Yo, Y1), for some polynomial

Q+

[1(Yo,Y1). Let for = G f1(Yo,Y1). Then Ry = (Yo=Y, * ) + f21(Y0, Y1).
(b)Since

Hy(T) = (=Py(T))*F + P}(T)

2, q2+

g+l a+1 4" +ta
(Y, ? — Yl)Tq2+q F (Yo=Y, 2 )T+ (Y, 2 —Y{)Tet!
+(yt — Y%) (modG)

(a+1)?
(Yy — Y . )Tzq + (Y, 2 —YY3) (modG)
= (Ya— YOT)(TQC’ —Y3) + Gif (Yo, ),
for some f(Yp, Y1) € F,[Ys,Y1]. So all the coefficients of Hy(T') are generated by Rg and
Roq. ]

Remark 3.1. In the process of the above proof, we have Rag|fo1.

Now we can elaborate the polynomial Hy(T).
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Lemma 3.4. (a) Let Hy(T) = S gi(Yo, Y1, Ya, Vs, Yi)T*. Then

9r(Q30, Q31, @32, Q33, Q34) = 0.

(b) Let Ry, R41, and Rys denote the leading coefficient, the coefficient of Tq3+q2, and
the coefficient of T2 of Hy(T), respectively. Then Ry = —G%, Ry = —R3Y) +
fu1(Yo,Y1,Y2,Y3) |, and Ry = —RI, Yy + f12(Yo, Y1,Y2,Y3), for some polynomials
far (Yo, Y1, Y2, Y3, Yy) and fi(Yo, Y1, Ys, Y3, Ya).

(c) All the coefficients of Hy(T) belong to the F,[Yy, Y1, Ya, Ys|—module generated by Ry,
R41, and R42.

Proof: (a) We first note that A(Q40, @41, Qa2) # 0, since Q40, @41, and Q4 are algebraically
independent , where A is as in Definition 2.2. Next, by Lemma 2.2, we have

Hy(Qs0, @31, Q32, @33, Q34, T4)
G
= (A—;l)(Q407Q417Q427Q43,Q44)
= 0.
On the other hand, if we write Hy(T') = Zszo ar(Yo, Y1, Yo, Y3, Y)TF, then

0 = Hy(Qs0,Q31, @32, @33, Q34, 4)
N
- ng(QfﬂOvQBlaQ:sz,Q:ss,Q34)SU§.
k=0

Since gr (@30, @31, Q32, @33, Q34) € Fy[r1, 22, 73], gr(Q30, Q31, @32, @33, Q34) = 0.
(b)First, by Lemma 2.6, Ryo = —G3. Next, we claim that Hy(T) = —Hy(T)7Y,+f (Yo, Y1, Yo, Y3, T),
for some polynomial f(Yp, Y7, Ys, Y3, T').
Note that
G4 - _}/ZIFSq—i_g(}/(]7}/17}/27}/t3)
- _H[GZA]q+g(}/baY17Yé>}6)7

for some polynomial g(Yy, Y, Ys, Y3).

By Lemma 2.5,
Gy q
E — _HGQ + 91(1/07 }/17 Yéa Yé)a
for some polynomial g;(Yp, Y7, Ys, Y3).
Hence
That is

Hy(T) = —Hy(T)"Yy + f(Yo, Y1, Ye, Y3, T),
for some polynomial f(Yg, Y7, Ys,Y3). So we can write

Hy(T) = —(RogT" 0 + Ry T% + Y~ g; (Yo, Y1) 7)Yy + f(Yo, Y1, Yo, V3, T),
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where summation suns over all j such that j < ¢% + ¢ and j # 2q.
By Lemma 33, g; = hOJ‘RQO + hljR217 where hoj, hlj € Fq[}/o, Yl] ,VJ
That is

Hy(T) = —ReY,T"+" — R YiT*" — " (hojRao + hayRat)YiT? + f(Yo,Y1,Ya, Vs, T),

Hence the coefficient of 77°+¢° and the coefficient of 727" are

R41 = _R(QI(]}/;I + f41<}/07 Y17 Y27 }/?3)7
and

R42 = _R(211Y21 + f42<}/07 Y17 Y27 }/?3)7
respectively, for some polynomials fu1(Yp, Vi, Y3, Vs, Ya), and fia(Yo, V3, Ya, Y, V2).
(¢)By Lemma 2.6,we can write

Hy(T) = —RYiTTH" — RL YT — " (hojRag + hyj Ry )YAT%
—Gy T 4 (Yo, Y1, Y2, Y5, T)
— (R41 — f41)Tq3+q2 + (R42 — f42)T2q2 — Z(hojRQ(] + hlijl)qY4qu

—GLTTHT + fi(Yo, V3, Y, Ya, T)
= hoRy + hiRy + hoRas + fo(Yo, Y1, Y5, Y3, T)),
for some polynomials hg, hy, he, f1, fo € Fy[Yo, Y1, Y, Y5, T1.
By (a)
Hy(Q30, Q31, Q32, Q33, Q34,74) = hg-c+hi-0+hy -0+ fo(Qz0, Q31, Q32, Q33, Q34, T4)
Gy(Qa0, Qu1, Quz, Quz, Qua) = f"(Qz0, Qs1, Qs2, Q33, Q34, 74)

N
0 = Z Jr(Q30, @31, Q32, @33, Q34)37§-
k=0

Hence fi,(Q30, @31, @32, @33, Q34) = 0. That is f, € (G%) = (Ruo). U

The following Lemma is an exercise in [Atiyah, Exercise5.12]. Here we give a direct proof.

Lemma 3.5. Let G be a finite group of automorphisms of a ring R, and let R® denote the
subring of G-invariants, that is of all x € R such that o(xz) = x for all o € G. Then R is
integral over RC.

Proof: For all x € R, consider the polynomial f(t) = Il,eq(t — o(z)) which satisfies
f(x) = 0. Since G is finite, all coefficients of f(t) belong to R. We complete the proof. []

Lemma 3.6. My(T) € F [z, 7y, 23, 24, 75) 5 F)(T).

Proof: We first claim that F, [z, 2o, T3, 74, 5] is the integral closure of [y, 2o, 3, 14, 15] 9> F)

inF, (1, T2, ¥3, T4, T5). Suppose a € F (1, 22, 73, 24, T5) is integral over F[x1, 12, v3, 14, 15)5F),
then a is integral over F,[z1, 22, 3, x4, x5]. Thus a € F [z1, 22, x5, 14, 5], since Fy[z1, 22, 3, 14, 5]
is integral closed. The other inclusion comes from Lemma 3.5.

Since w5 is integral over F, [z, za, 23, 24, x5]95Fa) all of the conjugates of x5 are integral
over F, [z, 2o, 23, 74, 15)9%F2). Because the coefficients of M(T) are symmetric polynomials
in the conjugates of 5, they are integral over F [z, za, 3, 14, 25)%°F2). This implies that
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the coefficients of M(T') lie in Fy(x1, x9, x3, x4, T5), because F,[z1, z2, 23, 24, x5] is the integral
closure of F [z1, 2o, 73, 24, 75)?5FD) in F (21, 22, 73, 14, T5). O
Now we begin to prove the main results.

Theorem 3.1.
Os (Fq)

R41 (Q507 Q517 Q527 Q537 Q54) R42<Q507 Q517 Q527 Q537 Q54>]
R40(Q507 Q517 Q527 Q53) ’ R40<Q507 Q517 Q527 Q53) .

Proof: For simplicity, we write Rs = Fy[z1, 22, ©3, T4, T5], and

FQ(':U17 T, T3, Ty, .T5)

= F, (@50, @51, Qs2, Qs3,

Ry (@50, @51, @52, Qs3, Qs51) Raa(@s0, Qs1, Qs2, @53, Q54)
Rio(@s50, Qs1, @52, Qs3) ~ Rao(Qs0, @51, Qs2, Qs3)
We prove the theorem by the following programs.
Stepl: Ri C RO,
Stepl is immmediate by lemma 3.4 and Lemma 3.6.

R; = Fq [Q507 Q517 Q527 Q537

!

Step2: R;[l/RQO(Q50, Q51)] is a UFD.

Let K (Yo, Y1, Y3, Y3) = R5; Ry — Ry Ryp. By Lemma 3.4, we get K (Qz0, @31, @32, @33) = 0.
Hence K = —GYg for some polynomial g(Yp, Y1, Y2, Ys), by Lemma 3.2.
That is

331341 - 330342 = —Gég = Ryog

Hence
Ry Rao
RI (=) - Rl (=) =
)~ Flo( )
So we can write
Ry 1 Ry

R—40 = (R—go)[R%(R—m) —g).
This yields that
1
Rao(Qs0, Q51)]

= T, [Qs0, @51, Qs2, @53,
_t
Ra0(Qs0, Qs1)

= F, (@50, @51, Qs2, @53,

s

R41 <Q507 Q517 Q527 Q537 Q54) R42(Q507 Q517 Q527 Q537 Q54)
R40(Q507 QSla Q527 Q53) ’ R40(Q507 Q517 Q527 Q53) ’

Ry (@50, @51, Qs2, Qs3, Qs4) 1 ]
Ryo(Qs0, @51, @52, @s3)  ~ Rao(Qs0, @51)

Since the last ring is a localization of a polynomial ring, it is a UFD.

Step3: Rao(Qs0, @51) is a prime in R}.
Since @50, @51, Qs2, Qs3, and (54 are algebraically independent, thus as a ring, we have
R41(Yba YVla Yév Yéa YZ;) R42(Yba YVla Yé) }/37 }/4)]

R*gF Y’Y’Y,Y, )
PSR Y T GV e RV Vi Y Ve
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Consider the ring homomorphism

R41(Yba YVla Yé) }/37 }/4) R42(}/07 }/17 }/27 }/37 }/4)
R4O(YE)7YV17Y727}/3) ’ R40(}/07}/17}/27}/3)

SO : ]Fq[%,}/l,YVQ,YEJ,,Tl,TQ] — Fq[Yb,Yi,Yé,Yé, ]

Yi — Y,
T — Ry; '
Ry

Then ker(p) is a prime ideal of height one. Let L = R, T1—R4,To—g. In the process of Step2,
we know (L) = 0. Note that L is linear in 77, and Ry and Rg; are both irreducible polyno-
mials in F,[Yo, Y1, Ys, Y3, T, T5]. Since Ry does not divide Ry, L is an irreducible polynomial
in F,[Yy,Y1,Y5, Y5, 71, Ty] . That is (L) = kerg. Thus R = F Yy, Y1,Ys,Ys, 11, Ts] /(L).

If we can show F[Yy, Y1, Ys, Y5, 11, T5]/(Rao, L) is an integral domain, then Ry is a prime
in RZ. Note that

Ry Ry
= RI(=—)— R (==
g 21(340) 20(340)
R
= Rgl(R—Ln) (modRyy).
40
Let
~ R
L=RyT - Rg1<R—41)-
40
Then
L = Rngl - RgoT2 )
R
= R4Ti— Ri(5-) (modRy)
40
= L.
Since

Fq[YE%YVlaYVQaY}))ThTQ]/<R207 L) = D/-Zv Where D = ]Fq[YE),}/l,YVQ,Y?,,Tl,TQ]/<R20>.

21
and since Ry = Y5 — Yoq > is an irreducible polynomial in D by Remark 3.1,

F,[Yo, Y1, Ys, Y3, 11, Ts] /(Rao, L) is an integral domain
& Lis prime in D.

R
< Ry does not divide Rgl(R—M) in D.
40

We first compute F3 and F3 modulo Ry to obtain Ry in D.



Yo Y,: Y
F q+1 q ®+q
= 2 2
= T Wy
1122"‘11 q2
v, Yt Y
a?+2q+1

2 1 2 2
Y'Oq +q+ + QYVO 2 Y, — Y'Oqlfz o Y'Oq +g+1 Y'Oq +g+1

+1
SV 2, T Y

241,
= -
= -YJ/R;,.
R
S G
/ _ a“+q 2
F3 = Y, Y'O 2 qu
+4?
}/3 Y'2q }/0 2
P22 42941 P S P B tq>+29 2¢%+q+1
S R S O T (A () (R (AR (R (R &
241 241 2q2+q+1 a?+1
= Y Yyt )oY, (oY )
a?+1 ?+1 ?+1
= Ya-Y 7 ) * (Yo=Y ® )
2+1
= Y, 7 Ry
We get
( F)QT-H + F! Y#Rqul_'_YL;quJrl
—I'3
Ry =Gl = = 3 =20 a0 2 = RL™ (modRy).
(Yo ® +Y1)1 Yor +Y°
Thus L is an irreducible in D < R%, does not divide Ry in D.
Let
Y, Y{ Y/ Yo i V3 Yo Vi Y,

Ni=|Y VY N= Y Y Y = Y Y
oYy vy Ys Vi Yy Ys ViV

15
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Then
9 .4 q q 4
Ty Ly T3 Ty T Ty
72 @ 4 ¢ ¢
Ni(Qsz0, Q31, Qs2, @33, Q3a) = | ¥]  —13 a3 Ty T3 xd
4 4 4 9
¢ _ g" g ¢ g
3
T —Ty T3 xy af
g q q 3
Ny(Qz0, Qs1, @s2, @3, @3a) = | T1 —T5 T Ty 28 2l
q q q 3
Ty Ty I3 T3 x§ xd
2
T —Ty T3 xy i o
g q q 2
N3(Q30, Q31, @32, Q33, Q34) = A xy xd ad
q q q 2
i —ad o« q g
1 2 T3 3 3 2l

Let S = Ny — (—N2)*7 Na. Then S(Qs0, Qa1, Qa2, Qa3, Qs4) = 0. Since

S = Ny —(—Ny)z Ny
(YEH — Y)Y, + h(Yo, Y1, Ya, Y3, Ya)
q+1 q+1
(3/0 — K)q(% ? + Yl)qY4 + h(}/(]7}/17Y27}/?37Y4>7

gtl

for some polynomial h(Yp, Y1, Y5, Y3,Y)), so (quQ + Y1)IRy + S € F, Yo, Y1, Y5, Y3]. By
q+1
Lemma 3.2, we have (Y; 2 +Y7)7Ry+S = G5 f(Y1,Ys,Y3) , for some polynomial f(Y7, Y, Y3).

That is
GLf — Ryf — [N1 — (=N3)"T N,
Ry — qilf S Ruwf [ql“( 2) 2 3]inD.
(Yo ® + Y1) (Yo ® + Y1)
All we have to do is to compute Ny and N3 in D.
q+1 ?+q
[ (S 2
+q SR i b a*vq ay4*
Mi=|y, Sy | = Y (007 YT YY) vy -
T N
2 2+1 ®+q 241
= YWY (Y, —Ye) =Y, * V(Y
2 4q
= Rau(YJ'Yy =Y, * Y3);
Y, Y'Y
q+1 ?+q ‘17;—1 q q L;q q
No=| v v v | = MY YY) - Y, (YeYs -
> +q?
ng }/QQ }/0 2
atl a’+1 ’+1
= Y2 V(Y2 =Yy ? )+ YgYs(Yp °
g+1
= Rau(Yy? Yy — Y{'Y3);

~Y)

g+1
Yo ? ¥3)
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/
-5
Ru = —H
(Yo +Yy)

Ry f — [N1 — (—N2)%N3]
g+1
(Yp? +Yy)e

a>+q

RIf 4 Roy(YEYS — Yy ® Vi) 4+ (=N5)"2 Ry (Y, ? Yy — Y{Y3)

q+1

(Yo ® + Y1)

a®+q 1

The coefficient of Yy in (YOQYQ"2 —Y, 2 Y+ (=Ny) 2 (Y2 Yy —Y]Y3) is

— _2}/07

’+q
Since Ry; does not divide _2qu 2 q, R2, does not divide Ry in D. Thus Rao(Qs0, Qs1) is a
prime in R}.

Step4: R is a UFD. (Hence R} is integrally closed.)
Since Rao(Qs0, @51) is a prime in RE. By Nagata’s lemma(Theorem 1.6), R} is a UFD.

Step5: Rs is integral over R;.
Consider the series of subfields

Fq[$1a$2,$3,$4,$5] 2 R;[%] 2 Rjzs].

By Remarkl.1, F [z, xo, x3, x4, x5] is integral over Rj[xs]. So F,[x1, x2, 23, x4, x5] is integral
over Ri[zs]. On the other hand, by Lemma 2.7 and Lemma 3.6, R}[z5] is integral over Rj.
That is R is integral over Rj.

Rs is integral over Rf, so R505(]FQ) is integral over R. It is easy to see that Rf and R?S(Fq)
have the same quotient field. Since R} is integrally closed, we have R} = R5O5(]F“). O
REFERENCES

[1] M.F. Atyiah and I.G. Macdonald, Introduction to Commutative Algebra. Addison-Wesley Redaing,
Mass., 1969.

[2] D. Carlisle and P. Kropholler, Rational invariants of certain orthogonal and unitary groups. Bull.
London Math. Soc. 24 (1992), 57-60.

[3] L. Chiang and Y. C. Hung, The invariants of orthogonal group actions. Bull. Astralian Math. Soc. 48
(1993), 313-319.

[4] H. Chu, Polynomial invariants of four-dimensional orthogonal groups. Communication in Algebra 29
(2001), 1153-1164.

[5] H. Chu, Orthogonal group actions on rational function fields. Bull. Inst. Math. Acad. Sinica. 16 (1988),
115-122.



