Chapter S C,-evolution System and the Conditional Stability for

the Solutions of Abstract Semilinear Differential Equations

§ S-1 Main Results

In the preceding chapter, we get sufficient conditions to ensure that the zero
solution to the abstract semilinear equation (4.1) 1s conditionally stable and
conditionally asymptotically stable. In that chapter, we considered the linear parts
and forcing term function of the equation together. However, if the equation can be
linearized, we may approach the desired conclusion by some perturbation theory of

linear operators. We consider the asymptotic behavior of some solutions of the

abstract semilinear initial value problem:
" d
7 ()= A(t)u(t)+ 1 (. u(t))
U (O) — 50

where the family of operators {4(¢):r>0} generates a non-trivial C,-evolution

(5.1)

system {U (1,5):0<s<t< m} on a Banach space X , and the forcing term function

f:[0,)xX — X satisfies the following conditions:
(F1)  f(¢,x) iscontinuousin ze [0,) foreach fixed xe X .
(F2) f is locally Lipschitz continuous respect to x in X with Lipschitz
constant 7Y, that 1s,

lf(fax)““f(f,}')lﬁ’}"x--yl forall r=20 and lx , lylga.

(F3) f(1,0)=0 forall r20.

Here we assume that there exists none trivial supplementary projections P, P,

and P, on the Banach space X such that PX =X, for i=l, 2, 3. Where the

dimensions of X, and X, are finite and the (, -evolution system

{U (£,5):0<s<1< m} satisfies the following conditions:
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(A1) {U(t,s):0<s<t<oo} restricted on X, and X, are total evolution

system (here U (f,s)x is defined by U(t,s)x=U (s,z‘)"l x forall t<s,
xe X, and xe X,).

(A2) U(t,s)P,=PU(t,s) forall 0Ss<i<e and j=1,2,3.
(A3) I;IlU(r,T)ﬂ||dr+J.tw”U(r,r)P;”dfgK forall 0<¢<oo.

(A4) IIU(I,S)}'-"z”.‘SL2 forall 0<s, <.

Furthermore, the forcing term function f satisfies the condition (F4):

(F4) j:lef(T,(p(T))—sz(’c,gb(f))ld'r <Y,|lp—9¢|_ forall ¢, ¢ D, where
Dz{qoe C([0,00); X ):|lo|_ Sa}, a>0 and || - | denotes supremum

normon C([0,00);.X).
Under the above notations and assumptions, we have following results:

Lemma 5.1 Suppose that the C, -evolution system {U (t,s):OSSSI«(m}

satisfies conditions (A1)~(A4) and the function f:[0,%)xX — X satisfies
conditions (F1)~(F4). Let &,€ X, and the operator G:D—}C([O,m);X ) 1S

defined by

(Go)(t)=U(1,0)¢, +J-;U(’=T)ﬂ,f(’r,qo(r))dr
"j;mU(taT)%f(T,(o(r))dr

--J.ImU(I‘,T)ﬂf(T,QD(T))dT
forall pe D,then G 1s well-defined and
|Go ~Go||. < (vK+7.L)|e-¢|.  forany ¢, ge D,
where v, K, ¥,, L, arethe constantsin (A3), (A4), (F2) and (F4).
Proof. From the conditions (Al), (A3), (A4), (F3) and (F4), for any £ >0,

t,>t,20 and @€ D, we have
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'G(P (tl )“’ Go (1‘2 )I
= U (1,006 ~U (6,08 }+ [ 'V (4,0) B (7.0 (2))ds
—J':U(tl,r)}f;f('r,co(’r))d’r—j:U(fla’f)Ef(’Facﬂ(T))dT

[ U (t,,7) B (.0 (7)) dr

+] U (6, 2)Bf (2.0 ())dr+] U (6,0) RS (7.0(7))ds

2

<|U (#,0)& - U (1,,0 53’+j |{U (4,7)~U (,,7)}P S (7.9 (1))|d7

25 )};f(r,q)(r)):dr

+J.HU(I T)Pf (7,

tﬂPfr¢&m

+Jr1 U (1,,7)-U (¢, ,T)}(}’;+}92)f(r,qo(r))ldr

Since If (7,0 (7)) < }f‘(p (T )‘ <y on the interval [0,e),

U (1,,7)R|dT <K,

“|u(s.7)R|dr <K and |

there exists a constant 7, > ¢, such that

I:IU(f;aT)Rf(r,qo(r)) dt +j: U(fz,T)Rf(T,qo(T))'dT

S J.:"U (tlaf)Pl”If (T,qo(r))ld’l' +j:”U (fzaf)ﬂ‘”f (T,qo('r))ld’l'

< yoc(j:”U (,,7) B||dr + _[:”U (tz,r)f;"dr)

<&

forany 7 27,. From the condition (A4) and (F4), we obtain that ”U (I,T)Pz" <L

for all 0<7,f<o and j:lgf (T, (r))'dr <1, lo|l. S7v,x<eo . Thus there

exists a constant 7, >¢, such that

J:IU(tl,r)sz(r,qo(r))ldT +f: U(tz,'c)sz(r,cp(r)ﬂdr

<[l o)B]BS o @)dr+ [T (e BJBS (7.0 (2)dr
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<L [ |Bf (r.0(e))ar

<€

forany 72>7,. Let 7, =max{T,, T,}, then

f(t.0(7))dr

79

| [v@.e)Rs (.0 ()

+]
Ty

U(t,,T)P, U(tz,r)}gf(r,qo(f))ld’r<2e

and

Go (1) Go (1)

<|U(5,0)8,~U (1,0)&|+ [ U (1,7) U (1,.7)}Pf (7.0 ()|
J IU(:‘I,T)PJ (7 0(7)) ’d’r+J.:IU(IQ,T)f’zf(T,QD(T))’d’r
letTPf(TgO ld'r

+_[IIOI{U(IL1,T)—U(tz,’r)}(Pl +P2)f(r,(p(r))ldr + 2€ .

Since the function ¢t U (t,5)E, is continuous on 0<s<7<eo, there exists a
constant 0, >0 such that

U (1,008, -U(1,,0)&|<e  forall |f-1]<8,.
From the facts that functions 7 |—)IU A ’L')Pf(’t' @ (T l T lU (4,,T Pf(’t‘ @ (T ))l

are continuous on the compact interval [z,,7,| for each i=1, 2, one obtain that they

are bounded on [t,,#] and there exists a constant 0, >0 such that

j IU )P f (1,0(7)) s )Bzf(r,(p(*r))ldr

+_[: lU(tz;c)Rf (7,0 (r))ldr <E
for all |zfl — t2| < 0,. On the other hand, since the mappings

(tT)-=U(tT)Pf (T.0(7))

and
(1LT)= ULT)(R+B) S (7.0(7))
are uniformly continuous on compact sets {(r,'r) 0<7t<1< To} and
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{(f ,T):0<1<T<T,| respectively, there exists a constant &, >0 such that

U (1,,7) B f (2,0 (2)) - U (,,7) B f (7.0 (1)) < T
forall |r —1,|<8,, 0<7<t,<T, and
{U(4,7)-U(t,,){(B+R) f(t.0(t)) <€l
forall |, —1,|<6,, 0<<T<T,. Let § =min{5,,6,,8,}, then
Go (1,)-Go(n,)| se+(t,—s)el,” +(T, ~t,)eT,” +2¢
< 6¢ forall 0<¢, <1, <t,+90.

Hence, G is well-defined and Gp e C([0,); X ) forall o D. Moreover,

[Go -Gl

< sup {j;

120

U (1,0) B (f (1.0 (7))~ £ (z.0(2)))|dv

U () B (S (1.0 () - BS (7.6 (1)) dr
P OB (0 @)1 (0(2))ar)
<sup{[ U () By lo () -9 (2 + [ |0 (1.7 Ryl (7) -0 (v) e
rsup [ |0 (10)B||(BS (7.0 (1))~ B (.6(2)) |az

120

< y"q) —-(DIL SEEUJHU (t,r)f}"d’r +LMHU (t,T)Pl”dT}

+L, SUPJ‘:Isz (z,0(7))- P S (1.0 (T))'dr

120

<yK|o-9o|_+7.L|e-o|_

<(yK+7,L)|e-9|_

forall ¢, oe D. Thislemma is proved now.

Lemma 5.2. Suppose that the C, -evolution system {U (z‘,s) 0L s<Li< m}

satisfies conditions (A1)~(A4). Then Lim|[U(z,s)A|=0 forall 520, and there is

[—oo

a constant L, >0 such that “U (t,O)P3[| <L, forall +=0.
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Furthermore, if the function 1 : [O,m)xX —> X satisfies conditions (F1)~(F4)
and the constants K, L,, ¥ and ¥, in (A3), (A4), (F2) and (F4) satisty
vK +v,L, <1, then for any £,e€ PX with |§3| <(1-yK-7v,L, )OCL;] , the operator
(+ 1s a contraction mapping from D into itself

Proof. From the condition (A3), we obtain that L:"U (I,T)P3||d'rSK for all

t>20. Foranyfixed s=0, let
z‘)an(t,s)}%Irl forall t>s.

Then for any fixed € X and 2520,

([!0(e)ae)u (15) PE|=|] 9 (£)U (1) e

J:(P(T)U(f:T)EU(T,S)ﬂédT

(T)U(t,7)RU (t,5) P&|dr

: jjco(r)lIU(m)allllv(w)allﬁldf

lf 0@l ()Rl o) Pl

This implies that

"U(t,s)f;” (J:(p ('r)d'r)

I
e
S
—~
|
—’
S
Y
e
G
~
Ny
n
N—
mw

forall r=>s>0 and

(p(t)_ljf(p(f)dTSK forall t>520.

Let V()= [ @(r)dr forall 12520. Then

AY

1

V() =0()2 [ o()dr =¥ (1),
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and hence W'(t)¥(¢)” =K' for all 1>s20. This shows that for any fixed

[, >520,
‘I-‘(t)zLP(:‘G)exp{K'I (t-—to)} forall r>1,.
and
U (1.5) 2] =0 (1)
<K¥(t)

<K¥ () exp{-K7 (t1,)}

< {K‘P (t,)" exp (K™, )}exp (-K7'r)

forall t=¢,. Therefore, hm”U (t,s P" 0 forall s20 and

{—poo

“U (¢,0) ﬂ“ < {K‘P (1) exp (K“l )}exp (—-K'lt)

<SK¥(1) exp(K™)

for all r>1. With a similar proof as that for Lemma 2.1, there exists a constant

M, >0 suchthat |U(t,0)R|< M, forall re[0,1]. Let

L, = max{Ml,K‘P (1) exp(K™ )}

Then “U (t,O)P3H <L, forall 1+20.

If yK+7,L,<1 and & e BX with |&|<(1-yK-7,L,)aL,”, then for any

[Cel.

= sup
{20

U (t,0) §3+J U(t,7) Pf('r o(T ))d

--_[ U(tt)Pf(t.9(t d’I’—J U(t,7) P f (7, qo(r))dr‘

Ssx.lp\U(z‘,_,O)i‘Dg3 +supj \U (l‘,T)le“sz(T,qo(T))ld'r

120 (>0

rsup([ U ()| (2.0 (1)) e

+f )Rl o @)er)
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<sup|U (1.0) B[+ sup [ U (n.0)B||P/ (7.0 (7))
+([lvo)plrle @)z + [ U o) rlyle ()ar)

<Lg|+ L], |BS (7.0 (0))dr +7K]o].
< L&+ (1L, + K)o

< L3 (1 _Ysz: ’}/K)CI

+(7,L, + 7K )«

=X.

Hence, Gpe D forall pe D and G(D)c D.

Moreover, from Lemma 5.1,

|Go-Go|_ <(rK+7,L)|p-¢|.  forany ¢, peD.

Hence, G:D — D 1s a contraction mapping on D with a contraction constant

vyK +7y,L,. 'The assertion of this lemma is established now.

Theorem 5.3. Suppose that the C,-evolution system {U (1,5):0<s<t< m}

satisfies conditions (Al)~(A4) and the function f:[0,00)xXX — X satisfies
conditions (F1)~(F4). If the constants K, L,, ¥ and 7, in (A3), (A4), (F2) and
(F4) satisfy yK +y,L,<1, then for any & e X, with [£|<(1-yK -y, )L,
there exists {,€ X such that P&, =&, and the corresponding unique mild solution

u(t) to the abstract semilinear initial value problem (5.1) is bounded on 10,00) .

Furthermore, llm‘ ‘

{—ro0

Proof. From Lemma 5.2, G: D — D is a contraction mapping on D with a

contraction constant YK +7v,L,. Then there exists ue D such that Gu=u .

Hence, u(t) isbounded on [0,), and
u(t)= Ut0§3+j (t.7)Rf (T u(r))dr

----J‘I U(t,t)Pf (t,u(r))dr - _[ (t.T)Rf(t,u(T))dT.

Thus
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u(0)=&,~| "U(0,7)Rf (t.u(t))dr—| U(0,2)Pf(z,u(7))dr
Let & =u(0)e X . Following from the facts PU(t,s)=U(t,s)P, for all

t>s520 and PP =0 foreach j=I,2, wehave P& =Pu(0)=¢,. On the other
hand,

u(1)
=U(1,0)&, + _[;U(t,r)f;f (z,u(7))dT - J‘IMU(t,fr)sz(r,u(r))dr

—J.IMU(I,T)Hf(T,u(T))dT
= U (1,0),+U (1,0)| U (0,7)Bf (z,u(7))dr
+U (4,5) [ U (0,7) Bf (v.u(t))de + [ U (7)) Bf (v.u(r))dr
-["Ute) s (nu(r))dr—| U(r7) RS (r.u(r))ds
=U(6,0)5,+ [ U(tT)(B+ B +P) [ (v.u(z))dr

=U(r,0)§0+J‘;U(t,r)f(rl,u(r))d'c forany 7>0.

This shows that u(¢) is a bounded mild solution to the abstract semilinear imtial
value problem (5.1) with initial value & on [0,00) which satisfies P&, =&, .

From Theorem 2.14, the solution #(¢) is unique on [0,°0).

Since Iu (r)|5a for all >0, there exists a constant ge|0,) such that

u-—llmlu | If >0, then there is a constant € (0,1) and £ =20 such that

t—>oo

6>yK+7v,L, and lu(t)|£9"ﬂu for all +>¢. From Lemma 5.2, one may have

lim ||U (t,O)P:,," = lim ”U (1,4, )P3" =(0. Forany >t >0 with ¢ large enough,

u (1)

=|U(t,0)&, +_[;U(t,r)f;f(r,u(r))d'r

—I U(t,t)Pf (7,u(t))dr - J (t,7)Bf (t,u(r))dr
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<|U (.0) &I +|U (n0) B U (4,7) B f (.u(z))dr
+f U (6.2) P f (v,u(2))|de+ [ U (LT) B S (z.u(r))|de
+j U (6,2) B f (z,u(z)) dr

| ORI+ () B (7) B (o)
+] U (t2) B y|u(z)

+J:ﬂ "U (r,r)}g"[gf (T,u (T))I drt

drt

<|U (2,0) B|&| +||U (1.4 )g“j;l(](z‘l,r)ﬂf (r,u(r))|d1:

#([ Jo (o) Rdr+ [ U o) R)de )yo-u
+L, [ RS (t,u(z))ax
<|U (,0)B|&|+ U (t.6) B[ U (8. 7) B S (.u(7))|dz + Ky9~'1

+L2f ml}-';_f(r,u('c))ldr
Thus U= hmlu z‘)l (YK +7v,L,)0'w< . This is impossible, and hence y=0.

[ —yoo

This shows that llm‘ (z‘)l 0, and this theorem is completely proved now.

[—>oo

With the same processes as in the proofs of Lemma 5.1 and Lemma 5.2, one may

easily obtain following Lemma 5.4 and Lemma 5.5.

Lemma 5.4. Suppose the C,-evolution system {U (£,5):0<s5<1< m} satisfies

conditions (Al)~(A4) and the function f: [O,m)xX — X satisfies conditions
(F1)~(F4). For any fixed &, € X,, & € X, let the operator B: D — C([0,00); X )

be defined by
(Bo)(t)=U (1,0)&, +U (1,0)&, + [ U (1) Bf (1.0 ())dr

J‘ (t,7)Pf (1.0 (7) d'c-—-_[ U(t,t)Pf(1,0(1))dr
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forall oe D,then B is well-defined and

|Bo — Bo|_ < (YK + V.L)|le-¢| forany ¢, ge D.
Where 7, K, y,, L, arethe constants in (A3), (A4), (F2) and (F4).

Lemma 5.5. Suppose that the C,-evolution system {U(f,5):0<5<1<oo}

satisfies conditions (Al)<(A4) and the function f:[0,00)XX — X satisfies

conditions (F1)~(F4). If the constants K, L,, v and 7, in (A3), (A4), (F2) and
(F4) satisfy yK +7,L, <1, then for any &, e X,, &,€ X, with both £,| and |§3|

-1

strictly less than (1~-yK-~vy,L,)(L,+L,) , where L, is as in Lemma 5.2, the

operator B is a contraction mapping from D into itself.

Theorem 5.6. Suppose that the C,-evolution system {U (r,s):OSSs;r<oo}

satisfies conditions (A1)~(A4) and the function f:[0,00)XxX — X satisfies
conditions (F1)~(F4). If the constants K, L,, ¥ and ¥, in (A3), (A4), (F2) and
(F4) satisty yK+y,L,<1 . Then for any ¢&,eX,, &€k, with lﬁzf ,,

i§3‘-< (1-—’}’K—YZL2)OC(LZ+L3)-] , there exists &, X such that PA¢,=¢, ,
P&E,=E&, and the corresponding unique mild solution u(7) to the abstract

semilinear initial value problem (5.1) is bounded on [0,). More precisely,
—— |+ —2 |

Proof. From Lemma 5.5, B: D — D is a contraction mapping on D with a

contraction constant YK +7y,L,. Hence there exists we D such that Bu=u,

u(t) is bounded on [OEW),
U(f):U(f,o)(éz+§3)+j;U(I,T)sz(T,u(T))dT

+j;U(t,'r)ﬂf(’c,u(T))d’r -—LWU(f,T)Bf(T,U(T))dT

and

u(0)=&,+&—| U(s,t)Bf (t,u(r))dr.
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Let go=u(0)e X. Since PU(t,s)=U(t,s)P, and PP, =0 for i, je{1,2,3}

and i# j,thisimplies BE = Pu(0)=&,, PE, =Pu(0)=&,. On the other hand,
u(1)=U(6,0)(&+&)+ [ U(7)Pf (v.u(r))dr
+[ U(e)Bf (c,u(t))dr—[ U (t,0)Bf (t.u(r))dr
=U(1,0)6 +U (1,0) | "U(s,7)Bf (v,u(t))de
+j U (t,t)Pf (t,u(7) d»c+j (t,7) B f (v, u(T))dr
-|, U@e) RS (r.u(r))dr
=U(1,0)&,+ [ U(17)(B+ P +B) f (v.u(r))de

=l (¢£,0)&, +J;U(r,r)f(7,u(r))dr forany ¢=0.

Thus u(¢) is a bounded mild solution to the abstract semilinear initial value problem

(5.1) on [0,0) with initial value & which satisfies P&, =&,, P&, =E,. The

uniqueness of the solution can be obtained as in the proof of Theorem 2.14

immediately. Furthermore,

U(£0)(&+E)+ [ U (L) B (r.u(z))dr

Jul.. = sup
120

_[ (t,7)Pf (7,u(r))dr _[ U(t,t)Bf(T,u(t))dr

< s{gﬂp”U (t,O)szézl +S:£J“U (r,O)B,IHS?JI
+s!1:{1}3_[(:"U (I,T)Bg"lgf (Ta“(f))l at

+sup(j ”U t'z)me (t,u(7) ld’r

120

+J.Im”U(r,’r)Pl| ;f(’r,u(r))'d’r)

Ssrgﬁp“U(l‘,O)Pgméz U(f=O)P‘:3III§3I

|u o) B)|Bs (v.u(@))dr

120
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ssup(JLJo (5) Bl (et
< 6)RIrletoe)

L bl ] e
<L |+ L+ (oL, + YK

Thus (1-yK -7,L)|u_ < L, |&,|+ L;|&,| and

L, L,
2 e+ ——E].
1-yYK -v,L, 3 1—¥K-—nlq' ]

The proof of this theorem 1s completed now.

.. <

§ 5-2 Applications

Example 5.1 We will consider the semilinear differential equations:

.r—aa—ru(t,x):Au(t,x)+ﬁu(t,x)+f(t,x,u) on (0,00)x Q)
u(t,x)=0 on [0,00 )X 3 (5.2)
u(0,x)=&,(x) on €2

where Qc R” is a bounded domain with smooth boundary, f >0 1is a constant, the
function f satisfy conditions (F1)~(F4), and & (:) isin L’(Q). Let X be the
Hilbert space L°(£2), and let the operator A:D(A4)— X be defined by

Ap = Ap + Bo forall pe D(4),
where D (4)={pe C'(Q)NC*(Q):¢(x)=00ndQ} .  Then the semilinear

differential equation (5.2) can be replaced by the semilinear initial value problem:

¥ i
-c-i?u(z‘)— Au(t)+ f(t,u) on (0,00) (5.3)
u(0)=5e X

forall u(-)e D(A). From 13, P.205], it can be shown that there exists a sequence
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of eigenfunctions {@,:ne N} corresponding to the sequence of eigenvalues

iA,:ne N} for A and {@,:ne N} is an orthonormal basis for the Hilbert space X’

This implies that
¢ :2;(%%)%  forall pe X,

and the C-semigroup {S (t):tz.O} generated by 4 on X isgiven by

(S()e)(x)=) . exp(At)(0.0,)0,(x)  forall pe X, xeQ.
Suppose that 3 >0 be a constant such that the eigenvalues of 4 satisfies

ReA >ReA, >---2Rei >0,

ReA, =ReA  ,=--=ReAd =0

and

O0>ReAd . >2ReAd ., >----. .

m+1 — m+2 =

We may define linear operators £, P, and P, on X by

Po=)Y (0.0,)0, forall pe X,

Po=)." (0,0,)0, forall pe X,

and

P = Z:=m+l ((p,(ok)(pk forall oe X.
Then operators F, P, and P, are projections on the Hilbert space X. Let X be

the range of a projection P for each i=1, 2, 3. Thus dimensions of X, and X,

}

are n and m-n,respectively. Let

U(t,s)=S(t—s) forall tr>5>0,
then {U(t,5):0<s<r<eo} is a C, -evolution system with the infinitesimal

generator A(f)= 4. Since
S()e=5(1)2,.(0.0.) o
=20 (0:0) S (1),

=Y. (0.0 (X exp(40)(0.9,) 0,

:Z,t:lexp(ﬂ%f)«m%)(pke)(l forany r=20 and ¢@e X,
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and similarly, S(f)q):Zlﬁlexp(/‘],kt)((p,(pk)qak for all +=20 and e X,. This
implies that {S(r)[XI:te R} and {S(r)le:te R} are C,-groups on X, and X,,

_ respectively. Therefore, the condition (A1) holds. On the other hand, since

PS(t)e = Rz::] exp(ﬂkt)<(0:¢k> Oy

=S(t) Py forall +>0 and @pe X,

and

BS(t)p=PY  exp(At)(0.0,)0,
= exp(A42)(9.9,) Ko,
=Y exp(A) (00X, (9:9,)9,)
=YX (41)(0.0.) 9,

=D @:0)S ()0,

=S (1) Ry forall +20 and e X .
This shows that PS(¢)=S(¢)F, and PS(t)=S(¢)P, on X forall ¢20. Thus,
AS(t)=(I-FR-P)S(1)=8(t)-RS(t)-BS(t)=S(1)

on X forall +>0. Hence,the condition (A2) holds.
Forall re R and e X,

S (1) Po|= |ZZ=1 exp (4t )(@:9)
< alexp (A0 [(0: 0 )|
<Y lexo () elled
<X exp(Red,) o],

and hence
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U (e2)Bl=|s t-7)R] < X5 exp((r-7)Red, )

forall 120, 720. Let @=2"min{ReA, —Rel },then ReA >w >0 and

m+1

(t—7)ReA <(t-T)w<0 forall r<T<e, k=1,2,3,---, n.
Hence ”U(r,z‘)R"Snexp(a)(t—-'r)) for all t<T<eo . We define a function
" V:[0,00)xX —> R by
V(r,qo)=IeXp(——(a)+lm+l)r)S(t)}§qol forall te0,»), pe X

Then forall 7€ [0,) and e X,

= i(exp(— (@+24,,)t)S () Po, exp(—(@+4,,, )t)S(t)Pﬂ’)%

. Re <% exp (-— (w+ A, )I)S (t) P, exp (— (0+ A4, )t)S (t)R,,(p>
| V (1,9)

———

The fact that
74

E}-exp(—(a)+ﬁm+l)z‘)8(f)g€9
==(@+ 4, )exp(—(@+4,.,)1)S (t) Po +exp(~(w+A,,)1)S (t) APy
=—wexp(-(0+4,,)t)S (1) Po — A, exp(—(®+A,,,)t)S(t) o
+exp(—(@+4,,)1)S(1) >, (0.0,) 40,
=—wexp(—(@+4,.,))S (1) Ry
A €Xp (= (@ +2,,)1)S (1) 3, (0.0.)0,
+exp(=(0+24,.)1)S(1) ... (9.0.) Ao,
= —wexp(—(w+A,,,)1)S(t) Py

+exp(—(@+4,,)1)S (f)Z;mﬂ(WPU(ﬂt ~ At ) P

implies that
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d

<2;3XP (—(@+2,.,)1)S (1) Po,exp (-(0+4,, )I)S(I)B’(D>

= (-w exp(—(@+4,,,)1)S(t) B, exp(—(w+A4,,,)1)S (r)}{@)
+<eXp (—(0+ A4, )t)S(r)Z:‘:M_I_1 <€0a$0k)(& ~24,.)0, .
exp(—(@+4,,,)t)S (I)R,}go),
=V (,¢)

o (= (@+ A )] (B (= Aea)(0:0)S (005 () Pp).

- Moreover, from the equalities

<Z:=m+l (% = 20 )(0:9) S (£) 9% S(f)Ps,(P>
= <z:=m+[ (2'1( — A )exp (A'kr)<(Pﬂ(Pk>(pk5 Elml eXp(ljt)<(p,<;01>qoj>

— 2:=m+1 Zlml (Z'k — A )exp (/'L,Ct)e}cp (A’jt)<(0! @, > <§D, Q, > <(Pk ; @J>
=Y (A =A)exe (B0 (0.0, ) o)
=Y (5= A exp (1) (2.0

one obtain that

| d V,

Re<%exp (— (0+ 4, )t)S(t)ﬂgo,exp (— (0+ 4, )t)S(r)R,,qo>

V(o)

2

=~V (1.9) +{V (00) Jexp(~(@+ 2.0 )1)
<Re Y7 (-2 oo (R0 (0.0

= -V (t,0)+ {V (1,0 )"l |exp (— (0+ A, )f)l

xY"  (ReA, —Rek,.,)|exp (&) (0.0, )|2}

<-aV (t,9).

This shows that
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V (1,0) < exp(~wrt)V (0,0)
= exp (~or)|Pg|
< exp (-t )|p|
and hence '
Iexp (—(w+4,,)1)S (t)B,,(ol <exp (—awr)|p)
for all 120, ¢ D(A). Since D(A) is dense in X for any @e X, there is a

sequence {(p i JEN } in D(A) suchthat limg ;=@ . This implies that

J—oo

P (~(0+ 20,1 )1)S (1) Bp| = limlexp (~(@+ 2,.,)1) S (1) Py,

J=¥eo

< limexp (-—a)r)lgoj.l

jores

=exp(-—a)t)|qo| forall t20, pe X.

Hence
leXp (—(0+A,, )t)“]S (t)P;" = "exp(—(a) + A )1)S (z‘)P;I
< exp(—wt) forall 120.
This shows that
exp(—wr)exp(-Re A, )|S(r)P|<exp(~wt)  forall £>0
and

U t.7) B =St -) ]
<exp((r-7)ReA,, )
Sexp(——a)(t—r)) forall r>2712>0.

Therefore, forall 0<f< oo,

Jolo @) pllaz+ [ 7u (5.7) Rl s

< j;exp (-——a) (t —’L‘))d'r + Lmnexp (a) (z‘-—-'r))d‘c

=1-w" exp(—wt)+nw™

<l+nw™.

This implies that the condition (A3) holds with K=1+nw™ and L,=1. For all

te R and pe X,
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lS (t) P:Z(P‘ = lZ:-—-n-!-l “XPp (a"t)(q)’@k > P
< 2;::”” exp (;l%t)|l<(p3€0k >”(Pk‘
<Y e®edolof

<(m—n)|p|.

Thus "U (I,S)Pz” = "S (t—s)})z" <m-n forall 0<s, <o, and hence the condition

(A4) holds with L, =m—n.

Suppose that the forcing term function f(¢,¢) satisfies conditions (F1)~(F4)
with constants v, 7,, . If @ (n+®)y+(m—n)y, <1, then from Theorem 5.3,
for any E.e X, with

E|<(1-0™ (n+@)y-(m—-n)y, ),
there exists a & e X such that RE =&, and the corresponding unique mild

solution u(¢) to the semilinear initial value problem (5.3) satisties 1im|u (I)I:O.

[—po0

Furthermore, from Theorem 5.6, forany &, € X,, ;€ X; with

£,], |&|< @™ (m —n+1) {o-(n+w)y-w(m-n)y,ja,
there exists a &, € X such that R =¢&,, P& =&, and the corresponding unique

mild solution u(¢) to the semilinear initial value problem (5.3) satisties

. s(-rK = nLy) {(m-n)i6| s}

Example 5.2 Let s20, @>0, 0,>0, §, &, and & be given real

constants. Consider the ordinary differential system:

r%ul (1) =wu (t)+a, (ZL)ul2 () +a, (r)u22 (£)+ay; (t)uf (1)
;‘%‘“2 (£)=a, (ZL)ul2 (£)+ay (0”22 (1) +ay (t)uf (7) forz>s (5.4)
%uB (t) =—wu (1) +a;, (t)ulz ()+as, (t)u; (£)+as (t)uf (1)

lul (5)=6 1 (s)=¢, and u, (s) =6,

where ageC([S,m); R) satisfies “aU"m <M and j:

a,, (7 )‘ dt <L , for some
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constants M and L for each i,j=1,2,3. Let X be the Banach space R’
with the Euclidean norm, and let projections B, P,, P :X — X be given by

Px =(x,,0,0) forall x=(x,,x,,x;)e X,

Px=(0,x,,0) forall x=(x,x,,x,)e X,
and |

Px =(0,0,x,) forall x=(x,x,,x;)e X.
Suppose the operator 4: X — X and the function [ : [s,oo)xX — X are defined
by

Ax = (0,x,,0,—w,x; ) forall x=(x,x,,x;)e X,

and

| a, ([) dy, (t) a, (1) l’ x‘2 -
f(z‘,x)T =| ay (1) an(t) ay(r) | X,
s, (l‘) ds, ([) ;3 (t) _ x32 J

for all x=(x,,x,,x;)€ X. Thus the differential equations (5.4) can be replaced by

the initial value problem :

d
_&7“({)_ Au(t)+f(t‘,u(f)) forallr> s (5.5)

u(s)=¢,e X
Moreover, since 4 1s a bounded operator, the C, -semigroup {S (r) o 0}
generated by 4 1sa C,-group, and it can be represented as
S(t)x =(exp(ayt)x,, x,,exp(-wyt)x,) forall x=(x,x,,x;)e X.
Let U(t,s)=S(t~s) for all 120 and 520, then {U(r,5):0<s5<r<eo} is a
C, -evolution system with the infinitesimal generator A(f)= 4.
Let X,=PX, for each j=1, 2, 3, then dimX, =1 for each j=1, 2, 3.

Since

S(t)Px = (exp(wy)x,,0,0) forall x=(x,,x,,x,)e X,
S(z)Px=(0,x,,0) forall x=(x,x,,x;)e X,

and
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S(’)gxz(oaogexp(—-a)gj)%) forall x={x,x,,x;)€ X.

This show that the conditions (A1) and (A2) obviously hold. Since

HS ()P, “ = Tillj lexp (a)]t)xll

= exp ((1)11‘)81{11) |x, \

|x

< exp(wt)sup|x|
!

Ix::

=exp (o) forall te R,

"S(I)Pz":sup|x2|Ssup‘xlz1 forall re R,

ix}=1 {xf=1
and
|5 (1) 53] = suplexp (-} x
= exp (—a)3z‘)s[:l1=1]3 X5
< exp (—wﬁ)fl‘ﬂllplxl
xj=l
=exp (—w;t) forall re R.
This implies that
"U (r,r)f;[[ = "S { —-’L')P;” < exp (a)1 (¢ -——'r)) ,
|U (2,7) B =||S (1 —7) R <1
and

[U (¢,7) | =||S (t —7) A < exp (-, (1~ 7))

forall +>0 and 7=20. Thus

J

U (1,7) B||dt + LWNU (r,r)ﬂ"dr

< Jf exp{-m, (1—7)}d7 + J'; exp{w, (1 —7)}d7
=@, — W, exp {-0)3 (£ - S)}+ W~

<(ww,) (@ +@,)  foral ¢>5.

Therefore, the conditions (A3) and (A4) hold with
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From the definition of the function f and the assumptions of g, for each

0. Thus conditions

i, j=1, 2, 3, the function f iscontinuousin ¢ and f(z,0)

(F1) and (F3) hold. Moreover, forall t>2s and x, ye X with lx], |y| <o, we

obtain that

<MY (- y

SlSclex-—yl.

Thus the condition (F2) holds with y=18aM . If ¢, ¢C ([s,m); X) satisfy
”@”m : "‘f-’IL <o ,then

|BS(7.0(7))-BF (z.0(r))dr
=723, (c ~4,(c))|az
<[73 |a, (r)| 0,() -9,(v) ki

=Y [ la, @l (2)+9, (7)o, ()-9, (2)|d=
<3 o, @f(lo, @0, @)le, (1) -9, (7)|
<Y la, @|(e @)+ @) (7) -0 (z)dr
) ], e, 0l llcvll +g] e -¢|. a7
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<2afo-9].3 . ], |a, (2)ar

<6Lalp—¢|_.

Thus the condition (F4) holds with y, =6L« .

If the constant « >0 satisfies
o <67 (Law, +3Mo, +3Mw,)” o,
then YK +7,L, <1. From Theorem 5.3, forany &, X, with
£ | < (0@,)" a{(1-6La)ww, -18Ma (o, + o)},
there exists £ € X such that P& =&, and the corresponding unique mild solution

u(t) to the abstract semilinear initial value problem (5.5) satisfies hmlu(t)|

{ —>oco

This implies that limu(¢f)=0, where u(¢) is the mild solution to the semilinear

differential equations (5.4). From Theorem 5.6, forany ¢, X,, &, € X, with
-1
£, &< Cow,) a{(l-6La)ww, -18Ma(w, +w,)t,
there exists & € X such that P{ =¢,, P&, =¢, and the corresponding unique

mild solution u(#) to the semilinear initial value problem (5.5) satisfies

Jul. < (1-vK-7.L)" (5] +E]).

Example 5.3 We will consider the semilinear differential equations:

B )
Lu(t,0)=u(t,m)=0 on [0,%0) (5.6)
u(0,x)=¢&,(x) on (0,7)

where f3 is continuous function on {0,) satisfying the following conditions:

(B1) nm —1tr;[3fﬁ(t)<supﬁ(r) <(n+1) forsome ne N,
(B2) B isaconstanton |T,e) forsome T >0,
(B3) J *)dr is finite.

Let X =I[0,7] and the operator A(z): D — X be defined by
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(4 f)ﬁo)(x)“ zco (x)+B()(x)  forall pe D, re0,e),

where D={pe C*(0,m)nC'[0,7]: 9(0) = p(r) = 0} .  Then the differential

equations (5.6) can be replaced by the semilinear initial value problem:

—u(t)=A(t)ult)+ f(t,u(t 0,00
u()= A+ () on (0 o
where u(-)e X . From the definition of A(r), ¢@,(x)=+v2n "' sin(kx) is an
eigenfunction of A(f) corresponding to the eigenvalue A, ()= (¢r)—k> of A(¢)

for each fixed r>0 and for all ke N. On the other hand, the sequence of

functions {@, :me N} forms an orthonormal basis for the Hilbert space X (cf. [13,

P.231]) and each ¢ in X can be represented as (922::](%%)% (ct. [33,
P.137~P.139]). Moreover, the operator A(¢) generates a C, -evolution system

{U (1,5):0<5<1< m} on the Hilbert space X which satisfies

U(ts)p=3" exp(j:(ﬁ (1)~ kz)d'r)(qo,(pk)qok (5.8)
forall pe X and 0<s<r<e. Since A (¢)=f(t)-k" and

A()>A4()> > A (t)>- forall 7€ [0,).

This implies that for all re [0,),

inf A, (¢)>--->inf 4, (1) = O>1nfﬂ.+1(t)>1nf/‘t+2(t)

120 120 >0

and

supA, (1)>--->supA, (1)>0>supi,,, (t)>supi,,, (r)>-

{20 120 120 120

Letoperators £, P, and P be projectionson X which are defined by

Po = Z: (0.0,)0, forall pe X,

P =(0.9,)9, forall pe X,
and

Po=) " (0,0,)0, forall gpe X .

Let X, be the range of a projection P, for each i=1, 2, 3. Then X, and X,
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are finite dimension spaces. Forany 0<s, t<o and @€ X, we have

U ()¢ = U(M)ZZQ_:(%%)%

k=1 90 (Pk>U(I 5)®,
Zk 1(90 (Pk (Z exp(j ( (t)-J )dT)<(Pk ?, >§0)
"anlexp(j ( )"kz)df)(¢:€9k>@k

c X, .

Similarly, for all 0<s, t<e and Qe X,,

Ult,s)@ :exp(‘[‘:(ﬁ (T)—nz)dr)((p,(on> @, X,.

Thus {U(r,s)lxl: 0<s, 1< m} and {U(t,s)\XI:OSS, t<m} are total C-evolution

systems on X, and X,,respectively. Hence the condition (A1) holds. Since

PU(1.5)p = HZ;eXp(I:(B (’r)—kz)d'r)«o,cok)%

=Y ie([ ! (B()-8)dr [(0.0.)

Zk ]<(P (Pk> ! S)qok
~U(1,5)Y. (0.0,)0,

=U(t,s)Po forall 0<s, t<e and Qe X,

and

PU(1s)0 =B Y. exp([ (B()-K)dr)(0.0.)0,
' =31 ex0([(B(r)- ")t )(9.0:) P,
’:2;6”‘1’(! ,f (ﬁ(THZ)df)(wacok)((%%)%)
=6XP(J (B (T)—nz)d’f)(@m D,
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___((pa(Pn)U(taS)(pn

=U(1.5){9.9,)9,
=U(t,5) P forall 0<s,7<e and pe X.
This implies that '
PU(t,s)=U(t,s)P, and PU (t,s)=U(t,s)P,
on X forall 0<s, r<e. Hence,
PU(t,s)=(I~P—P)U (t,s)
=U(t,s)- PU(t,s)- RU(t,s)
=U(t,s)P,

on X forall t+=2s20. Therefore, the condition (A2) holds. Since

(2,8 P(p‘ IZ:exp k‘"")dfr)(qo,gok)cpk

fexe ([
eXP( ﬁ(’f) k2 dt K%%)“%l
(ML

exp

<y exp(j (B(t)-k*)dr )|o]

forall 0<s, t<eo and @e X . This means that
U (¢, S)P”<z eXp(j (B(1)- kz)d‘r) forall 0<s, t<oo.

If we set @=2" ugﬂfﬁ. (), then

At)>A(t)>>A,_(t)>0>0  forall +>0,

and (r—s)A (f)<(t-s)o<0 for all 0<t<s<e, k=1,2, ---, n—1. This
derives

"U(I,S)E”S(n—l)exp(a)(t—s)) forall 1<s
and IIW‘IU (r,r)ﬂnd’r <(n-1)w™ is finite for all #20. As long as we can show

that there 1s constants L, >0 and 71 >0 such that
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|U (r.s)B||< Liexp(-n(t—5))  forall 0<s<r<oo.
Then forall 20,
J lu(t.7)B]dr < L™ exp(-n)

1s finite and this shows the condition (A3) to be true with the constant K which
equalsto L~ exp(-n)+(n-1)o™".

On the other hand, forall 12520 and ¢pe X,

S rexp ([ (B(2)-K)ar)(0.0.)

U (1,5) Po|=

<3r.ex0([ (B@)-#)ar (o0 ) el
<Sr.ex0([[(BE)-#)drlollo.f
<[o| 37 exp([ (B(2)-(n+k) )dr).
=lo| X exp([  B(x)dr—(n+k) (t-s))

Thus
||U(t,s)f§||£z;exp(!:ﬂ(r)d’r—(n+k)2 (r——s)) for all 1252>0.

Since there is a constant 0<e <1 suchthat supf(t)<(n+e )2 <(n+ 1)2,
120

"U (t,s)P:;" < Z; exp (--(n + k)2 (1 - S))exp (J: B (T)d'r)

IN

2y CXP (‘((” +e)+(k ‘“‘8))2 (1~ S))exp (J”r (n+e) dr)
exp ((n +e) (1 S))

exp((n+e) +2(n+e)(k-e)+ (k—e) )(c-5))
=Y exp(—(2(n+e)(k—e)+ (k—e) )(1-))

=Y (exp(<2(n+e)(k—e)(r=5))exp(- (k-¢) (1-9)))
<exp(~(1-¢) (t-9)) X0 (exp(-2(n+&) (k=1)(1-)))
<exp(~(1-£) (1)) 37 (exp(-2n(t-5))) ~  (59)

2
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for all 1>5>0. The constant l:exp(2n(z‘----s))—l:r1 eXp(2n(t—~s)) 1s dependent

on t, s and

o SXP (2n (1 - s))

s> exp(2n(r—s))-1

S0, we can not directly estimate ”U (t,s)ﬂ" from (5.9). To overcome this difficulty,

we need to consider the parameters of the C,-evolution system U(z,s) in the

following cases:

(1) The first parameter ¢ is in the interval [0,7 +1] and the second parameter

s satisties 0<s<t<T+1.

(2) The first parameter ¢ is in the interval (7 +1,00) and the second parameter

s satisfies T <t—1<s<ft< oo,

(3) The first parameter ¢ 1is in the interval (7" +1,ec) and the second parameter

s satisfies 0<s<r—1

Case (1): By using the same technique as used in the proof of Lemma 2.1, one may

have M, ={"U (I,S)B,," 0<s<t<T +1} which 1s a finite constant. So, we obtain
ihe estimation
“U(t,s)P_,,” <M, e}q:J((1~---£)2 (T +1))eXp(—(l —eY (t-—-s))

forall 0<s<r<T+1.

Case (2): From the assumption (f2) of the function B and (5.8), it is easy to see
that U(t,s)=U(t—-s+T,T) forall T <t—1<s<t<eo. Therefore,

M, ={U(s)R|:t-1<sse}=fJu(r+nT)B|: 0 h <1}
1s finite for all 7 +1<¢< o and hence

|lU(t,,Ls')P3"SM2 e‘:}(p((l—e)z)exp(——(l----8)2 (t-—-—s))

forall T<r—-1<s<t.

Case (3): From (5.9), one obtain that

"U(z‘s P"<exp( (1- 8 (t—s )zk l(exp( 2n(f - S)))(k—l)

:exp( z——s) {1+2k1 exp 2n(f S)))k}
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Finally, let 1 and L, are the constants (1--—8)2 and

max < M, exp((l —e) (T + 1)):,M2 exp((l —8)2),——-——-—— >-

respectively, then we may get the estimation of “U (z‘,.s')P;" as
"U(r,s)P:,,"SL3exp(—n(r—-s)) forall 0<s<t<eo.

This shows the condition (A3) to be true with the constant
K=L(1-¢) exp(-(1-&)’ )+ (n-1)o™"

On the other hand, since forall 0<s, f<ee and @€ X,

exp(j (B(z)-n )d'r)(go ®,) @,

|U(r ) 2qc)l

D,

<6XP(J (B(2)-n)dr (0.0.)

(t)-n’ d'r)ko Q.

(J.I dr)lcp]
“U(tjs)PzHSexp(j ( (7)- nz)a"r) for all 0<s,7<e . From the assumption
(B3) of the function [,

“U (t,s)le‘ < max{exp(.[:(ﬁ ('r)—nz)d'r), exp (J: (nz - B (T))d’l')}

for all 0<s, t<oo. This implies the condition (A4) holds, where the constant L,

1S given by
L = max{exp (j:(ﬁ (1)-n’ )dr), exp (j: (n2 - B (r))d’r)}.
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Suppose that the function f(7,¢) satisfies conditions (F1)~(F4). If

Ky +L,y, <1, then followed from Theorem 5.3, for any £,e X, which satisfies

|§3| < (l "“ K’}/ + LzYz )O"Ls_l ;

there exists £,e€ X such that }’350 = ¢, and the corresponding unique mild solution
. u(r) to the semilinear initial value problem (5.7) satisfies lim|u(r)|=0.

On the other hand, according to Theorem 5.6, for any &, e X,, &, € X, with
both |£,| and ‘(53|<':(L2+]L3)“1 (1-Ky-Ly,)x , there exists £, X such that

P& =6,, P&,=¢&, and the corresponding unique mild solution u(z) to the

semilinear initial value problem (5.7) satisfies

il <(1=vK=7L)" (L] + L, &)
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