ABSTRACT

Let @ be a nondegenerate quadratic form over the finite field F, of odd prime power order
q with charF, # 2 and Let O,(F,) be the associated orthogonal group. Let O, (F,) act
linearly on the polynomial ring F,[z1,...,z,]. In this thesis we find the invariant subring
F,[x1, xa, x5, 24, x5]95Fa) with explicit generators. We also prove that this subring is a UFD.

1. INTRODUCTION

Let IF, be the finite field of odd prime power order ¢, R = Fy[xy,. .., x,| the polynomial
ring over F, and K = F,(z1,...,z,) the rational field of n variables. If G is a subgroup of
GL,(F,), then G induces an action on R and K. In other words, if we fix a basis of Fy, then
every o € GL,(F,) can be represented as (a;;) € GL,(F,), and the induced action is

o(xy) T
= (aij)

o(z,) -

Let RE := {f € Rlo(f) = fforalloc € G} and KY := {f/g € K|o(f/g) = f/g for all 0 €
G} be the invariant subring and the invariant subfield, respectively. It is obvious that K¢
is the quotient field of R and RY = RN K¢,

Given a nondegenerate quadratic form Q(xq,...,z,) on V = [y, the orthogonal group
O,(F,) is the set of all linear transformations o on V such that Q(ov) = Q(v) for all v
in V. There are two equivalence classes of nondegenerate quadratic forms and they are
distinguished by their discriminants. A quadratic form () can be taken to be a diagonal
form and indeed can be specified as follows:
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where d is a nonsquare in F (see[7], Section 6.3, 6.10).

Let Q = \jz3+- -+ A\, 22 be a nondegenerate form. Define Q,,;, = A\jxd R -+)\n:p§f“.
Now we are going to summarize some results about the invariant subring and invariant
subfield of the orthogonal group.

Theorem 1.1. [2]

Fo(ar,-- 5 20) ") = Fo(Qnos -+, Qun)-
Theorem 1.2. [5]
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Fq[m,@]OQ(Fq’Q;) = TF,[Q20, Qa1).
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F,[z1, )02 FaQ2) = [Fy[Q20,
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Theorem 1.3. [6]
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Fq[%, L2, $3]03(FQ) = Fq[Qso, Q31 %]
Q31 — Q35
Theorem 1.4. [4]

G1(Qu0, Qu1, Qua, Quz) Ga(Quo, Qu1, Quz, Qus)
F(Q407 Q41> Q42) ’ F(Q407 Q417 Q42)

)

Folz1, 22, 73, 4]0t QD) = Fy[Qa0, Qu1, Qua,
where
F(Yo, Y1, Y2) = (VY) =Yt — (1 —ygt)'s
G (Yo, Y1, Vs, Ys) = YaYI —ViYs— (Y2 —yI s 1(Y1Y2 VoY), and
Go(Y, Y1, Y2, Y3) = Ya¥y = V{7 — (v — )
Remark 1.1. Let

G
RZ = IFq[QAto, Qu1; Quo, :

to

(Q407 Q417 Q427 Q43) G2<Q407 Q417 Q427 Q43)]
F(Qu,Qu, Qu2) ~ F(Quo, Qu, Qu2)

In the process of the proof of Theorem1.4, the author has shown R, is integral over Rj.
We need this to prove our main theorem.

Theorem 1.5. [3]

F,[z1, 22, z3, 4]0 FaQa) — Fy[Qu0, Qu1, Quz,

J(Qua0, Qu1, Qu, Qu3)

(O, Q. On)

for some polynomials f and g.
We also describe the Nagata’s lemma here which we need later.

Theorem 1.6. (Nagata) If x is a prime element of an integral domain R, and if a prime
Q not containing x is principal in R[z™'], then Q is principal. In particular, if Rlx™1] is
factorial, then R is factorial.



